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ABSTRACT

A comprehensive overview of the basic principles of radar polarimetry is presented. The relevant fundamental
field equations are first provided. The importance of the propagation and scattering behavior in various
frequency bands, the electrodynamic foundations such as Maxwell’s equations, the Helmholtz vector wave
equation and especially the fundamental laws of polarization will first be introduced: The fundamental terms
which represent the polarization state will be introduced, defined and explained. Main points of view are the
polarization Ellipse, the polarization ratio, the Stokes Parameter and the Stokes and Jones vector formalisms
as well as its presentation on the Poincaré sphere and on relevant map projections. The Polarization Fork
descriptor and the associated van Zyl polarimetric power density and Agrawal polarimetric phase correlation
signatures will be introduced also in order to make understandable the polarization state formulations of
electromagnetic waves in the frequency domain. The polarization state of electromagnetic waves under
scattering conditions i.e. in the radar case will be described by matrix formalisms. Each scatterer is a
polarization transformer; under normal conditions the transformation from the transmitted wave vector to the
received wave vector is linear and this behavior, principally, will be described by a matrix called scattering
matrix. This matrix contains all the information about the scattering process and the scatterer itself. The
different relevant matrices, the respective terms like Jones Matrix, S-matrix, Miiller M-matrix, Kennaugh K-
matrix, etc. and its interconnections will be defined and described together with change of polarization bases
transformation operators, where upon the optimal (Characteristic) polarization states are determined for the
coherent and partially coherent cases, respectively. The lecture is concluded with a set of simple examples.

1 INTRODUCTION: A REVIEW OF POLARIMETRY

Radar Polarimetry (Polar: polarization, Metry: measure) is the science of acquiring, processing and
analyzing the polarization state of an electromagnetic field. Radar polarimetry is concerned with the
utilization of polarimetry in radar applications as reviewed most recently in Boerner [1] where a host of
pertinent references are provided. Although polarimetry has a long history which reaches back to the 18"
century, the earliest work that is related to radar dates back to the 1940s. In 1945 G.W. Sinclair introduced
the concept of the scattering matrix as a descriptor of the radar cross section of a coherent scatterer [2], [3].
In the late 1940s and the early 1950s major pioneering work was carried out by E.M. Kennaugh [4, 5]. He
formulated a backscatter theory based on the eigenpolarizations of the scattering matrix introducing the
concept of optimal polarizations by implementing the concurrent work of G.A. Deschamps, H. Mueller, and
C. Jones. Work continued after Kennaugh, but only a few notable contributions, as those of G.A. Deschamps
1951 [6], C.D. Graves 1956 [7], and J.R. Copeland 1960 [8], were made until Huynen’s studies in 1970s.
The beginning of a new age was the treatment presented by J.R. Huynen in his doctoral thesis of 1970 [9],
where he exploited Kennaugh’s optimal polarization concept [5] and formulated his approach to target radar
phenomenology. With this thesis, a renewed interest for radar polarimetry was raised. However, the full
potential of radar polarimetry was never fully realized until the early 1980s, due in no small parts to the
advanced radar device technology [10, 11]. Technological problems led to a series of negative conclusions
in the 1960s and 1970s about the practical use of radar systems with polarimetric capability [12]. Among the
major contributions of the 1970s and 1980s are those of W-M Boerner [13, 14, 15] who pointed out the
importance of polarization first in addressing vector electromagnetic inverse scattering [13]. He initiated a
critical analysis of Kennaugh’s and Huynen’s work and extended Kennaugh’s optimal polarization theory
[16]. He has been influential in causing the radar community to recognize the need of polarimetry in remote
sensing applications. A detailed overview on the history of polarimetry can be found in [13, 14, 15], while a
historical review of polarimetric radar technology is also given in [13, 17, 18].

Polarimetry deals with the full vector nature of polarized (vector) electromagnetic waves throughout the
frequency spectrum from Ultra-Low-Frequencies (ULF) to above the Far-Ultra-Violet (FUV) [19, 20].
Whenever there are abrupt or gradual changes in the index of refraction (or permittivity, magnetic
permeability, and conductivity), the polarization state of a narrow band (single-frequency) wave is
transformed, and the electromagnetic “vector wave” is re-polarized. When the wave passes through a
medium of changing index of refraction, or when it strikes an object such as a radar target and/or a scattering
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surface and it is reflected; then, characteristic information about the reflectivity, shape and orientation of the
reflecting body can be obtained by implementing ‘polarization control’ [10, 11]. The complex direction of
the electric field vector, in general describing an ellipse, in a plane transverse to propagation, plays an
essential role in the interaction of electromagnetic ‘vector waves’ with material bodies, and the propagation
medium [21, 22, 13, 14, 16]. Whereas, this polarization transformation behavior, expressed in terms of the
“polarization ellipse” is named “Ellipsometry” in Optical Sensing and Imaging [21, 23], it is denoted as
“Polarimetry” in Radar, Lidar/Ladar and SAR Sensing and Imaging [12, 14, 15, 19] - using the ancient
Greek meaning of “measuring orientation and object shape”. Thus, ellipsometry and polarimetry are
concerned with the control of the coherent polarization properties of the optical and radio waves,
respectively [21, 19]. With the advent of optical and radar polarization phase control devices, ellipsometry
advanced rapidly during the Forties (Mueller and Land [24, 21]) with the associated development of
mathematical ellipsometry, i.e., the introduction of ‘the 2 x 2 coherent Jones forward scattering
(propagation) and the associated 4 x 4 average power density Mueller (Stokes) propagation matrices’ [21];
and polarimetry developed independently in the late Forties with the introduction of dual polarized antenna
technology (Sinclair, Kennaugh, et al. [2, 3, 4, 5]), and the subsequent formulation of ‘the 2 x 2 coherent
Sinclair radar back-scattering matrix and the associated 4 x 4 Kennaugh radar back-scattering power
density matrix’, as summarized in detail in Boerner et al. [19, 25]. Since then, ellipsometry and polarimetry
have enjoyed steep advances; and, a mathematically coherent polarization matrix formalism is in the process
of being introduced for which the lexicographic covariance matrix presentations [26, 27] of signal
estimation theory play an equally important role in ellipsometry as well as polarimetry [19]. Based on
Kennaugh’s original pioneering work on discovering the properties of the “Spinorial Polarization Fork”
concept [4, 5], Huynen [9] developed a “Phenomenological Approach to Radar Polarimetry”, which had a
subtle impact on the steady advancement of polarimetry [13, 14, 15] as well as ellipsometry by developing
the “orthogonal (group theoretic) target scattering matrix decomposition™ [28, 29, 30] and by extending the
characteristic optimal polarization state concept of Kennaugh [31, 4, 5], which lead to the renaming of the
spinorial polarization fork concept to the so called ‘Huynen Polarization Fork’ in ‘Radar Polarimetry’ [31].
Here, we emphasize that for treating the general bistatic (asymmetric) scattering matrix case, a more general
formulation of fundamental Ellipsometry and Polarimetry in terms of a spinorial group-theoretic approach is
strictly required, which was first explored by Kennaugh but not further pursued by him due to the lack of
pertinent mathematical formulations [32, 33].

In ellipsometry, the Jones and Mueller matrix decompositions rely on a product decomposition of relevant
optical measurement/transformation quantities such as diattenuation, retardence, depolarization,
birefringence, etc., [34, 35, 23, 28, 29] measured in a ‘chain matrix arrangement, i.e., multiplicatively
placing one optical decomposition device after the other’. In polarimetry, the Sinclair, the Kennaugh, as
well as the covariance matrix decompositions [29] are based on a group-theoretic series expansion in terms
of the principal orthogonal radar calibration targets such as the sphere or flat plate, the linear dipole and/or
circular helical scatterers, the dihedral and trihedral corner reflectors, and so on - - observed in a linearly
superimposed aggregate measurement arrangement [36, 37]; leading to various canonical target feature
mappings [38] and sorting as well as scatter-characteristic decomposition theories [39, 27, 40]. In addition,
polarization-dependent speckle and noise reduction play an important role in both ellipsometry and
polarimetry, which in radar polarimetry were first pursued with rigor by J-S. Lee [41, 42, 43, 44]. The
implementation of all of these novel methods will fail unless one is given fully calibrated scattering matrix
information, which applies to each element of the Jones and Sinclair matrices.

It is here noted that it has become common usage to replace “ellipsometry” by “optical polarimetry” and
expand “polarimetry” to “radar polarimetry” in order to avoid confusion [45, 18], a nomenclature adopted in
the remainder of this paper.

Very remarkable improvements beyond classical “non-polarimetric” radar target detection, recognition and
discrimination, and identification were made especially with the introduction of the covariance matrix
optimization procedures of Tragl [46], Novak et al. [47 - 51], Liineburg [52 - 55], Cloude [56], and of
Cloude and Pottier [27]. Special attention must be placed on the ‘Cloude-Pottier Polarimetric Entropy H ,
Anisotropy A, Feature-Angle (& ) parametric decomposition’ [57] because it allows for unsupervised target
feature interpretation [57, 58]. Using the various fully polarimetric (scattering matrix) target feature
syntheses [59], polarization contrast optimization, [60, 61] and polarimetric entropy/anisotropy classifiers,
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very considerable progress was made in interpreting and analyzing POL-SAR image features [62, 57, 63, 64,
65, 66]. This includes the reconstruction of ‘Digital Elevation Maps (DEMs)’ directly from ‘POL-SAR
Covariance-Matrix Image Data Takes’ [67 - 69] next to the familiar method of DEM reconstruction from
IN-SAR Image data takes [70, 71, 72]. In all of these techniques well calibrated scattering matrix data takes
are becoming an essential pre-requisite without which little can be achieved [18, 19, 45, 73]. In most cases
the ‘multi-look-compressed SAR Image data take MLC- formatting’ suffices also for completely polarized
SAR image algorithm implementation [74]. However, in the sub-aperture polarimetric studies, in
‘Polarimetric SAR Image Data Take Calibration’, and in ‘POL-IN-SAR Imaging’, the ‘SLC (Single Look
Complex) SAR Image Data Take Formatting’ becomes an absolute must [19, 1]. Of course, for SLC-
formatted Image data, in particular, various speckle-filtering methods must be applied always.
Implementation of the ‘Lee Filter’ — explored first by Jong-Sen Lee - for speckle reduction in polarimetric
SAR image reconstruction, and of the * Polarimetric Lee-Wishart distribution’ for improving image feature
characterization have further contributed toward enhancing the interpretation and display of high quality
SAR Imagery [41 — 44, 75].

2 THE ELECTROMAGNETIC VECTOR WAVE AND POLARIZATION DESCRIPTORS

The fundamental relations of radar polarimetry are obtained directly from Maxwell’s equations [86, 34],
where for the source-free isotropic, homogeneous, free space propagation space, and assuming IEEE
standard [102] time-dependence exp(+ jat) , the electric E and magnetic H fields satisfy with x# being the

free space permeability and ¢ the free space permittivity
VXE(r) =—jouH(r), VxH(r) = jowe E(r) (2.1)
which for the time-invariant case, result in

exp(—jkr)

(V+k)E=0, Er)=E——"2  Hr)=4H, exp(—jkr)
r

2.2)

for an outgoing spherical wave with propagation constant k = @ (é‘ 7] )1/2 and ¢ = (8 ,u)_l/2 being the free

space velocity of electromagnetic waves

No further details are presented here, and we refer to Stratton [86], Born and Wolf [34] and Mott [76] for full
presentations.

2.1 POLARIZATION VECTOR AND COMPLEX POLARIZATION RATIO

With the use of the standard spherical coordinate system (r, 0,¢;0,,0,10 ¢) withr,0,¢ denoting the

radial, polar, azimuthal coordinates, and U,,0,, U 4 the corresponding unit vectors, respectively; the outward

travelling wave is expressed as

A

L P==
2

[==

a, [E[*

I

27,

ExH"

E=u, E,+u,E, H=u,H,+u,H,

1/2
,ZO=(ﬂJ 1207 [Q] (2.3)

&y

with P denoting the Poynting power density vector, and Z; being the intrinsic impedance of the medium

(here vacuum). Far from the antenna in the far field region [86, 76], the radial waves of (2.2) take on plane
wave characteristics, and assuming the wave to travel in positive z-direction of a right-handed Cartesian
coordinate system (X, y,z), the electric field E , denoting the polarization vector, may be rewritten as
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E=u E +0, E =|E, |exp(j¢){0, +0, |—|exp(j@)} 24)

_r
X

with | E_ |,| E, | being the amplitudes, ¢ , @, the phases, ¢=¢, —¢, the relative phase; | E, /E |=tana
with @, ,» @ and @ defining the Deschamps parameters [6, 103]. Using these definitions, the
‘normalized complex polarization vector P’ and the ‘complex polarization ratio p’° can be defined as

E U E+0 E E )
L |E| |E|( 2

Y
with [ =E-E"=E* + Ey2 and |E|= E defines the wave amplitude, and p is given by

£y

E

X

_ Ty _
pE

X

exp(jg), S=9¢,-9, (2.6)

2.2 THE POLARIZATION ELLIPSE AND ITS PARAMETERS

The tip of the real time-varying vector E , orp, traces an ellipse for general phase difference ¢, where we

distinguish between right-handed (clockwise) and left-handed (counter-clockwise) when viewed by the
observer in direction of the travelling wave [76, 19], as shown in Fig. 2.1 for the commonly used horizontal
H (by replacing x) and vertical V (by replacing y) polarization states.

