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Frequency-Dependent Characteristics of Open 
Microstrip Lines with Finite Strip Thickness 
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Absirart -A rigorous approach based on the variational conformal 
mapping technique is proposed for analyzing the characteristics of open 
microstrip lines with finite strip thickness. By Chang’s mapping, the 
solution domain becomes a finite and nearly rectangular region in which 
the finite element method is applied. The wedge conditions at the strip 
comers, which are very difficult to discuss by the conventional methods, 
are now correctly handled. Numerical results included here are the current 
distributions around the strip and variations of the effective dielectric 
constant caused by the finite-thickness effect. 

I. INTRODUCTION 

The finite-thickness effect of microstrip lines plays an impor- 
tant role in microwave integrated circuits [l], [2]. Typically, the 
strip thickness is 1-3 pm in monolithic microwave integrated 
circuits and 5-20 pm in hybrid microwave integrated circuits [3]. 

Based on the quasi-TEM approach, several methods have been 
proposed to calculate the capacitance of microstrip lines [4]-[6]. 
Among them, the conformal mapping technique is simple and 
useful. Wheeler [5] introduced an elementary mapping function 
to get the results when the thickness of the strip is negligible. 
Chang derived another mapping to take the effect of the thick- 
ness into account [6]. 

Concerning the full-wave analysis, the spectral-domain ap- 
proach [7] was proposed to study the characteristics of a disper- 
sive microstrip line. With the conventional finite element method 
[8], one would encounter difficulty in handling the fields around 
the strip corners. Recently, Bogelsack [9] has tried the mode- 
matching technique together with the projection method to ana- 
lyze the characteristics of a closed microstrip line with finite strip 
thickness. Some empirical expressions [lo] are also available for 
finite-thickness microstrips. 

In this paper, the effect of the strip thickness on the character- 
istics of the open microstrip line is determined by the variational 
conformal mapping technique [ll]. By employing Chang’s map- 
ping [6], not only is the original infinite domain simplified into a 
nearly rectangular region, but also the field singularities around 
the strip comers are well treated. This makes our numerical 
analysis more meaningful. Numerical results, including the effec- 
tive dielectric constant and the strip current distributions, are 
presented. 

11. VARIATIONAL CONFORMAL MAPPING TECHNIQUE 

Shown in Fig. 1 is a typical open microstrip line which has a 
strip of width w and a thickness of t ,  while the dielectric 
underneath has height h and relative permittivity c r .  By symme- 
try with respect to the y - z  plane, we need only consider the half 
structure with x 0, shown in Fig. 2(a). As far as the lowest ( E ,  
even and Hz odd) mode is concerned, we may equivalently place 
a magnetic wall at the plane x = 0. 
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Fig. 1. Geometry of microstrip line with finite strip thickness 

By choosing a suitable mapping function to transform the 
original infinite domain into a suitable finite image domain, the 
variational conformal mapping technique achieves an ( E , ,  H z )  
variational formulation in the image domain [ l l ,  eq. (7)]. Then 
’the propagation constant and the fields can be solved in the 
image domain by the finite element method [ll].  For microstrip 
lines with finite strip thickness, an appropriate choice is Chang’s 
mapping [6], which transforms the original z ( = x + zy) domain 
(Fig. 2(a)) into the image z’ ( = x’+ iy’) domain (Fig. 2(b)). The 
desired mapping function and the Jacobian are 

z - w/2 = ; [ ($) t a d - ’  R +($I( A) 

1 J = l [  p’/2v 

h(  V + l y 2 (  v +  p y 2  

dexp( nz’)( a -1)( a + b + l )  ’ 
[ ( a  + b )  - (1 + b )  exp( BZ ’ ) ]  

2 

where 

v + l  ’/* R =  ~ i V + P )  
ad exp ( BZ’) - d 

[ ( a  + b )  - (1  + b )  exp( B Z ’ ) ]  ’ 

V =  

The parameters a ,  b, d ,  and p are determined by the thickness t ,  
the width w, and the height h [6]. Since the image domain is 
nearly rectangular, the mesh division for finite element analysis 
may easily be achieved in the image domain. Also shown in Fig. 
2(a) and (b) are typical mesh divisions in both original and image 
domains. It should be noted that the mapping cannot handle the 
case of t = 0. 

As described in [ l l ,  eqs. (8) and (9)], the transverse fields in 
the original domain can be obtained from the Jacobian and the 
virtual fields in the image domain. In addition, the singularities 
associated with the transverse fields can be circumvented if the 
mapping is chosen such that the virtual fields are smooth and 
finite all over the image domain. For this problem, the transverse 
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Fig. 2. Mesh divisions in (a) original domain and (b) image domain. Mesh 
numbers = 5 x 5 .  
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Fig. 3. Effective dielectric constant versus frequency ( h  = 3.04 mm, w = 

1.216, 3.17, 6.08 mm, r=0.0001,0.01,0.1,0.2,0.5 mm, cr=l l .7) .  0000 
Shih [ l l ] ;  AAAA Itoh [7]; ~ present method. The arrow indicates the 
increase of f. 
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Fig. 4. Normalized strip current distributions versus normalized distance 
with frequencies as parameters ( h  = 3.04 mm. w = 3.17 mm, f = 0.001 mm. 
c, =11.7, frequency =1,3,6,10,20 GHz). The symbols L and S denote the 
length and the distance of each contour, where S is measured in clockwise 
fashion along the strip. II,ls is the longitudinal current at the point E and 
the arrows indicate the increase of frequency. (a) Longitudinal and 
(b) transverse current distributions. 

fields near the strip corner are proportional to r - l13 ,  where 
r ( =/m) is the distance from the comer. It is not difficult 
to verify that 0 tends to r113 near the corners. Therefore, the 
wedge conditions are correctly handled and the virtual fields are 
smooth and finite all over the image domain. 

