_ecture 2

Review of Maxwell’s Equations,
EM Energy and Power

Optional Reading: Steer — Appendix D, or Pozar — Section 1.2,1.6, or
any text on Engineering Electromagnetics (e.g., Hayt/Buck)



Time-domain Maxwell’s Equations: Faraday’s Law
« Faraday’s law in integral form

dd d
V=-E=-"r= %SE-dI:—EQB-dS

electromotive force (EMF)

Are the two expressions below equivalent? If not, can you state what
the relationship is between the two?

i J‘ J‘ B. dS; J‘J‘ @ . s Hayt/Buck, section 9.1
di ™ o

a?
./8,‘\

Hint: Consider both the transformer EMF and the motional EMF. Vi

« Faraday’s law in differential (point-wise) form

[[vxB)-ds=-[[Zds = |yxE=-2
Sc Sc

ot ot
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Time-domain Maxwell’s Equations: Ampere’s Law
« Ampere’s law in integral form

SOMI’C@

H-- H(u—j ds= mzﬁ

_ conduction

[~ displacement
« Ampere’s law in differential (point-wise) form

22 oD
S
VxH= L +,_/O-E i (’9_ Maxwell s correction:
J Hft—‘\

J, | | displacement current

Show that Ampere’s law of magnetostatics does not hold for time-
varying EM fields (it is inconsistent with the conservation of charge).

VxH=Jev.J=_ %

Ot
Show that Ampere’s law with Maxwell’s correction observes the
conservation of charge for time-varying fields. @
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All Four Time-domain Maxwell’s Equations

the curl MEs Integral form differential form
\
\ B
Faraday’s Law 4>E dl = —”— ds VxE = -—
oD

Ampere’s Law

H-a- H(u—j

VxH=""+0cE+J’
o Ty

Gauss’ Law of D-ds = ||| p,dv = Ofree
e % V . D — Ly
Electricity 43‘) J-I;[J- &
Gauss’ Law of <ﬂ>B-ds:O V.B=0
Magnetism S

Gauss laws follow from the conservation of charge and the curl MEs
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Time-domain Maxwell’s Equations and Charge Conservation

Prove that Gauss’ law of electricity follows from Ampere’s law and

the conservation of electrical charge. 9

=

Prove that Gauss’ law of magnetism follows from Faraday’s law.
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Constitutive Relations

» Maxwell’s equations are 4 but only 2 of them are independent (the
two curl equations)

» there are 4 unknown vectors in the 2 curl Maxwell equations — we
need two more vector equations for a complete solution

» the constitutive EM equations are essential in describing the EM
field interaction with matter

e invacuum (SI): D=gE, J=0, B = 1pH
1y =47 x107" H/m
&, ~8.854187817 x10™* F/m

21 , ¢ =2.99792458...x10° m/s

¢ Hy

80 =
e In matter:
D=F,(E,H), J=F.(E,H), B=F,(E,H)
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Constitutive Relations (2)

* In microwave engineering we often assume that materials are
Isotropic, linear and dispersion-free:

D=¢g,E+P=¢y¢,E, ¢ =1+,
J, =oE
B=yH+M=ppeH, 1. =1+ y

 the above assumption does not hold for many materials, for example

= water and living tissue
= plasma

* magnetized plasma

= ferrites

= piezoelectric crystals
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Constitutive Relations (3)

Describe how the constitutive relations of the following types of
materials are described mathematically
 heterogeneous
 nonlinear
e anisotropic
* bi-anisotropic
o dispersive W\

Each of the materials listed as examples in the previous slide is
either heterogeneous, or nonlinear, or anisotropic, or dispersive. ,
Which property applies to which material?
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Time-harmonic EM Analysis: Field Phasors

E(x,y,z,t) = Re{E(x,y,z)eJ'cor}
H(x,y,z,t) = Re{H(X,y,Z)efa)t}

e time-domain field vector
E(x,y,z,t)=XE_(x,y,z)cos[at + ¢, (x,y,z)]+

YE, (x,y,z)cos[et + o, (x,y,

ZE_(x,y,z)cos[wt + ¢, (x, y,

z)]+
z)]

 vector-field phasor (frequency-domain field vector)

E=XE_(x,y,z)e’* (rn2) 4

9Ey (X,J’,Z)ej% (rz) + ‘

2Ez (x, y, Z)ejcoz (x,y,2)
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Maxwell Equations in Phasor Form
* phasor of the time-derivative of a function

%,
Fy,zt) = Fxy,z) = ﬁxé?m - o (r.2)

of . OF

e spatial derivatives = , E=x,9,2
p of 0F =X,y
time domain frequency domain
oB | 5
\Ad=——— VxE=-jwB
Py X Jw
ob s VxH=joD+cE+J°
VxH=—+0cE+J JOU + oL+
ot usually given as jwD only
V-D=p, V-D=p,
V-B=0 V-B=0
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The Continuity Relation in Phasor Form

Write the continuity equation iIn V.]= _op

phasor form. ot s

Prove that the equation
VxH = jowfE+cE+J°
)
where the permittivity is a complex number such that £=¢"— j&”,
(¢’ and &’ being positive real) can also be written as
VxH = jogE+J°

where

c —_~_ E_ I_ o II_I_E
@7@ & E=&E—] - =& —J| € i

—~
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Constitutive Relations in the Frequency Domain

« dielectric polarization and complex permittivity .,

D=¢E, £=¢'—j&" or E=&o(e) — j&!)

e=¢&'(l-jtano,), tano, =&"/ &’ ' Etfe

E(x,y,z,t)=€eE(x,y,z)cos(wt)

D(x, ,2,6) = d| & | E(x, y, ) cos(wi — 5, )

e magnetization and complex permeability
B=aH, i=p'—ju" or fi= (1. — ju)) p
fi=u'(l-jtans,,), tand,, = u"l 4’ #

/jg”E .