There exist unique relations between the alternate representations, as defined in Fig. 2.1 and Fig. 2.2
with the definition of the orientation ¥ and ellipticity y angles expressed, respectively, as

E
a=|p|=¥,0£a£7r/2 and tan2y =tan(2a)cosd -7 /2y <+7x/2 (2.7)

X

tan y = tminor axis/major axis, sin2y =sin2asing, —rx/4<y<x/4 (2.8)
where the + and —signs are for left- and right-handed polarizations respectively.

For a pair of orthogonal polarizations p,and p, =p,

* * VA
p;'p, =0 Pr= P = _1/,01 ’ ‘//1:‘//2"'5 X1=—X (2.9)

In addition, the following useful transformation relations exist:

_cos2ysin2y + jsin2y

= tan  exp(j @) (2.10)
I+cos2ycos2y

where (o, @) and (v, y) are related by the following equations:
cos2a =cos2y cos2y, tang=tan2y/sin2y (2.11)

and inversely
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t//:larctan M +7  ..mod(7) ;(:larcsin 2Im—{€} (2.12)
2 1-pp 2 1-pp

ROTATION SENSE: LOOKING INTO THE DIRECTION OF THE WAVE PROPAGATION

¢!

D
)

ANTI-CLOCKWISE ROTATION CLOCKWISE ROTATION
LEFT HANDED RIGHT HANDED
ELLIPTICITY ANGLE: %>0 - - ELLIPTICITY ANGLE : %<0
G -~ <1<” &P
4 4
(a) Rotation Sense (Courtesy of Prof. E. Pottier)
Ay _
v A E, =|E,| e
E, =|E,|e*
X
EV
h E
\a |-
E, T h
(b) Orientation ¥ and Ellipticity y Angles. (¢) Electric Field Vector.

Fig. 2.1 Polarization Ellipse.
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A : WAVE AMPLITUDE ¢: ABSOLUTE PHASE
4 T b4
W: ORIENTATION ANGLE — P <fwv< ) X : ELLIPTICITY ANGLE O0<1 < 4
Fig. 2.2 Polarization Ellipse Relations (Courtesy of Prof. E. Pottier)

Another useful formulation of the polarization vector p was introduced by Huynen in terms of the
parametric formulation [9, 104], derived from group-theoretic considerations based on the Pauli SU(2)

matrix set y/, {[O‘i] , 1= 0,1,2,3} as further pursued by Pottier [105], where according to (2.10) and
(2.11), for =0, and then rotating this ellipse by .

(2.13)

p(E|¢v.7)=|E| exp(m)[""s‘” - "’H i }

siny cosy || —jsiny

which will be utilized later on; and y/, {[O‘i] , 1=0,1, 2,3} is defined in terms of the

classical unitary Pauli matrices [O'l.] as

CO A P A P CV R R G B ] n

where the [O'l.] matrices satisfy the unitarity condition as well as commutation properties given by

o] =le]".  Iperlfal=1. [o][e,]=o]lo]. [olle]=[o] @19
satisfying the ordinary matrix product relations.

2.3 THE JONES VECTOR AND CHANGES OF POLARIZATION BASES

If instead of the basis {x y} or {H V}, we introduce an alternative presentation {m n} as a linear combination
of two arbitrary orthonormal polarization states E_and E,  for which

E= i, E +0F (2.16)

and the standard basis vectors are in general, orthonormal, i.e.
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i -al=0, a -0

m n

—4 -4l =1 (2.17)

n=

with { denoting the hermitian adjoint operator [21, 52, 53]; and the Jones vector E may be defined as

E, |E,,|exp j@, 1| |Elexp(jg,) [ 1 } . [ cosa }
E = — =FE = = m/ =E 2.18
" {E} [|E,,|expj¢j M g Lol P e | O

with tana =| E, / E, |and ¢ =@, —¢, . This states that the Jones vector possesses, in general, four degrees
of freedom. The Jones vector descriptions for characteristic polarization states are provided in Fig. 2.3.

Em .. Ei EA
E,  =E(m,n) :{E } E, :E(l,]):{E } and E , =E(4,B) :{E } (2.20)

n J B

The unique transformation from the {u,, u,} to the arbitrary {0, U }or {u, 0,} bases is sought which is a

linear transformation in the two-dimensional complex space so that

E =[U,JE_ or E(,j)=[U,JE(m,n) with [U,][U,]"=[I,] (2.21)

ij mn

satisfying wave energy conservation with [/,] being the 2x2 identity matrix, and we may choose, as

shown in [81],

i :MH and ﬁ.:ﬁ,l=M|: II}M{_’)*} (2.22)

i JI+ po" LP ! J1+po" =P Ji+pp L 1

with @) =@, +¢+ 7 so that

v {exp(m) —p*exp(jqﬁj)} 023

J1+ pp" | Pexp(jé)  exp(jg;)

!
yielding Det{[U,]}=exp{j(¢ +¢;)} with 4, +¢, =0
Since any monochromatic plane wave can be expressed as a linear combination of two orthonormal linear
polarization states, defining the reference polarization basis, there exist an infinite number of such bases {ij}
or {A B} for which
E=10F +0FE =0.E +0.E =0,E,+0,E, (2.19)

m n i J=j

with corresponding Jones vectors presented in two alternate, most commonly used notations
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HORIZONTAL VERTICAL

i 0
L .

Fig. 2.3 Jones Vector Descriptions for Characteristic Polarization States with direction of
propagation out of the page (Courtesy of Prof. E. Pottier)

Since [U,] is a special unitary 2x2 complex matrix with unit determinant, implying that (i) the amplitude

of the wave remains independent of the change of the polarization basis, and that (ii) the phase of the
(absolute) wave may be consistently defined as the polarization basis is changed, we finally obtain,

1 1 —p" || exp(jd) 0 }
U,]= ' 2.24
2] J1+ pp° [P 1 M 0 exp(/¢,) o

possessing three degrees of freedom similar to the normalized Jones vector formulation, but in most cases the
phase reference is taken as ¢, =0 which may not be so in polarimetric interferometry [96]. For further

details on the group-theoretic representations of the proper transformation relations see the formulations
derived by Pottier in [106].



POLSARPRO V3.0 — LECTURE NOTES

2.4 COMPLEX POLARIZATION RATIO IN DIFFERENT POLARIZATION BASES

Any wave can be resolved into two orthogonal components (linearly, circularly, or elliptically polarized) in
the plane transverse to the direction of propagation. For an arbitrary polarization basis {A B} with unit

vectors 4 andb , one may define the polarization state
E(AB)=E i+ E,b (2.25)

where the two components £, and E, are complex numbers. The polarization ratio p,, in an arbitrary
basis {A B} is also a complex number, and it may be defined as

p =§=|EB|eXp{j(¢ ~$)} =[Pl exP {5} (2.26)
AB EA |EA| B A AB AB

where | P AB| is the ratio of magnitude of two orthogonal components of the field |E A| and |E B| and @, is

the phase difference between £, and E,. The complex polarization ratio p,, depends on the polarization
basis {A B} and can be used to specify the polarization of an electromagnetic wave

1+EBE%
E, ) 1 ) EE,| 1
E(4B) = E :|EA|eXp{]¢A} :|EA|eXp{]¢A}—*
4 Pas 1+EBEB P 507
£ E (2.27)
4ty

1 1
oot [ 1]
1+ 0,045 LPas

where |E|=/E E} + E,E, is the amplitude of the wave E(AB). If we choose |E|=1 and disregard the

absolute phase ¢@,, the above representation becomes

1 1
E(4AB) = —— (2.28)
5 \/1"'/0/13:0;3 |:'0AB:|

This representation of the polarization state using the polarization ratio p,, is very useful. For example, if

we want to represent a left-handed circular (LHC) polarization state and a right-handed circular (RHC)
polarization state in a linear basis {H V} using the polarization ratio. For a left-handed circular (LHC)

polarization, |E H| = |E,, s Gy =P, — 0y, :%, and according to (2.26), the polarization ratio p,,, is j.

Using (2.28) with p,,,, = j, we obtain for the left-handed circular (LHC) polarization

E(HYV) = %E} (2.29)

Similarly, the polarization ratio p,,, of a right-handed circular (RHC) polarization state in a linear basis {H

V}is —j because the relative phase ¢, = —7/2, and its representation is
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E(HV) = %{_ﬂ (2.30)

The complex polarization ratio o is important in radar polarimetry. However, the value of the polarization
ratio p defined in a certain polarization basis is different from that defined in the other polarization basis
even if the physical polarization state is the same.

2.4.1 COMPLEX POLARIZATION RATIO IN THE LINEAR BAsIs {H V}

In the linear {H V} basis with unit vectors h and¥ , a polarization state may be expressed as:
E(HV)=E, h+E, ¥ (2.31)

The polarization ratio p,,, , according to (2.6), can be described as:

E
Puy =—r =

Ey,

£

z exp(j¢HV) =tana,, exp(j¢HV ), Gy =@ — &y (2.32)
H

where the angle ¢, is defined in Fig. 2.1c, only in the {H V} basis and

|E,|=\EL +E} cosay,
|EV| =\ E; +E; sina,,

Also, for a single monochromatic, uniform TEM (transverse electromagnetic) traveling plane wave in the
positive z direction, the real instantaneous electric field is written as

£.(z,1) |Ex|cos(a)t—kz+¢x)
e(z.0)=| £,(z.1) |=| |E,|cos(art —kz + ¢,) (2.34)
g.(z,t) 0

(2.33)

In a cartesian coordinate system, the +x -axis is commonly chosen as the horizontal basis (H) and the +y -
axis as the vertical basis (V) Substituting (2.33) into (2.34), we find

JE; +E; cosa,, cos(wt —kz+ @)

S(ZJ t) = 2 2 . B
VE, +E, sina,, cos(ot —kz+¢,) (2.35)
— cosa,,, :
=\E; +E; exps| . . |explj(ot—kz+¢,)}
sina,,;, exp(jg)

where @ =¢, —¢@, is the relative phase. The expression in the square bracket is a spinor [32] which is

independent of the time-space dependence of the traveling wave. The spinor parameters (&, @) are easy to
be located on the Poincaré sphere and can be used to represent the polarization state of a plane wave. In Fig.
2.4c, the polarization state, described by the point P, on the Poincaré sphere, can be expressed in terms of

these two angles, where 2«,,, is the angle subtended by the great circle drawn from the point P, on the

equator measured from H toward V; and ¢,;, is the angle between the great circle and the equator.
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From equations, (2.7) and (2.8) for the {H V} basis we have

sin2y =sin2a,,, sing,,, (2.36)
tan 2y = tan(2¢,,, ) cos @, |

which describes the ellipticity angle y and the tilt or orientation angle y/ in terms of the variables «,,, and
@y, - Also, from (2.11) for the {H V} basis an inverse pair that describes the «,,,, and @, in terms of y
and i is given in (2.37)

cos2a,, =cos2ycosy

tan2y (2.37)
sin 2y

tan @, =

It is convenient to describe the polarization state by either of the two set of angles (&,,,,@,,)or (¥,¥)

which describe a point on the Poincaré sphere. The complex polarization ratio p,,, can be used to specify

the polarization of an electromagnetic wave expressed in the {H V} basis. Some common polarization states
expressed in terms of (y,y), p, and the normalized Jones vector E are listed in Table 2.1 at the end of
this section.

2.4.2 COMPLEX POLARIZATION RATIO IN THE CIRCULAR Basis {L R}

In the circular basis {L. R}, we have two unit vectors I:(left—handed circular) and R (right- handed
circular). Any polarization of a plane wave can be expressed by

E(LR)=E,L+E,R (2.38)

A unit amplitude left-handed circular polarization has only the L component in the circular basis {L R}. It
can be expressed by

E(LR)=1*L+0*R = m (2.39)

The above representation of a unit (LHC) polarization in the circular basis {L R} is different from that in the
linear basis {H V} of (2.29). Similarly, a unit amplitude right-handed circular polarization has only the R
component in the circular basis {L R}

N ~ 10
E(LR)=0*L+1*R=L} (2.40)
which is different from that in the linear {H V} basis.