111. NUMERICAL RESULTS AND DISCUSSIONS 

A.  Effective Dielectric Constant 

The effective dielectric constants (as defined by [ll, eq. (6)]) 
for several structures are shown in Fig. 3. Our results as t tends 
to 0 are in good agreement with Shih's [ll]. Both can be com- 
pared with Itoh's [7] ,  which neglect the thickness of the strip. As 
with the empirical expressions [2], there appears to be only a 
slight finite-thickness effect on our numerical results for typical 
structures employed in the practical design where the strip thick- 
ness is smaller than 20 pm. However, it is found that the 
divergence becomes clearer as the value of t increases. 
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The finite-thickness effect is also found to be less significant at 
higher frequencies than at lower frequencies. This implies that 
the power is more densely confined to the dielectric under the 
strip as the frequency increases. Hence, the thickness of the strip 
has a smaller effect at higher frequencies. This inference will be 
made clear when the current distributions along the strip are 
presented. 

B. Current Distributions 

From the transverse magnetic field, the current density along 
the strip can be found. The longitudinal current distributions 
( ~ I z ~ / ~ Z z ~ E )  around the strip are shown in Fig. 4(a). It is found 
that the currents along the D -  E contour become more dominant 
than those along the others as the frequency increases. That is, 
the higher the frequency, the more the transverse fields are 
confined to the substrate below the strip. This reflects the fact 
that the effective dielectric constant eventually tends to the 
dielectric constant of the substrate. 

For the same cases as above, the transverse current distribu- 
tions (~If~/~If~,,,~) are shown in Fig. 4(b). On the whole, the 
increase in frequencies causes greater variations to the current 
distributions along the B-C contour than those along the C- D 
and D - E  contours. Especially at the higher frequency, the 
difference between the distributions at the comers C and D 
becomes more pronounced. In other words, the transverse current 
concentrates mainly near the comer D as the frequency increases. 

IV. CONCLUSIONS 

A full-wave analysis based on the variational conformal map- 
ping technique to analyze the open microstrip line with finite 
strip thickness has been presented. Chang’s mapping makes nu- 
merical analysis feasible. Numerical results are presented and are 
consistent with available data. The results provide the effective 
dielectric constants for the thicker strip. The numerical results 
also disclose that the longitudinal current distributions around 
the strip are confined to the substrate below the strip and that 
the transverse current distributions concentrate mainly toward 
the corner D as the frequency increases. 
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An Improved Design of Systems Based on Three 
Coupled Microstrip Lines 

NABIL A. EL-DEEB, SENIOR MEMBER, IEEE 

Abstruct-An improved design of systems based on three coupled 
microstrip lines is introduced. The improvement lies mainly in the use of 
equal-mode-impedance lines, which greatly facilitates the design of the 
system. The design parameters of such a system are introduced in a 
manner that allows a simple systematic design procedure. An experimental 
coupler is realized and its practical performance is in good agreement with 
the theory. 

I. INTRODUCTION 
The use of multiple coupled line structures, including three-line 

structures, for various applications in communications and mi- 
crowave engineering has been extensively studied in the literature 
(e.g. [1]-[lo]). The majority of these studies concentrated on the 
analysis of three-line systems and few considered the design 
parameters. A general three-line system, where the three lines 
have different widths and separations, is the most difficult to 
design and therefore only its analysis is considered (e.g. [SI). 
Meanwhile symmetrical three-line systems are found to be inter- 
esting in several applications (e.g. [l], [4], [SI, [6]). Three equal- 
width coupled lines (W, = W,, Fig. 1) are found to have five 
modal impedances, four of which are independent [9]. The line 
impedance for a given mode can be defined as the ratio of the 
voltage on a line to ground divided by the line current when the 
lines are propagating that mode. If the impedances of the three 
lines are equal when considering each mode separately there will 
be only three modal impedances and the system can be called an 
equal-mode-impedance system. This greatly facilitates the design 
of three-line systems. The equality of mode impedances is 
achieved by an appropriate increase of the width of the middle 
line ( W,) relative to that of the outer lines ( W,, see Fig. 1). The 
ratio (W,/W,)  to achieve this equality has been determined for 
various combinations of geometrical dimensions of the three-line 
system on an alumina substrate ( c r  = 9.8) [9]. 

In this paper the design parameters for a system of equal- 
mode-impedance lines are introduced in a manner that allow a 
simple systematic design of components. The design procedure is 
illustrated by designing a coupler to satisfy certain conditions, 
and the results agree well with the theory. Although the substrate 
material being considered is alumina, the procedure is applicable 
to other substrate materials (e.g. Teflon ( c r  = 2.2) and quartz 
( e r  = 3.78)). 
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