- [e">

5 17>
Re

Why are the imaginary partsof cand i _,_
negative? [

\ * *

Hint: Consider a capacitor. The flux density D relates to the charge O on the plates while E

relates to the voltage J applied to the plates.
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Time-average Quadratic Value of Vector Field

e time-average “energy” (quadratic) value of harmonic field

17 1 T
En = [, E(6)-E(r)dt = = | AE.OF +E, () +[E. ()] }dt
= % jOT [E,@,x cos’ (@t +¢,) + Eyy, C0s* (w1 +¢,) + Ey, €0s* (w1 + goz)] dt =
1 2 2 2 1 = 2 1e = *
=—(Ey,. +Ey, +EM.)==|E|I'=ZE-E
2( Mx My Mz) 2| | 2

Note: E-E"=E E;+E,E, + EE} = Ey, + Ey, + Ey,

 root-mean-square (RMS) value
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Time-average Quadratic Quantities: Stored Energy

» energy density as a function of time (same as in statics)

(t)——E(t) D(7) T—g’E(t) E(¢), JIm*® electric energy

in an isotropic medium

b1

w,(¢) = % H(z)-B(¢?) = Ey’H(t) ‘H(#), JIm*® magnetic energy

» time-average (stored) energy density (harmonic field)

E.(¢E") Re{E. D"}

Wy = % [ wae)dt = %% "E()-E(0)dt = Jm?
1 ¢eT
Wmav _?J‘O Wi (2)dt = Jm®
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Time-average Quadratic Quantities: Dissipation (Power Loss)

> dissipated power density as a function of time (Joule’s law In
differential form)

py(t)=3,(t)-E(2) T oE(7)- E(¢), W/m?®

in an isotropic medium
» time-average dissipated power density (harmonic field)

E-(cE") Re{E-J }

A

Wim?

1% 17
Pdav = { pqy(t)dt = o { E(¢)-E(¢)dt =
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Time-average Quadratic Quantities: Power Transfer
» power-flux density as a function of time

S(¢) = E(¢) x H(¢), W/m® < Poynting’s vector

» time-average transferred power density (harmonic field)
E(¢) = €E, sin(wt + Ap) 1

1 e7T T
H(D) = R sin(ar) = S,, =?jo S(¢)dt :fjo E(¢)x H(¢)dt

T
S, =(Exh)E H, %j[sin(wt) -sin(ot + Ap) ldt
0

T
=(éxh)E,H, %j [cosAp —cos(2mt + Ap) [t

0

1 er
COSAQ — P j 0¥cos(2a)t + Ago)dtj

 (xh)E,H, [

'

\(/)V/m2 A .

(8xh)E,H,cosAp Re(ExH")
2 2




Time-average Quadratic Quantities: Source Power

» source power density as a function of time
P*(0) ==[°()- E@p M2 (1)- H(0)
fctztzous
» time-average source power density (harmonic field)
E(¢) = €E, sin(wt + Ap)
J¥(1) = J*J, sin(wt)

T

2 = (@ F)EJS % [ [sin(@r)-sin(or + Ap) s
A 0 ~ ~
@ DEscssp _RET)
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Putting Things Together: Poynting’s Theorem

» power-balance equation of an EM system (derived from
ME): relates quadratic quantities

« time domain (all vector quantities are functions of time)
o differential form

V-[E()xH(2) ]+ 5[ D(z)-E(¢ )} [ B(t)-H(t)}

+3,(1)-E(t)=—| E(t)-3°(6)+H(®)-M*(2) |, Wim®

o Integral form

[@S E() xH(0)] d%%m =D(1)-E(r)+ 2B(r) H() vl

term 1 term 2 term 3

N

ﬁ H Jo (1) Et)dv ‘Uﬂ E(1) 3°(1) + H(1) - M (z)]dv W

term 5
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Putting Things Together: Poynting’s Theorem — 2

Describe with one sentence the physical meaning of terms 1, 2, 3,
4 and 5 in Poynting’s time-domain theorem in sl. 18. e
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Putting Things in Perspective: Poynting’s Theorem — 3

* frequency domain
o differential form

0.5V-(ExH*)+0.5 w(H*-B- EVD)——OS(E 3+ A0

aFIP &' |E]

explicit active (loss) and reactive (exchange) power terms
term 1 term 2 term 3 term 4

~

V‘Re(EXH*)‘I—UE Iﬂ [ u'H-H +£"E-E" )]:[ Re Ej *+I:I*-I\/IS)}
V-Im(ExH* )-I—]a)(,u AR EE )z[—lm(E-JS*+H -MS)]

term 5 term 6 term 7

4,5, 6 and 7 in Poynting’s frequency-domain theorem above. (<

Describe with one sentence the physical meaning of terms 1, 2, a
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Summary

» the 4 Maxwell equations (2 curl and 2 divergence) form the basis
of EM and of microwave engineering

» the 2 div equations (the Gauss laws) follow from the curl
equations and the continuity of charge

» phasors are used in harmonic (single-frequency) field analysis

» the imaginary parts of the complex permittivity and permeability
must be negative (or zero) indicating loss (no loss) (a positive
Imaginary part would indicate a “gain” material!)

» quadratic field quantities such as energy and power as well the
root-mean-square Values are conveniently calculated using the
products of phasors

» Poynting’s theorem describes the power balance in EM systems
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