The polarization ratio p,,, according to (2.26) is

p =ﬂ=@eXp{j(¢ ~$)} =| Pl exp{idye} = tan g exp gy} (2:41)
LR EL |EL| R L LR LR LR LR :

where | pLR| is the ratio of magnitudes of the two orthogonal components |E L| and |E x|» and @, the phase

difference. The angles «,, and @,, are also easy to be found on the Poincaré sphere (see Fig. 2.6) like the

angles &, and ¢,,, . Some common polarization states in terms of p, ., are listed in Table 2.1.
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2.4.3 COMPLEX POLARIZATION RATIO IN THE LINEAR BAsIs {45° 135°}

In the linear {45° 135°} basis with unit vectors 45° and 135° , a polarization state may be expressed as
E(45135)=E,_45 +E__135° (2.42)

where E 4 and E1 ;s are the 45° component and the 135° component, respectively. The polarization ratio

according to (2.26) is
__13v _ |35 . _ _ . _ .
Pysizs = E o ‘E ‘ cxXp {](¢135° ¢45° )} o ‘p45°135°‘exp {J¢45°135"} = tan @ 5135 XP {J¢45°135°} (2.43)
45° 45°
where ‘ Pos 350‘ is the ratio of magnitudes of the two orthogonal components ‘El 350‘ and ‘E 45 |» and @ J-

the phase difference. The angles ¢, .. and ¢4501 .5 are also easy to be found on the Poincaré sphere (see

Fig. 2.6)
TABLE 2.1
POLARIZATION STATES IN TERMS OF (7,), POLARIZATION RATIO p AND NORMALIZED

JONES VECTOR E

POLARIZATION X 4 {H V} basis {45° 135°} basis {L R} basis
pHV E p45°135° E pLR E
Linear 0 0 1] . 111 | 1 [1]
. O — - -
Horizontal 0_ 21 -1 \/5 1
Linear 0 T 0] i 1|1 1 1 |—J ]
. i 0 _ _
Vertical ) | | 21 \/5 j
45° Linear 0 T 1 [1] 1 1|1 —J
— 1 — 0 j —
4 Nol 0 21 ;|
135° Linear 0 Vs 1 [-1] 0 1|-1 —J
4 21 1] 1 2|-1 j |
Left-handed T 1 [1] 11 11
i = — - 0
Circular 4 J \/E il J 2l -1 0]
Right-handed T 111 11 —j 0]
; - - — - - o0
Circular 4 J \/5 _ J 2l -1 - 1_

2.5 THE STOKES PARAMETERS

So far, we have seen completely polarized waves for Which|E y

EB

b

,and ¢,, are constants or at least

slowly varying functions of time. If we need to deal with partial polarization, it is convenient to use the
Stokes parameters q,, ¢,, g, and g, introduced by Stokes in 1852 [107] for describing partially polarized

waves by observable power terms and not by amplitudes (and phases).
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2.5.1 THE STOKES VECTOR FOR THE COMPLETELY POLARIZED WAVE

For a monochromatic wave, in the linear {H V} basis, the four Stokes parameters are

qo = |EH|2 +|EV|2
4= |EH|2 _|EV|2
=21 |5y 05
q; = 2|EH||EV|Sin Duv

(2.44)

For a completely polarized wave, there are only three independent parameters, which are related as follows
G =4+ +4; (2.45)

The Stokes parameters are sufficient to characterize the magnitude and the relative phase, and hence the
polarization of a wave. The Stokes parameter g, is always equal to the total power (density) of the wave; ¢,

is equal to the power in the linear horizontal or vertical polarized components; ¢, is equal to the power in
the linearly polarized components at tilt angles y =45 or 135°; and ¢, is equal to the power in the left-

handed and right-handed circular polarized components. If any of the parameters ¢,, ¢,, g, or g, has a

non-zero value, it indicates the presence of a polarized component in the plane wave. The Stokes parameters
are also related to the geometric parameters A, ¥, and y of the polarization ellipse

49 |Ey ’2+‘EV i A
e | | Eu P-1E, [ B A% cos 2y cos2y
4= ¢ | 2|E,||E,|cos | A2 cos2ysin2y (2:49)
q, 2|EH||EV|sin - A’sin2y

which for the normalized case qg =e’ = 6127, + e,f =1 and

% [E,PHIEF| | erte ¢
q= . 1 E, [ ~|E, [ _ ey —e; _ e’ cos 2y cos2y 247)

> |E, [ +|E, || 2Re{E,E,} 2e,e,co8¢ | | € cos2ysin2y

8 2Im{E, By} 2e e, sing e’sin2y

2.5.2 THE STOKES VECTOR FOR THE PARTIALLY POLARIZED WAVE

The Stokes parameter presentation [34] possesses two main advantages in that all of the four parameters are
measured as intensities, a crucial fact in optical polarimetry, and the ability to present partially polarized
waves in terms of the 2x2 complex hermitian positive semi-definite wave coherency matrix [J] also called

the Wolf’s coherence matrix [34], defined as:
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[J]=<EET>= <EHE1*1’> <EHE;> :|:JHH JHV:|:|:qO+(;]l Q2+jQ3:| (2.48)
E,E; E Jvn G&=Je 904

<

424

1 -
where <> = ;im {E I <> dl} indicating temporal or ensemble averaging assuming stationarity of the
—>0

wave. We can associate the Stokes vector q with the coherency matrix [J]

-T

90 :|EH|2 +|EV|2 :<EHE;>+<EVE;>:JHH +Jyy

49 =|EH|2 _|EV|2 =<EHEI*J>_<EVE;>:JHH S

(2.49)
g, =2|E, ||E,|cos g, =(E,E} ) +(E By ) =Ty +J
95 = 2|EH||EV|Sin¢HV - J<EHE;>_]<EVE1*1> = jJHV _jJVH
and since [J] is positive semidefinite matrix
Det{[J1}>0 or q;>q.+q4; +q; (2.50)

the diagonal elements presenting the intensities, the off-diagonal elements the complex cross-correlation
between E, and E,, and the Trace{[J]}, representing the total energy of the wave. For J,, =0 no
correlation between E,, and E, exists, [J] is diagonal with J,,, =J,, , (i.e. the wave is unpolarized or

completely depolarized, and possesses one degree of freedom only: amplitude).  Whereas, for
Det{[J]} =0 we find that J,,J,,, =J,,J,,, and the correlation between E,, and E, is maximum, and

the wave is completely polarized in which case the wave possesses three degrees of freedom: amplitude,
orientation, and ellipticity of the polarization ellipse. Between these two extreme cases lies the general case
of partial polarization, where Det{[J]} >0 is indicating a certain degree of statistical dependence between

E, and E, which can be expressed in terms of the ‘degree of coherency’ p and the ‘degree of

polarization” D, as

) J
Huy :|/uHV|eXp(]ﬂHV) :ﬁ (2.51)
HHY VV
1/2 2 ) 2 1/2
+qn -
b, [ 14Dl (@ +a+4) 052
(Trace{[J]}) 49

where u=D, =(0 for totally depolarized and u=D, =1 for fully polarized waves, respectively.

However, under a change of polarization basis the elements of the wave coherency matrix [J] depend on the
choice of the polarization basis, where according to [52, 53], [J] transforms through a unitary similarity

transformation as

<[Jij]>:[U2]<[Jmn]>[U2]T (2.53)
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The fact that the trace and the determinant of a hermitian matrix are invariant under unitary similarity
transformations means that both, the degree of polarization as well as the total wave intensity are not

affected by polarimetric basis transformations. Also, note that the degree of coherence 4, does depend on
the polarization basis. Table 2.2 gives the Jones vector E , Coherency Matrix [J], and Stokes Vector q for
special cases of purely monochromatic wave fields in specific states of polarization.

TABLE 2.2
JONES VECTOR E, COHERENCY MATRIX [J], AND STOKES VECTOR q FOR SOME STATES
OF POLARIZATION
POLARIZATION {H V} BASIS
E [/] q
Linear 1 1 0 1
Horizontal { O} { 0 0:| 1
0
0
Linear 0 1
Vertical { 1 }

——
o O
—_ O
L
|
—
I —

45° Linear 111 111
V21 2[1 1

135° Linear 1 |-1
V211

Left-handed

111
Circular - .
V2 u

S =l O = O = O O
I |

N | —
1
[
—_—
—_ |
. P
L 1
|
—
I —|

Right-handed 1 { 1 }

Circular - .
V2 -J

S O == O O = O
|

N | —
|
-~
—_ .
1
|
—_
I — |

2.6 THE POINCARE POLARIZATION SPHERE

The Poincaré sphere, shown in Fig. 2.4 for the representation of wave polarization using the Stokes vector
and the Deschamps parameters (a, @) is a useful graphical aid for the visualization of polarization effects.

There is one-to-one correspondence between all possible polarization states and points on the Poincaré
sphere, with the linear polarizations mapped onto the equatorial plane (x = 0) with the Zenith’ presenting
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left-handed circular and the ‘nadir’ right-handed circular polarization states according to the IEEE standard
notation exp(+ jar) [102], and any set of orthogonally fully polarized polarization states being mapped into

antipodal points on the Poincaré sphere [108].

NORTH POLE
LEFT CIRCULAR

NORTHERN HEMISPHERE

" ‘ LEFT ELLIPTICAL
,!

RIGHT ELLIPTICAL

SOUTH POLE
RIGHT CIRCULAR
POLARISATION
(a)
DESCHAMPS PARAMETERS
2P2v ()

(b) ()
Fig. 2.4 Poincaré Sphere Representations (Courtesy of Prof. E. Pottier)

2.6.1 THE POLARIZATION STATE ON THE POINCARE SPHERE FOR THE {H V} BASIS

In the Poincaré sphere representation, the polarization state is described by a point P on the sphere, where the
three Cartesian coordinate components areq,, ¢,, and ¢, according to (2.46). So, for any state of a

completely polarized wave, there corresponds one point P(g,, g,, ¢;) on the sphere of radius g,, and vice
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versa. In Fig. 2.5, we can see that the longitude and latitude of the point P are related to the geometric
parameter of the polarization ellipse and they are 2y and 2y respectively.

<¥

Fig. 2.5 The Poincaré sphere and the parameters «,,,, and ¢,

In addition, the point P on the Poincaré sphere can also be represented by the angles «,,, and ¢, . From
(2.37) and (2.46) we find that

4~ cos 2y cos2y =cos2a,, (2.54)

4
where cos2a,,, is the direction cosine of the Stokes vector q with respect to the X-axis, i.e., the angle

2a,,, is the angle between q and the X-axis. The angle ¢, is the angle between the equator and the great
circle with basis diameter HV through the point P, and it is equal to the angle between the XOY plane and
the XOP plane. Drawing a projecting line from point P to the YOZ plane, the intersecting point P’ is on the
XOP plane, so ¢, =ZYOP' (4, =¢ inFig. 2.5). On the YOZ plane we find that

tan2
tang,, =tan / YOP' =2 = 20=L (2.55)

q, sin2y
which satisfies equations (2.46) and (2.37).

2.6.2 THE POLARIZATION RATIO ON THE POINCARE SPHERE FOR DIFFERENT POLARIZATION BASES

Also, it can be shown that a polarization state can be represented in different polarization bases. Any
polarization basis consists of two unit vectors which are located at two corresponding antipodal points on the
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Poincaré sphere. Fig 2.6 shows how the polarization state P on the Poincaré sphere can be represented in
three polarization bases, {H V}, {45° 135°}, and
{L R}. The complex polarization ratios are given by

T
- O<a,, <—
P |p |e p( i ) tan o, eXp(]¢HV) )
wy = |Puy |SXP\JPur ) = .
—tana,, exp(jd,, ) 7 cu <x (2.56)
2 HV
T
; O<a,...<—
P _‘,0 ‘exp(j¢ )_ s eXp(]¢45°135°) 2
45°135° — |Fas13se 45135° ) . 2.57
—tan 5135 exp(]¢45°135°) £< a. . ..<7T ( )
2 45°135
0O<a,, <=
P |p |exp( i ) tana, , eXp(j¢LR) )
R = |PLr JOr) = .
—tana,, exp(jd;) 7 cq <x (2.58)
2 LR
where tana,, , tanea, . ., and tana,, are the ratios of the magnitudes of the corresponding orthogonal

components, and @, , ¢45013 . and ¢,, are the phase differences between the corresponding orthogonal

components

¢45°135°

Fig 2.6 The Polarization State P in Different Polarization Bases
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2.6.3 THE RELATIONSHIP BETWEEN THE STOKES VECTOR AND THE POLARIZATION RATIO FOR
DIFFERENT POLARIZATION BASES

First, consider the polarization ratio p,,, defined in the {H V} basis. Because cos2«,, is the direction

cosine of the Stokes vector q with respect to the X-axis, we find
2
1-tan’ & 1-
4 - cos2a,, = — Y — |'0HV|2 (2.59)
9 l+tan” 1+|pHV|

the straight forward solution for | pHV| is

90— 4,

oy | = [P (2.60)
" 90 T4
from (2.54), we find
_ R
Gy =LYOP =tan™ | — (2.61)
q,
Combining above two equations yields
. 90— 4 )
Pry = |pHV|eXp(]¢HV) = [—expq jtan l(ij (2.62)
9o + 4, 9>

For a completely polarized wave, we may obtain the Stokes vector in terms of the polarization ratio p,,, by

applying

G =4+, +q; =1

1- |pHV |2
¢ =— 5 =cos2ay,
1+ |10HV |
2 cos 2tan a,,;, cos . (2.63)
q, = 1P| ?HV = 1y (ZjHV =sin(2a,, ) cos @,
1+ o | 1+|tan o, |
2 sin . .
q; = M =sin(2a,, )sing,,
1+ |pHV|
The sign of the three components of the Stokes vector is summarized in Table 2.3.
Secondly, consider the polarization ratio p,_. ... defined in the {45° 135°} basis. The cos 2a 4535 18 the

direction cosine of the Stokes vector q with respect to the Y-axis. So similarly, with



Then the polarization ratio p

9

q,

q,

q;
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g, =1
90— 49,
Pcorace | —
‘ 45°135 ‘ G +d,
ol 45
¢45°135° = tan (_q_lJ
TABLE 2.3
THE SIGN OF THE ¢,, gq,, AND g, PARAMETERS IN THE {H V} BASIS
By Ay 9 | 9, | 9;
+ [+ |+
0<2a,, < z
2
ju T ’ - + +
0<¢HV<E E< C(HV<7Z'
RY/4 - - —
0<2a,, < By
3 + | - | -
7 < 2a,, <2r
2
+ |+ | -
0<2a,, < z
2
T il 2 -t B
_E<¢HV<O E< G <7
3z - |- |+
0<2a,, <—
2
+ | - |+

90— 4, exp

9,4,

p45°135° -

37”<205HV <2z

45°135°

(

_4%

2

CoS

45°135°

=1
2‘,00 o‘cos e
— 45°135 ;5135 =—Sin2a’
1+ ‘p45°135° ‘
1| ’
_p45°135°‘
= 1—2 =Cos 2C¥45°135°
+‘p45°135°‘
2‘pﬂ o‘sin -
— 45°135 45°135 :Sin20{

2
1+"045°135°‘

45°135°

sin

45°135°

45°135°

can be determined by the Stokes vector q

{ jtan~

Also, the Stokes vector ¢ can be determined by the polarization ratio p,_. ... as follows:

(2.64)

(2.65)

(2.66)

23
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Finally, consider the polarization ratio p,, defined in the {L R} basis. Similarly, because the cos2¢,, is

the direction cosine of the Stokes vector q with respect to the Z-axis, the polarization ratio p,, can be

determined by the Stokes vector ( as:

P = G~ exp? jtan™ (&j (2.67)
90 T 45 4
Inversely,
q, =1
2 oS )
= M =sin2a,, cos @,
1+ |pLR|
2 sin ) . :
9 = M =sin2a,, sing,, (269
1+ |pLR|
2
1—
q; = |pLR|2 =cos2a,,
1+ |pLR|
TABLE 2.4
ALTERNATE EXPRESSIONS FOR NORMALIZED STOKES VECTOR PRESENTATIONS ON THE
POLARIZATION SPHERE
i Lyy > ¢H 4 Ays135° ¢45°1 35° k> ¢LR
7 1 1 1 1
q, | cos2ycos2y cos2a,, -sin2a, . .. cosg,. .. | sin2q,,cosg,
g, | cos2ysin2y | sin2a,, cosd,, cos2a, .. sin2¢,, sing, ,
q, sin2y sin2a,,, sing,, sin2a, . sing,_ cos2a,,

2.6.4 THE POINCARE POLARIZATION SPHERE AND COMPLEX POLARIZATION RATIO PLANE

Using the Riemann transformation, Poincaré introduced the polarization sphere representation of Fig. 2.5
which gives a relationship between the polarization ratio p and its corresponding spherical coordinates on

the Poincaré sphere. First we need to introduce an auxiliary complex parameter u(p), which is defined by
the Riemann transformation [14] of the surface of the sphere onto the polar grid as follows,
1-jp

, (2.69)
I+jp

u(p) =

in the {H V} basis, p,,, =tana,, exp{jd,, } =tana,, (cosd,, + jsing,, ), then

_(I+tana,, sing,,)— jtana,, cosg,,

(I-tanea,, sing,, )+ jtana,, cosg,,

|u|2 _1+2tana,, sing,, ) +tan’ a,,

B 1-2tana,, sing,,)+tan’ a,,
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|11|2 -1 2tana,,

|u|2 +1 1+tan? A,

sing,,, =sin2a,, sing,,

according to (2.36) and Fig. 2.4b, the polar angle ® = 77/2 — 2 y can be obtained from

juf -1

=sin2y =sin(z/2-O) =cos O

|u|2 +1
so that
®=cos™ |u|2 - (2.70)
> )
|u| +1

also, according to (2.36) and Fig. 2.4b, the spherical azimuthal angle ® =2/ can be obtained from
_Im{u} 2tana,, cosg,,

= tan 2y = tan @, so that the spherical azimuthal angle @ becomes

Re{u} 1-tan’ @,
_i[ Im{u
® =tan"' tu} (2.71)
Re{u}
(ZENITH)
L
Pomcare Sphere
a"—‘
Il’
f
1350 450

# Im{e }
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Re{p }

Fig. 2.7 Poincaré Sphere and the Complex Plane

2.7 WAVE DECOMPOSITION THEOREMS

The diagonalization of [JU] , under the unitary similarity transformation is equivalent to finding an

orthonormal polarization basis in which the coherency matrix is diagonal or

|:Jmm Jm,,} _ {en €1 :|{/11 0 :||:el*l el*z} (2.72)
Jnm me elZ 622 0 /12 e;l 622
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where 4 and A, are the real non-negative eigenvalues of [J] with 4, >4, >0,and & = [e, ¢,] " and
e, = [621 ezz] " are the complex orthogonal eigenvectors which define [U,] and a polarization basis

{él, éz} in which [J] is diagonal. [J] is Hermitian and hence normal and every normal matrix can be

unitarily diagonalized . Being positive semidefinite the eigenvalues are nonnegative.
2.8 THE WAVE DICHOTOMY OF PARTIALLY POLARIZED WAVES

The solution of (2.72) provides two equivalent interpretations of partially polarized waves [28]: 1) separation
into fully polarized [/, ], and into completely depolarized [.J,] components

[J]=(ﬂ1—/7,2)[J1]+/12[[2] (2.72)
where [/, ] is the 2x2 identity matrix ; ii) non-coherency of two orthogonal completely polarized wave states
represented by the eigenvectors and weighed by their corresponding eigenvalues as

=+ Al = 4@ e+ 4,6, 8) (2.74)
where Det{[J,]} = Det{[J,]} =0 ; and if 4, =4, the wave is totally depolarized (degenerate case)
whereas for 4, =0, the wave is completely polarized. Both models are unique in the sense that no other

decomposition in form of a separation of two completely polarized waves or of a completely polarized with
noise is possible for a given coherency matrix, which may be reformulated in terms of the ‘degree of

polarization” D, as
p =A% (4 =4) and 1 (1, =0) (2.75)
P+ A, b 2 '

for a partially unpolarized and completely polarized wave. The fact that the eigenvalues A, and A, are

invariant under polarization basis transformation makes Dp an important basis-independent parameter.

2.9 POLARIMETRIC WAVE ENTROPY

Alternately to the degrees of wave coherency & and polarization Dp , the polarimetric wave entropy
[28] provides another measure of the correlated wave structure of the coherency matrix[J], where by using

the logarithmic sum of eigenvalues

2
A
H = —Plog, P with P = : 2.76
2] ;{ i g2 l} i 21 +ﬂ«2 ( )

sothat B+ P =1 and the normalized wave entropy ranges from 0</_ <1 where for a completely

polarized wave with 4, =0 and H_ =0, while a completely randomly polarized wave with A =4,

possesses maximum entropy H, =1.

2.10 ALTERNATE FORMULATIONS OF THE POLARIZATION PROPERTIES OF ELECTROMAGNETIC
VECTOR WAVES

There exist several alternate formulations of the polarization properties of electromagnetic vector waves
including; (i) the ‘Four-vector Hamiltonian’ formulation frequently utilized by Zhivotovsky [109] and by
Czyz [110], which may be useful in a more concise description of partially polarized waves ; (ii) the
‘Spinorial formulation’ used by Bebbington [32], and in general gravitation theory [111]; and (iii) a
pseudo-spinorial formulation by Czyz [110] is in development which are most essential tools for describing
the general bi-static (non-symmetric) scattering matrix cases for both the coherent (3-D Poincaré sphere and
the 3-D polarization spheroid) and the partially polarized (4-D Zhivotovsky sphere and 4-D spheroid) cases
[109]. Because of the exorbitant excessive additional mathematical tools required, and not commonly
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accessible to engineers and applied scientists, these formulations are not presented here but deserve our
fullest attention in future analyses.
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3 THE ELECTROMAGNETIC VECTOR SCATTERING OPERATOR AND THE
POLARIMETRIC SCATTERING MATRICES

The electromagnetic vector wave interrogation with material media is described by the Scattering
Operator [S(ks / kl.)] with k_,k, representing the wave vectors of the scattered and incident,

E*(r),E'(r) respectively, where

E*(r) = E; exp(— /K, 1) =e E; exp(— /K, -T) 3.1)

is related to

E'(r) = E; exp(—jk, -r) = ¢,E; exp(- jK, ) (32)

E'(r) = M[S(ks /K)]E (r) (3.3)
r

The scattering operator [S (k, /k[)] is obtained from rigorous application of vector scattering and diffraction

theory, to the specific scattering scenario under investigation which is not further discussed here, but we
refer to [97] for a thought-provoking formulation of these still open problems.

3.1 THE SCATTERING SCENARIO AND THE SCATTERING COORDINATE FRAMEWORK

The scattering operator [S (k,/k l)] appears as the output of the scattering process for an arbitrary input E’0 ,

which must carefully be defined in terms of the scattering scenario; and, its proper unique formulation is of
intrinsic importance to both optical and radar polarimetry. Whereas in optical remote sensing mainly the
‘forward scattering through translucent media’ is considered, in radar remote sensing the ‘back scattering
from distant, opaque open and closed surfaces’ is of interest, where in radar target backscattering we usually
deal with closed surfaces whereas in SAR imaging one deals with open surfaces. These two distinct cases of
optical versus radar scattering are treated separately using two different reference frames; the ‘Forward
(anti-monostatic) Scattering Alignment (FSA)’ versus the ‘Back Bistatic Scattering Alignment (BSA)® from
which the ‘Monostatic Arrangement’ is derived as shown in Fig. 3.1. In the following, separately detailed for
both the FSA and BSA systems are shown in Figs. 3.2 and 3.3.
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Fig. 3.1 Comparison of the FSA, BSA, and MSA Coordinate Systems

A b Ak
0,

<> V

k, =sinO, cosp X +sinO sind, y+cosO z
Vy =cos0 cosd X +cos0, sind,y—sin6 .z

h, =—-sin¢ X +cosd.,y
Fig. 3.2 Detailed Forward Scattering Alignment (FSA)

< Y

k, =—sin®_ cosd X —sinO_sind .y —cosO 2
V, =c0s0_ cosd X +cosO, sind . y—sinO 2z
h, =sin¢,& —cosd,y

Fig. 3.3 Detailed Back Scattering Alignment (BSA)
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3.2 THE 2X2 JONES FORWARD [J] VERSUS 2X2 SINCLAIR [S] BACK-SCATTERING MATRICES

Since we are dealing here with radar polarimetry, interferometry and polarimetric interferometry, the
‘bistatic BSA reference frame’ is more relevant and is here introduced only for reasons of brevity but
dealing both with the bistatic and the monostatic cases ; where we refer to [52, 53], [76] and [19] for a full
treatment of the ‘anti-monostatic FSA reference frame’. Here, we refer to the dissertation of Papathanassiou
[97], the textbook of Mott [76], and meticulous derivations of Liineburg [52] for more detailed treatments of
the subject matter, but we follow here the derivation presented in [19]. Using the coordinates of Fig. 3.1 with

right-handed coordinate systems; x, y, z,, X, ¥, Z,, X; J; z;; denoting the transmitter, scatterer and

receiver coordinates, respectively, a wave incident on the scatterer from the transmitter is given by the
transverse components £, and E| in the right-handed coordinate system x; y, z; with the z, axis pointed at

the target. The scatterer coordinate system x, y, z, is right-handed with z, pointing away from the scatterer
toward a receiver. BSA Coordinate System x, ), z; is right-handed with z; pointing toward the scatterer. It
would coincide with the transmitter system x, y, z, if the transmitter and receiver were co-located. The wave
reflected by the target to the receiver may be described in either the transverse components Ex2 and £ ,, orby

the reversed components Ex3 and £ b Both conventions are used, leading to different matrix formulations. The

incident and transmitted or reflected (scattered) fields are given by two-component vectors; therefore the
relationship between them must be a 2x2 matrix. If the scattered field is expressed in x; y, z; coordinates

(BSA), the fields are related by the Sinclair matrix [S ] , thus

i

Ef@ _ ] Sx3x, Sx3y1 Exl - jkr
R e .o le’ (3.4)
E, Jarr, [ Syx Sy || E),

and if the scattered field is in x, y, z, coordinates (FSA), it is given by the product of the Jones matrix [J ]
with the incident field, thus

Effg _ I szxl TX2y1 E;I - ke (3 5)
= - e .

Ej’} v 471- r2 TYle TY2)’| E“lvl

In both equations the incident fields are those at the target, the received fields are measured at the receiver, and
r, is the distance from target to receiver. The ‘Sinclair matrix[S ] " is mostly used for back-scattering, but is

readily extended to the bistatic scattering case. If the name scattering matrix is used without qualification, it
normally refers to the Sinclair matrix [S ] . In the general bistatic scattering case, the elements of the Sinclair

matrix are not related to each other, except through the physics of the scatterer. However, if the receiver and
transmitter are co-located, as in the mono-static or back-scattering situation, and if the medium between target

and transmitter is reciprocal, mainly the Sinclair matrix [S (AB)] is symmetric, i.e. S,; =S,,. The Jones

matrix is used for the forward transmission case; and if the medium between target and transmitter, without
Faraday rotation, the Jones matrix is usually normal. However, it should be noted that the Jones matrix is not in
general normal, i.e., in general the Jones matrix does not have orthogonal eigenvectors. Even the case of only
one eigenvector (and a generalized eigenvector) has been considered in optics (homogeneous and
inhomogeneous Jones matrices). If the coordinate systems being used are kept in mind, the numerical
subscripts can be dropped.
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It is clear that in the bistatic case, the matrix elements for a target depend on the orientation of the target with
respect to the line of sight from transmitter to target and on its orientation with respect to the target-receiver line
of sight. In the forms (3.4) and (3.5) the matrices are absolute matrices, and with their use the phase of the
scattered wave can be related to the phase of the transmitted wave, which is strictly required in the case of
polarimetric interferometry. If this phase relationship is of no interest, as in the case of mono-static polarimetry,
the distinct phase term can be neglected, and one of the matrix elements can be taken as real. The resulting form
of the Sinclair matrix is called the relative scattering matrix. In general the elements of the scattering matrix
are dependent on the frequency of the illuminating wave [19, 14, 15].

Another target matrix parameter that should be familiar to all who are interested in microwave remote sensing is
the radar cross section (RCS). It is proportional to the power received by a radar and is the area of an
equivalent target that intercepts a power equal to its area multiplied by the power density of an incident wave and
re-radiates it equally in all directions to yield a receiver power equal to that produced by the real target. The radar
cross section depends on the polarization of both transmitting and receiving antennas. Thus the radar cross
section may be specified as HH (horizontal receiving and transmitting antennas), HV (horizontal receiving and
vertical transmitting antennas), etc. When considering ground reflections, the cross section is normalized by the
size of the ground patch illuminated by the wave from the radar. The cross section is not sufficient to describe

the polarimetric behavior of a target. In terms of the Sinclair matrix [S ] , and the normalized effective lengths of
transmitting and receiving antennas, ﬁt and ﬁr , respectively, the radar cross section is

2

. [S] (3.6)

A polarimetrically correct form of the radar equation that specifies received power in terms of antenna and
target parameters is

2

G(0.9) A(0.9)
(47Tr17”2)

ho [S]h,

(3.7)

rt

where W, is the transmitter power and subscripts t and r identify transmitter and receiver, and its properties are

defined in more detail in Mott [76] and in [19]. The effective antenna heightﬁ(@ , ¢), is defined via the electric
field E' (r 0 (15) radiated by an antenna in its far field, as

E'(r,0,4)=" rexp( jkr)h(0,¢). (3.8)

with Z, the characteristic impedance, A the wavelength, and / the antenna current.

3.3 BASIS TRANSFORMATIONS OF THE 2X2 SINCLAIR SCATTERING MATRIX [S]

Redefining the incident and scattering cases in terms of the standard {H V} notation with H =x, V' =y
and with proper re-normalization, we redefine (3.1) as

E,, =[Sl,yE,,  or E(HV)=[S(HV)|E (HV) (3.9)

where the complex conjugation results from inversion of the coordinate system in the BSA arrangement
which invites a more rigorous formulation in terms of directional Sinclair vectors including the concepts of
time reversal as treated by Liineburg [52]. Using these Sinclair vector definitions one can show that the
transformation from one orthogonal polarisation basis
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{H V} into another {i j} or {A B} is a unitary congruence (unitary consimilarity) transformation of the

original Sinclair scattering matrix [S],, into [S];, where

[S1, =[U, NS, [U,1 7 or [SG)]=[U,] [SEM]=[U,] (3.10)

with [U,] given by (2.23), so that the components of the general non-symmetric scattering matrix for the

bistatic case in the new polarization basis, characterized by a complex polarization ratio p, can be written as
[81,25]

S,A,:H1 S = 0" Su = 07 S + 078, ] 3.11)
= 1+p [pSHH+SHV PP Sy = pSw]
Sy=1 ” [0S = 09" S s + Sy = S ]
= 1+p 07S i+ 0SSy +5,,]

There exist three invariants for the general bistatic case (BSA) under the change-of-basis transformation as
given by (3.5):

) 1, = Span[S1={ Sy I +1 S P +1 Sy P +1 S PY= S, P 418, 418, P 415, G12)
confirms that the total power is conserved, and it is known as Kennaugh’s span-invariant K, ;

(i) Sy —Syy =S; =S, , for monostatic case (3.13)

warranting symmetry of the scattering matrix in any polarization basis as long as the BSA for the strictly
mono-static but not general bistatic case is implied;

(iii) Det{[S]yy, } = Det{[S];} or Det{[S(HV)]} = Det{[S(H)]} (3.14)

due to the fact that Det{[U,]} =1 implies determinantal invariance.

In addition, diagonalization of the scattering matrix, also for the general bistatic case, can always be obtained
but requires mixed basis representations by using the ‘Singular Value Decomposition Theorem (SVD)’ [52

53] so that the diagonalized scattering matrix [S,] can be obtained by the left and right singular vectors,
where

S, 0
[Sp1=[0,1[S1[O] with [SD]{ 0‘ S } (3.15)

and [Der{[Q, 1}| =|Det{[Q,1}] =

and S, and S, denote the diagonal eigenvalues of [S], and the diagonal elements S, and S, can be

taken as real nonnegative and are known as the singular values of the matrix [S]. For the symmetric

scattering matrices in the mono-static case (MSA), diagonalization is achieved according to the unitary
consimilarity transform for which
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[0:1=10,1 (3.16)

and above equations will simplify due to the restriction of symmetry S i = S_ i

3.4 THE 4x4 MUELLER (FORWARD SCATTERING) [M] AND THE 4X4 KENNAUGH (BACK-
SCATTERING) [K] POWER DENSITY MATRICES

For the partially polarized cases, there exists an alternate formulation of expressing the scattered wave in
terms of the incident wave via the 4x4 Mueller[M] and Kennaugh [K] matrices for the FSA and BSA

coordinate formulations, respectively, where

[¢'1=[M][q'] (3.17)

For the purely coherent case, [M ] can formally be related to the coherent Jones Scattering Matrix [7'] as
(M1=[1 1 1 =1][4]"' (714l =[AN(TI®[T])[4]" (3.18)

with ® symbolizing the standard Kronecker tensorial matrix product relations [112] provided in (A.1),
Appendix A, and the 4x4 expansion matrix [ A] is given by [76] as

10 0 1

[4]= oo -l (3.19)
01 1 0
0 j —j O

with the elements M of [M], given in (B.1), Appendix B.

Specifically we find that if [T'] is normal, i.e. [T][T]" =[T] [T], then [M] is also normal, i.e.
[M]IM]" =[M]"[M].

Similarly, for the purely coherent case [76], [K] can formally be related to the coherent Sinclair
matrix [S] as

[K1=2[A1"'([S1®[ST)[4]" (3.20)
where

T-1 _l *
(4]~ = 2[A] (3.21)

and for a symmetric Sinclair matrix [S] , then [K] is symmetric, keeping in mind the ‘mathematical
formalism® [M ]:diag[l 11 —1][K ], but great care must be taken in strictly distinguishing the
physical meaning of [K] versus [M] in terms of [S] versus [T] respectively. Thus, if [S] is
symmetric, S, =S, , then [K] is symmetric, K, =K, ; and the correct elements for [M], [K] and
the symmetric cases are presented in (B.1 — B.5), Appendix B.
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3.5 THE 2X2 GRAVES POLARIZATION POWER SCATTERING MATRIX [G]

Kennaugh introduces, next to the Kennaugh matrix[K ], another formulation[G] , for expressing the power

in the scattered wave E° to the incident wave E' for the coherent case in terms of the so-called ‘Graves
polarization coherent power scattering matrix [G]’, where

P = !

—E’T GJE' 3.22
87 7,77 [G] (3.22)

so that in terms of the Kennaugh elements K ; » defined in the appendix, for the mono-static case

K +Klz K13 _jKM} (3.23)

[G]=(ST"SD) =[K”+J.K © K

By using a single coordinate system for (x,,,,z,) and (x;,;,z;) for the monostatic case, as in Fig. 3.1,

and also described in detail in [19], it can be shown that for a scatterer ensemble (e.g. precipitation) for
which individual scatterers move slowly compared to a period of the illuminating wave, and quickly
compared to the time-averaging of the receiver, time-averaging can be adjusted to find the decomposed

power scattering matrix <[G]> , as

_ T* _ _ |SHH |2 S:]HSHV |SVH |2 S;HSVV
([G)=S®] [S<r>]>—[GH]+[GV]—{<[SHHS;V 5. P }>+<Lm5;y 5 P M (3.24)

This shows that the time averaged ‘Graves Power Scattering Matrix<[G]> ’, first introduced by Kennaugh [4,

5], can be used to divide the powers that are received by linear horizontally and vertically by polarized
antennas, as discussed in more detail in [19] and in [113]. It should be noted that a similar decomposition
also exists for the Muller/Jones matrices, commonly denoted as FSA power scattering matrix

Tl T, 1. 7,7
(F) =T ro) =171+ [F, 1= {' wl T Hv} ; { Tl L 3 5)
]> < > ! ' THHTHV |T'HV|2 TVHTVV |T'VV|2
which is not further analyzed here [113].

3.6 CO/CROSS-POLAR BACKSCATTERING POWER DECOMPOSITION FOR THE ONE-ANTENNA
(TRANSCEIVER) AND THE MATCHED TWO-ANTENNA (QUASI-MONOSTATIC) CASES

Assuming that the scatterer is placed in free unbounded space and that no polarization state transformation
occurs along the propagation path from the transmitter (T) to the scatterer incidence (S), and along that from

the scatterer(s) to the receiver (R), then the value of the terminal voltage of the receiver, V,,, induced by an
arbitrarily scattered wave K, at the receiver, is defined by the radar brightness function V,, and the

corresponding received power P, expression

Vi,=h"E, P, ==V, V, (3.26)
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with the definition of the Kennaugh matrix [K] in terms of the Sinclair matrix [S], the received power or
radar brightness function may be re-expressed

1 1~
For = 5 h, [S]E,

2 1 T
=S % Klq (3.27)

where , and q, the corresponding normalized Stokes’ vectors.

For the one-antenna (transceiver) case the co-polar channel (c) and the cross-polar channel (x) powers
become:

1 AT 2_1 T

Pc_EhT [S]E, _2qr [K.]qr (3.28)
P =Llhsiel = Lq7 k] (3.29)
x 2 T, | ) dr 1 dr :
with
(K.1=[41") (@141 =[C][K] (3.30)
(K. 1=[41") (YIimerhHiar =[c, k] (3.31)
and

1 0 0 O 0O 0 0 1 1 0 0 O
cro|0 L0 0 fo -1 0 0 10 -1 0 0 1
= 0 1 0] M50 0 <1 o) P10 0 10 (332

0O 0 0 -1 1 0 0 0 O 0 0 1

For the Two-Antenna Dual Polarization case, in which one antenna serves as a transmitter and the other as
the receiver, the optimal received power P for the ‘matched case’ becomes by using the matching

condition
h, =E./|E, (3.33)
so that
1 000
, 0000
P, =q, [K,]1q,. where [K,]1=[K ]+[K ]=[K, ][K].and [K, ]= 00 0 0 (3.34)
0000

which represent an essential relationship for determining the optimal polarization states from the
optimization of the Kennaugh matrix.
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3.7 THE SCATTERING FEATURE VECTORS : THE LEXICOGRAPHIC AND THE PAULI FEATURE
VECTORS

Up to now we have introduced three descriptions of the scattering processes in terms of the 2x2 Jones versus
Sinclair, [7] versus [S], the 2x2 power scattering matrices, [F']versus [G], and the 4x4 power density

Muller versus Kennaugh matrices, [M ] versus [K]. Alternatively, the polarimetric scattering problem can

be addressed in terms of a vectorial feature descriptive formulation [114] borrowed from vector signal
estimation theory. This approach replaces the 2x2 scattering matrices [7'] versus[S], the 2x2 power

scattering matrices [F']versus [G], and the 4x4 Muller [M] versus Kennaugh [K] matrices by an
equivalent four-dimensional complex scattering feature vector f,, formally defined for the general bi-static
case as

Sun Suy 1 r
[S]HV:|:S s }3f4=F{[5]}=ETmce{[S] wvi=[fo £ L S (3.35)

where F{[S]} is the matrix vectorization operator Trace{[S]} is the sum of the diagonal elements of [S],
and ¥ is a complete set of 2x2 complex basis matrices under a hermitian inner product. For the

vectorization of any complete orthonormal basis set [97] of four 2x2 matrices that leave the (Euclidean)
norm of the scattering feature vector invariant, can be used, and there are two such bases favored in the

polarimetric radar literature; one being the ‘lexicographic basis’ [T . ] , and the other ‘Pauli spin matrix set’

[‘I’ P]. We note here that the distinction between the lexicographic and Pauli-based feature vector

representation is related to Principal and Independent Component Analysis (PCA/ICA) which is an
interesting topic for future research.

(i) The ‘Lexicographic Feature vector’: f,,, is obtained from the simple lexicographic expansion of [§]

using [‘PL ] , with

R R

so that the corresponding feature vector becomes
£ =Sun Sy Sm Sl (3.37)
4L HH HV VH 144 .

(ii) The Pauli Feature vector f;p is obtained from the renowned complex Pauli spin matrix basis set

[‘P P] which in a properly re-normalized presentation is here defined as

I 0 I 0 0 1 0 —j
¥, =142 V2 V2 V2 3.38
[¥:] { {0 1} {0 —J L o} i 0 (3:3%)

resulting in the ‘polarimetric correlation phase’ preserving ‘Pauli Feature Vector’.

1 .
f4P = [fo fl fz f3]; = ﬁ [SHH +SVV SVV _SHH SHV + SVH ](SHV -SVH)]T (3.39)
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where the corresponding scattering matrix [S ] » is related to the f,, = [ fo fi fo f3] A by
[s], = L{fo RO _Jfﬂ ~[5] (3.40)
2L i St

3.8 THE UNITARY TRANSFORMATIONS OF THE FEATURE VECTORS

The insertion of the factor 2 in (3.36) versus the factor \/E in (3.38) arises from the ‘fotal power
invariance’, i.e. keeping the norm independent from the choice of the basis matrices V', so that

1 1 1
ft| =t £, = - span{[s]= ETrace{[S][S]T}z EQSHHF (S, [ +[S,] +|SW|2)= <, (341)

This constraint forces the transformation from the lexicographic to the Pauli-based feature vector [52, 53,
114], or to any other desirable one, to be unitary, where with

£ =[D, ), and reversely f, =[D,]'f,; (3.42)
we find
1 0 O 1 1 1 0 O
1|1 0 -1 L 1|0 0 1 -
D,]=—+ D, =D, =— 3.43
DI=Zlo 1 1 o [4][4]ﬁ001j (3.43)
0 j —-j 0 1 -1 0 0

Furthermore, these special unitary matrices relating the feature vectors control the more general cases of
transformations related to the change of polarization basis. By employing the Kronecker direct tensorial
product of matrices, symbolized by & , we obtain, the transformation for the scattering vector from the

linear {ﬁ H,ﬁV} to any other elliptical polarization basis {ﬁ A,ﬁB}, characterized by the complex

polarization ratio by

f,,(AB)=[U,, ., (HV) and f,,(AB)=[U,,If,,(HV) (3.44)

where [U,, ] is the transformation matrix for the conventional feature vector f,,

Here we note that in order to obtain the expression[U,, ]=[U,]®[U,]", the unitary congruence (unitary

consimilarity) transformation for the Sinclair scattering matrix in the reciprocal case was used. This implies
however that we must distinguish between forward scattering and backscattering (and so also bistatic
scattering); where for the reciprocal backscatter case the 3-dimensional target feature vectors ought to be
used. These features lead to interesting questions which however need more in depth analyses for which the
ubiquity of the Time Reversal operation shows up again.

2

1 -p° =p p
1 _ * _ *
U, )=1018[0, ) =——|# 1 P (3.45)
ltpp' | p —pp° 1 =p
pp P 1

and [U,,] is the homologous transformation matrix for the Pauli-based feature vector f,,
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[Usr] =[l)4][U4L][l)4]Jr (3.46)

where [U,,] and [U,,] are special 4x4 unitary matrices for which with [/,] denoting the 4x4 identity

matrix
[U,JIU,]=[1,] and Det{[U,]}=1 (3.47)

Kennaugh matrices and covariance matrices are based on completely different concepts (notwithstanding
their formal relationships) and must be clearly separated which is another topic for future research.

The main advantage of using the scattering feature vector, f,, or f,,, instead of the Sinclair scattering
matrix [S] and the Kennaugh matrix [K], is that it enables the introduction of the covariance matrix

decomposition for partial scatterers of a dynamic scattering environment. However, there does not exist a
physical but only a strict relationship mathematical between the two alternate concepts for treating the
partially coherent case, which is established and needs always to be kept in focus [114]. It should be noted
that besides the covariance matrices the so-called (normalized) correlation matrices are often used
advantageously especially when the eigenvalues of a covariance matrix have large variations.

3.9 THE POLARIMETRIC COVARIANCE MATRIX

In most radar applications, the scatterers are situated in a dynamically changing environment and are subject
to spatial (different view angles as in ‘SAR’) and temporal variations (different hydro-meteoric states in
‘RAD-MET"), if when illuminated by a monochromatic waves cause the back-scattered wave to be partially

polarized with incoherent scattering contributions so that “<[S ]> = <[S (r,t)]> ”. Such scatterers, analogous

to the partially polarized waves are called partial scatterers [78, 90]. Whereas the Stokes vector, the wave
coherency matrix, and the Kennaugh/Mueller matrix representations provide a first approach of dealing with

partial scattering descriptions, the unitary matrix derived from the scattering feature f, vector provides

another approach borrowed from decision and estimation signal theory [115] which are currently introduced
in Polarimetric SAR and Polarimetric-Interferometric SAR analyses, and these need to be introduced here.
However, even if the environment is dynamically changing one has to make assumption concerning
stationarity (at least over timescales of interest), homogeneity and ergodicity. This can be analyzed more
precise by introducing the concept of space and time varying stochastic processes.

The 4x4 lexicographic polarimetric covariance matrix [C,, | and the Pauli-based covariance matrix

[C,,] are defined, using the outer product & of the feature vector with its conjugate transpose as
[C, 1=(£,, -£]) and [C,,]=(f,, T)) (3.48)

where <> indicates temporal or spatial ensemble averaging, assuming homogeneity of the random medium.

The lexicographic covariance matrix [C,]contains the complete information in amplitude and phase

variance and correlation for all complex elements of [S] with

<’ SHH ’2> <SHHS:[V> <SHHS;H> <SHHS;V>

_ _ <SHVS;1H> <| Sy |2> <SHVS;H> <SHVS;V>
O I 5500 (SuSin) () (SSi) o

_<SVVS1*1H> <SVVS1*1V> <SVVS;H> <| Syy |2> ]

and
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[C4P] = <f4p P> <[D ]f4L -f L[D ]T> :[D4]<f4L 'fIL>[D4]T = [D4][C4L][D4]T (3-50)

Both the ‘Lexicographic Covariance [C,,] ° and the ‘Pauli-based Covariance [C,,]]’ matrices are

hermitian positive semi-definite matrices which implies that these possess real non-negative eigenvalues and
orthogonal eigenvectors. Incidentally, those can be mathematically related directly to the Kennaugh matrix
[K], which is not shown here; however, there does not exist a physical relationship between the two

presentations which must always be kept in focus.
The transition of the covariance matrix from the particular linear polarization reference basis

{H V} into another elliptical basis {A B}, using the change-of-basis transformations defined in (3.41 — 3.45),
where for

[C,, (AB)] = (£, (4AB)-£],(AB)) =[U, X, (HV)-£;, (HV )[U,1" =[D,1[C,, (H)[D,]"  (3.51)
and for
[C,p(4B)]=(f,,(AB)-£,(4B)) =[U,Xf,,(HV) -t ,(HV )[U,I" =[D,][C,,(HV)[D,]" (3.52)

The lexicographic and Pauli-based covariance matrices, [C,, ] and [C,,], contain, in the most general case,

as defined in (3.49) and (3.50), sixteen independent parameters, namely four real power densities and six
complex phase correlation parameters.

3.10 THE MONOSTATIC RECIPROCAL BACK-SCATTERING CASES

For a reciprocal target matrix, in the mono-static (backscattering) case, the reciprocity constrains the Jones
which

further reduces the expressions of [G] and [K]. Furthermore, the four-dimensional scattering feature vector

matrix to be usually normal, and the Sinclair scattering matrix to be symmetrical, i.e.S,, =S, ,

f, reduces to a three- dimensional scattering feature vector f, such that following [97]
£, =[0] .1, = |:SHH \/ESHV SVVj| ’ s Sy =Sy (3.53)

where with [/;] being the unit 3x3 matrix and always keeping in mind that the transformation between

lexicographic and Pauli ordering is a direct transformation of the scattering matrix (and not only of the
covariance matrices)

1 0 0O 0
[0]=| 0 % % 0| and [ONOT =[I,] (3.54)
0 0 0 1

and the factor \/E needs to be retained in order to keep the vector norm consistent with the span invariance
K.

Similarly, the reduced Pauli feature vectorf,, becomes

1
[SHH+SVV S =Sy 2SHV] T S =S (3.55)

f,, = f,,=——
» =101 .1, NG
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The three-dimensional scattering feature vector from the lexicographic to the Pauli-based matrix basis, and
vice versa, are related as

f.,,=[D)f;,, and f, =[D]"'f,, (3.56)

with [D, ] defining a special 3x3 unitary matrix

1 0 1 1 1 0
[Dﬂz% 1 0 —1| and [D3]‘1:[D3]T:% 0 0 2 (3.57)
0 V2 0 1 -1 0

The change-of-basis transformation for the reduced scattering vectors in terms of the complex polarization
ratio p of the new basis is given by

f,,(4B)=[U;, (p)f;, (HV) and f,,(AB)=[U;p(p)If;p(HV) (3.58)
where

1 1 \2p P
[U,,]= —2p" 1-pp" 2p (3.59)

1+ pp° 2 i
PP o' _ \/Ep 1
and

N p’ P =P 2p-p))
[U3P]:[D3][U3L][D3]T:2(l+—pp*) pz_p* 2_(;02+;0* ) 2(p+,0*) (3.60)
20p-p)  —2ptp) 2(-pp)
which are 3x3 special unitary matrices.

Thus, a reciprocal scatterer is completely described either by the 3x3 ‘Polarimetric Covariance Matrix

(G, ]

(S ) N2(SuuSiw)  (SuuSiv)
[Cs 1=(1;, 'f3TL> = \/E<SHVS1*JH> 2<| Sy |2> \/E<SHVS;V> (3.61)
(SwSiw)  ~N2(SwSi) (18w )

or by the 3x3 ‘Polarimetric Pauli Coherency Matrix [C;,]’

1 (I S+ S ) (S + S0 ) Sun =S )) 2(Sys + SIS
[C3P] = <f3p 'f3TP> = 5 <(SHH - SVV)(SHH + SVV)*> <| SHH _SVV |2> 2<(SHH _SVV)SI*JV>
2<SHV(SHH + SVV)*> 2<SHV(SHH _SVV)*> 4<‘ SHV |2>

(3.62)
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where the relation between the 3x3 Pauli coherency matrix [C,,] and the 3x3 covariance matrix [C;, ] is
given by

[Co 1=K, £5) = (DI £,[D,17) =[D; Xfs, - £1,)[ D51 = [D,1[C, 1D 1 (3.63)

and
[C3L (4B)]= <f3L (AB) : f;L (AB)> = [USL ]<f3L (HV)- f;L (HV)>[U3L ]T = [USL ] [C3L (HV)] [USL ]T (3.64)

[Cp(AB)]= £, (AB) 15, (AB)) = (U, Kk; p (HV ) 11, (HV DU, 1" =[Usp [ Csp (HV)]IU 3,1 (3.65)

where [Us, (P)I[U;, ()] =[1;] and Det{[U,, (p)]} =1 (3.66)
and
I T Span (S = = Trace{[S][S]} = % {|SHH|2+2|SHV|2+|SW|2} =K, (3.67)

3.11 CO/CROSS-POLAR POWER DENSITY AND PHASE CORRELATION REPRESENTATIONS

The Covariance matrix elements are directly related to polarimetric radar measurables, comprised of the
Co/Cross-Polar Power Densities Pc(p), P (p), PL(,D), and the Co/Cross-Polar Phase Correlations

Rc(p)’ Rx(p)’ R:(IO)’ [81]’ where

( V2R () R.(p)

p)
[C,, P)l=| V2R ()  2P.(p) ~2R!(p) (3.68)
( ) N2RNp)  P(p)

Once the covariance matrix has been measured in one basis, e.g., [C3 ,(H, V)] in {H V} basis, it can easily

be determined analytically for any other basis by definition of (3.60). Plotting the mean power returns and
phase correlations as function of the complex polarization ratio o or the geometrical polarization ellipse

parameters ¥, y , of (3), yields the familiar ‘polarimetric signature plots’. In addition, the expressions for
the degree of coherence 1 ( p) and polarization D, ( p) defined in (2.30) and (2.31), respectively are given
according to [34] by

R(p) {r(p)-2(o)F
N P T R TP P )
(3.69)

and for coherent (deterministic) scatterers :Dp =1, whereas for completely depolarized scatterers
u=D,=0.

(P]Z}A ,  where 0<u(p)<D, (p)<1
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The covariance matrix possesses additional valuable properties for the reciprocal back-scattering case which

can be demonstrated by transforming [C3 L (H, V)] into its orthogonal representation for p, = (%*j SO

that
R 2aR() Lkl |
* P P
—- | 2P 2 R (p) _P i
{Cu (pl— %)*H— p ﬁ R (p) *2Px(p) p V2 R (p) (3.70)
P_R(p) “LV2R(p)  Plp)
L P P i

leading to the following inter-channel relations

Pc(pf‘%)*)ﬂ’f(p) Rx(pf%*j =| R (p) (3.71)
and the symmetry relations
Px(m - %j =P(p) Rc(pl - %) =|R.(p) (3.72)

Similar, but not identical relations, could be established for the Pauli-Coherency Matrix [C3 »( p)] , which are
not presented here. There exists another polarimetric covariance matrix representation in terms of the so-
called polarimetric inter-correlation parameters o,, p, 0, [, 7, and &, where according to [19, Chapter

5]

1 IS oy
C,1=|pVs &  ero (3.73)
Py &re

with the polarimetric inter-correlation parameters o,, p, 0, f, 7, and ¢ defined as

_ |S |2> <SHHSVV> <SHHS;V>
—\|PHH

o7 sl sl
) <|SHV|2> _ \/2_<SHHS1*1V> <SHHS:1V>

b= (3.74)

° ods sl Wsul)

<|SVV|2> \/2_<SHVS;V> <SHVS;V>
&=
% oSy \/ |S |SVV

—_

This completes the introduction of the pertinent polarimetric matrix presentations, commonly used in radar
polarimetry and in polarimetric SAR interferometry, where in addition the polarimetric interference matrices
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need to be introduced as shown in [19], after introducing briefly basic concepts of radar interferometry in
[70].

3.12 ALTERNATE MATRIX REPRESENTATIONS

In congruence with the alternate formulations of the of the polarization properties of electromagnetic waves,
there also exist the associated alternate tensorial (matrix) formulations related to the ‘four-vector
Hamiltonian’ and ‘spinorial’ representations as pursued by Zhivotovsky [109], and more recently by
Bebbington [32]. These formulations representing most essential tools for dealing with the ‘general bi-static
(non-symmetric) scattering cases’ for both the coherent (3-D Poincaré and 3-D Polarization spheroid) and
partially coherent (4-D Zhivotovsky sphere and spheroid) interactions, are not further pursued here; but these
‘more generalized treatments’ of radar polarimetry deserve our fullest attention.

4 POLARIMETRIC RADAR OPTIMIZATION FOR THE COHERENT CASE

The optimization of the scattering matrices, derived for the mono-static case is separated into two distinct
classes. The first one, dealing with the optimization of [S], [G], and [K], for the coherent case results in
the formulation of ‘Kennaugh’s target matrix characteristic operator and tensorial polarization fork’ and
the associated renamed ‘Huynen Polarization Fork’ concept plus the ‘co/cross-polarization power density
plots’ and the ‘co/cross-polarization phase correlation plots’, also known as the van Zyl [79, 71] and the
Agrawal plots[78, 90], respectively, in the open literature. The second one, presented in Chapter 5, deals
with the optimization for the partially polarized case in terms of the ‘lexicographic and the Pauli-based
covariance matrices, [C L] and [C P], respectively’, as introduced in Sections 3.7 to 3.10, resulting in the
‘Cloude target decomposition theorems’ and the Cloude-Pottier [27, 57, 58] supervised and
unsupervised ‘Polarimetric Entropy H , Anisotropy A, and & -Angle Descriptors’. In addition, the
‘polarimetric contrast optimization procedure’ dealing with the separation of the desired polarimetric radar
target versus the undesired radar clutter returns of which the alternate lexicographic and Pauli-based
covariance matrix optimization procedures deserve special attention next to the coherent [S] and partially

coherent [ K| matrix cases.

4.1 FORMULATION OF THE MONO-STATIC RADAR OPTIMIZATION PROCEDURE ACCORDING TO
KENNAUGH FOR THE COHERENT CASE

Kennaugh was the first to treat the mono-static polarimetric radar optimization procedure (see Fig. 4.1) for

optimizing (3.9) according to the BSA formulation

E‘(r) = [S]E" (r) 4.1

Jones Vector . ScatterN Antenna Height
E

E x [S} ® E
- T i
&r=— y =1 R —

IETI :4-:.._ T\\ ER E

~ xf

7,

R
- P E}, -.‘\ ~_ ¥
<7 EBelsonE s [ x

" Z, V=h-E=(hE) SRy P
=h-E=(h, -
)'\' ' [S]E" -AE=0 \‘)K

Transmitter (T) Receiver(R)
Fig. 4.1 BSA Optimization According to Kennaugh
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but with the received field Er(r) being so aligned with the incident field E’ (r) with the reversal of the

scattered versus incident coordinates of the BSA system resulting in Kennaugh’s psuedo-eigenvalue’ [4]
problem of

Opt{[S]} such that [S]E* -A1E=0 (4.2)

The rigorous solution to this set of ‘con-similarity eigenvalue’ problems was unknown to the polarimetric
radar community until the late 1980’s, when Liineburg [54], rediscovering the mathematical tools [116, 117],
derived a rigorous but mathematically rather involved method of the associated con-similarity eigenvalue
problem, not further discussed here, but we refer to Liineburg’s complete treatment of the subject matter in
[52, 53]. Instead, here Chan’s [77] ‘Three-Step Solution’, as derived from Kennaugh’s original work [4], is
adopted.

Three Step Procedure according to Chan [77]

By defining the polarimetric radar brightness (polarization efficiency, polarization match factor) formation
according to (3.26) and (3.27) retaining the factor 1/2 (not contained in the 1983 IEEE Standard and in
Mott’s textbook) [76, 102] as

2

R
Po=f = I ISTE

(4.3)

in terms of the terminal voltage 7, , being expressed in terms of the normalized transceiver antenna height
h” and the incident field E’, as defined in Mott [76] and in [19], by

V,=h" E°=h" [S]E' with h" =

E (4.4)

[e]

so that the total energy density of the scattered wave E’ , may be defined by

w=E"E =(s]E ) (S]E)=E" (5] [s])E' =E"[G]E" (4.5)

where [G] = [S ]T [S ] defines the Graves power density matrix [7], first introduced by
Kennaugh [4, 5].

Step 1

Because the solution to the ‘pseudo-eigenvalue problem’ of (4.2) was unknown at that time (1954 until
1984); and, since [S] could be, in general, non-symmetric and non-hermitian, Kennaugh embarked instead

in determining the ‘optimal polarization states’ from optimizing the power density matrix so that

[G]E. ,—VE! =0 (4.6)

opt opt

. e 2 2 . . .
for which real positive eigenvalues Vv, =|/1 1| and v ,= |/1 2| exist for all matrices [S] since [G] is

Hermitian positive semidefinite so that

Vi, = % {Tmce [G] + [Tra062 [G] - 4Det[G] ; } 4.7)

where

v, +v , =invariant = Trace|G]= Span[S]=[S,,, [ +[S,, | +[S,, [ +[S, ] =, (4.8)
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*

v, v, =invariant = Det[G]=(Det[S] \Det[S]) =(S,S0 = Su- Sy XSur Sy = i Sy ) (4.9)
For the mono-static, reciprocal symmetric [S], above equations reduce with S, =S, to

v, +v , =invariant = Trace|G]= Span[S]=[S,,, [ +2[S,, | +[S,, | =, (4.10)

and
v, -v, =invariant = Det[G|=(Det[S] \De[S] ) = (SHHSW —|SHV|2)(SHHSW —|SHV|2)* (4.11)

In order to establish the connection between the coneigenvalues of equation (4.2) and the eigenvalues of
[G] in (4.6), one may proceed to take the complex conjugate of (4.2) and insert back in (4.2). Equation (4.2)

has orthogonal solutions if and only if [.S] is symmetric. The inverse step is much more difficult to prove

and needs among others the symmetry of[S], which provides another topic for future research.

As a result of these relations, Kennaugh defined the ‘effective polarimetric radar cross-section’ & , also

known as ‘Kennaugh’s Polarimetric Excess Ex, s in [118], where

&, = Span[S]+ 2|Det[S] (4.12)
which comes automatically into play (also in the present formulation) when representations on the Poincare
sphere are considered, which reduces to €, for the mono-static reciprocal case. It plays an essential role in

Czyz’s alternate formulation of the ‘theory of radar polarimetry’ [110], derived from a spinorial
transformation concept on the ‘generalized polarization sphere’, being studied in more depth by Bebbington
[32].

Step 2
Using the resulting solutions for v, for the known [G]:[S]+ [S] and [S], the optimal transmit

polarization states E!

and optimal scattered waves E; can be determined as
opty > opt >

E;., =[S]E,, (4.13)
Step 3

The received optimal antenna height h’"epe is then derived from (4.4)

E(Sl;t ([S ]E:)pt )*

as hropt =‘ = (414)

E, | [[SE,

opt
which defines the ‘polarization match’ for obtaining maximum power in terms of the polarimetric brightness
function (4.4) introduced by Kennaugh in order to solve the polarimetric radar problem [4].

There exist several alternate methods of determining the optimal polarization states either by
implementing the ‘generalized complex polarization p’ transformation, first pursued by Boerner et al. [13];
the ‘com-similarity transformation method’ of Lineburg [52, 53] , the ‘spinorial polarization sphere
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transformations’ of Bebbington [32], and more recently the ‘dbelian group method’ of Yang [104 - 105]. It
would be worthwhile to scrutinize the various approaches, which should be a topic for future research.

4.2 THE GENERALIZED P - TRANSFORMATION FOR THE DETERMINATION OF THE OPTIMAL
POLARIZATION STATES BY BOERNER USING THE CRITICAL POINT METHOD

Kennaugh further pioneered the ‘polarimetric radar optimization procedures’ by transforming the
optimization results on to the polarization sphere, and by introducing the co-polarized versus cross-polarized
channel decomposition approach [4] which were implemented but not further pursued by Huynen [9].
Boemner et al. [31, 82], instead, proposed to implement the complex polarization ratio o transformation in
order to determine the pairs of maximum/minimum back-scattered powers in the co/cross-polarization
channels and optimal polarization phase instabilities (cross-polar saddle extrema) by using the ‘critical point
method’ pioneered in [82]. Assuming that the scattering matrix [S(HV')] is transformed to any other ortho-

normal basis {A B} such that

[s'(w)]:[sé“ S%B}[Ur[sf“ o o @19

SBA SBB SVH SVV

with [U] given by (2.23); and S,, =S,,, , S, =S,, for the mono-static case, the polarimetric radar

brightness equation becomes

- l‘E (5] 0 ’

P=df = e [s]w|
2 2 2

(4.16)

where the prime ° refers to any new basis {A B} according to (4.15).

By implementation of the Takagi theorem [116], the scattering matrix [S (4B)] can be diagonalized [52] so
that

sl 25 ) ]

0 S, [0 2,
(4.17)

A= S;A(pl): (1"':0 1P T)il(SHH + 208+ p 12SVV) exp(2jy,) = |/1 1| exp(2jg ) (4.18)

' * -1 * * . .
A= Sy (p 1 ): (1+,01p1 ) (,0 S = 2P0,y + SVV) exp(2jy ,) = V’ 2| exp(2j¢ ,)
(4.19)
as shown in [31].

Determination of the Kennaugh target matrix characteristic polarization states: The expression for the power
returned to the co-pol and cross-pol channels of the receiver are determined from the bilinear form to
become:

(i) Cross-pol Channel Minima or Nulls (n), Maxima (m) and Saddle-Optima (s):

For the Cross-pol channel power P, with E" = E'", expressed in terms of the antenna length h
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1
(1+p'p '*)2

= 3 ‘th [S]h‘z = (|ﬂ,1|2pp - A AP 2—2«112,0 2+|/12|2p,0 )
(4.20)

so that for the cross-pol nulls ( o :‘cnl,2 ), for the cross-pol maxima ( o ;cn11,2 ), and for the cross-pol saddle

optima ( p 'xs 1.2 ) according to the critical point method introduced in [82],

4.21)
, , (4,25 , , A AL .
p xn1,2: 0700 p xml,2 = i] i 2 = i eXp(](ZV +7 /2)) p xs1,2 = i i 2 = i eXp(](Zv))
A, A1,
where
IO ;cnlp ;2: _1 p yxmlp ;m2:_1 p ;cslp ::52:_1 (422)

which states that there exist three pairs of orthogonal polarization states, the cross-pol minima ( o iml,2 ), the

cross-pol maxima ( 0 'xml’z ), and the cross-pol saddle optima ( p iml’z ), which are located pair-wise at

antipodal points on the polarization sphere so that the lines joining the orthogonal polarization states are at
right angles to each other on the polarization sphere[82].

(ii)Co-pol Channel Maxima ( p L,ml’z) and Minima or Nulls ( p ;nl,ZL

For the function of the power P, with E" = E', return to the co-pol channel (c)

1 2 | 02 1 2 . . \ 2y
P = = - ph"[s,]n] = —"*2(|/11| + A AP AT Lp AL p e 2)
2 2 (1+,0 D )
(4.23)
the critical points are determined from
p 'cmlzp yxnl:O p L:m2:p I)rn2: 0, Where p Icml p 'cm2:_1 (424)

and the co-pol maxima are identical to the cross-pol nulls as was first established by Kennaugh
[4, 5], and utilized by Huynen [9]. In addition the critical points for the co-pol-null minima or nulls ( p 'Cnm)

are determined from (4.23) to be

1
DPois= J_{L] :i('ﬂ I|J2 exp(j(2v + 7 /2)) (4.25)
’ A, 2,

and it can be shown from above derivations that the co-pol-null minima p L’n ,and p

cn2

lie in a plane spanned by the co-pol-maxima (cross-pol-minima) and the cross-pol-maxima and the angle
between the origin of the polarization sphere and the two co-pol-nulls is bisected by the line joining the
orthogonal pair of co-pol-maxima (cross-pol-minima) defining the target matrix critical angle 2x2y as shown
first by Kennaugh [4] leading to his tensorial polarization fork formulation.

(iii) Orthogonality Conditions with Corresponding Power Returns:

The three pairs of cross-pol-extrema, the cross-pol nulls (o 'an,z ) being identical to co-pol maxima

(p Lm,z ), the cross-pol maxima ( p me1,2) and cross-pol saddle optima ( p ;m,z ), satisfy the orthogonality
conditions of (4.22) and (4.24) which implies that they are located each at anti-podal locations on the
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polarization sphere. We note that the co-pol maxima’ consist of one absolute maximum and an orthogonal
local maximum. The corresponding co/cross-polar power returns become

Min{P}=P,,(p )= Pos(p \)=0 :
Max(B}: Pyl )=l Rl n)=2a]
Max(P ) Pp )= ([ + o)
Min{P}: Pp.)=0;
(4.26)

! 1
Sad{P}: Pp'o)=Z ([ - o)

The resulting co/cross-polar extrema are plotted on the polarization sphere shown in Fig. 4.2

x-pol null &
co-pol max

x-pol saddle

1350 x-pol max

450
x-pol max §

co-pol null

x-pol null &
co-pol submax

x-pol saddle

RC

Fig. 4.2 Co/cross-polar Extrema

4.3 THE KENNAUGH TARGET CHARACTERISTIC SCATTERING MATRIX OPERATOR, AND THE
POLARIZATION FORK ACCORDING TO BOERNER

Kennaugh was the first to recognize that the orthogonal pairs (X, X,) of the cross-pol nulls ( p ;cnl,2) or co-

pol maxima ( 0., = P> Pemz = Py ) and the pair ( Sy, S, ) of cross-pol maxima ( p 'xml’z ) lie in one
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main cross-sectional plane of the polarization sphere also containing the pair ( C;, C,) of non-orthogonal co-
pol nulls (o, , ), where the angle 4y between the two co-pol null vectors on the Poincaré sphere is
bisected by the line joining the two co-pol maxima (cross-pol nulls). These properties were first recognized
explicitly and utilized by Kennaugh for defining his “Spinorial Polarization Fork™, used later on by Huynen
to deduce his ‘Polarization Fork’ concept.

However, Boerner et al. [13, 25, 81, 31, 82], by implementing the complex polarization ratio transformation,

were able to relate the polarization state coordinates P(p ) on the Polarization sphere directly to the

corresponding o on the complex polarization ratio plane. Then according to [82], each point o of the
complex plane can be connected to the ‘zenith (LC)’ of the polarization sphere, resting tangent to the
complex plane in its ‘origin 0’ of the ‘nadir (RC)’, by a straight line that intersects the sphere at one arbitrary
point , where the ‘nadir (RC)’ corresponds to the ‘origin 0’ of the p' -plane, the Zzenith (z)’ to the p' -

circle at ‘infinity (0’ and the equator representing linear polarization states. Any two orthogonal
polarization states are antipodal on the sphere, like ‘zenith (left-circular)’, and ‘nadir (right-circular)’.
Utilizing this property, Boerner and Xi [31] were able to associate uniquely three pairs of orthogonal
polarization states at right angle (bi-orthogonal) on the polarization sphere; i.e. the anti-podal points S;, S,

(p ;cm1,2 Yand T, T, (o 'm,z ), with S|S, and 7,7, being perpendicular to one another (bi-orthogonal); and

similarly to the line X, X, joining X, (nadir: p imlz 2 ch1: 0) and X, (zenith: p ;m2= 2 ;mzz 00 ); where

the co-pol nulls ( p 'cn1,2 ) lie on the same main circle on the complex plane of p ;n1,z and p ;cnl,Z so that

their corresponding points C,; and C, are symmetric about the diameter X, X, which bisects the angle
between C,, 0, C, known as the Kennaugh target matrix characteristic angle ( 2x2 y). The ‘great cross-

sectional plane’ containing S5, L X, X, and C,, C, is denoted as the ‘Kennaugh target matrix
characteristic plane’ with corresponding great circle being the ‘Kennaugh target matrix characteristic
circle’. Fig. 4.3 define the representations of the Poincaré sphere for the general and standardized
polarization fork (Huynen), respectively, including the proper definitions of ‘Huynen’s Geometrical
Parameters (p-target orientation angle; y-target ship angle; t-target ellipticity angle, p =tanaexp(jo) ’,
next to ‘Kennaugh'’s target matrix characteristic angle y .

This concludes the description of the ‘Kennaugh polarimetric target matrix characteristic operator’; which
was coined ‘the polarization fork’ by Huynen [9].

4.4 HUYNEN’S TARGET CHARACTERISTIC OPERATOR AND THE HUYNEN POLARIZATION FORK

Huynen [9], utilizing Kennaugh’s prior studies [4, 5], elaborated on polarimetric radar phenomenologies
extensively, and his “Dissertation of 1970: Phenomenological Theory of Radar Targets” [9], re-sparked
international research on Radar Polarimetry, commencing with the studies by Poelman [10, 11], Russian
studies by Kanareykin [122], Potekhin [123], and others [1].

Huynen cleverly reformulated the definition of the polarization vector, as stated in [9], so that group-
theoretic Pauli-spin matrix concepts may favorably be applied which also serve for demonstrating the
orientation angle invariance which Huynen coined ‘de-psi-ing (de-y -ing)’ wusing  for denoting the

relative polarization ellipse orientation angle. Here, we prefer to divert from our notation by rewriting the
parametric definition of the polarization vector

. |cosy —siny | cosy
P(E |4y, 7) = Elexp(j@)| . -
siny  cosy | —jsiny

as

. [cos¢ —sinﬂ{ cosT }
p(a,a,¢,7)=aexp(ja) (4.27)

sing cos¢ | —jsint
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which with the use of the Pauli-spin matrices [Gi] defined in (2.14), the Huynen quaternion group

definitions may be re-expressed as [[] = [0'0] , [J] = —j[03 ] , [K] = [02 ] , [L] = —j[ol]
. 1
p(a,a,¢,7) = aexp(ja)exp(4[J]) exp([K ])LJ (4.28)
with exp(@[J]) =cosg[l]+singd[J] and exp(7[K])=cosz[/]+sin7[K]
In this notation the orthogonal polarization vector p , becomes

1
p.(a,a ,9,7)=a, exp(ja, )exp{(¢ +%)[J]} eXp(—T[K])|:O} (4.29)

sothat p-p"=a’, p-p.=0.

Utilizing this notation, the transformed matrix [S'(A4B)] becomes
[S"(4B)]=[UT [S(HV)][U] (4.30)

with the orthonormal transformation matrix [U] defined in (2.23), which may be recasted with m=p,

the so-called maximum or null polarization as defined in [31], into

[U]=[mm, ] 4.31)

Because of the orthonormal properties of m andm  , which satisfy the con-similarity eigenvalue equation
[82], the off-diagonal elements of [S'(A4B)] vanish. This in turn can be used to solve for p in (2.23), and
hence for m andm ,, without solving the consimilarity eigenvalue problem of (4.6). The complex

eigenvalues p,, , , defined in (4.26) are renamed as s, , and were defined by Huynen as

s, =mexp{2j(v+ p)} S, =mtan2yexp{—2j(u—,3)} (4.32)
so that [S'(AB)]of (4.30) becomes

mexp{2j(v+ f)} 0

[S'(4B)] =[U" (m,m )]{ 0 mtan® y exp{—2j(v— )}

}[U “(m,m )]"  (4.33)

where m=o0,y,¥,7,,0, and [ are the Huynen parameters, and m denoting the target matrix
magnitude, may be identified to be “Kennaugh’s polarimetric excesso, ~ defined in ( 4.12); and

m(l//, Tm) may be re-normalized as

s, )| ﬂ{ e |- eotlennte ] 43

siny  cosy | —jsinrz, 0
and finally with :
mexp{2j(u+,6’)} 1 0
- L 4.35
{ 0 mtan® y exp{-2j(v— B)} mexp(j3 0 tan’y exp(v[L)) (4.35)

and [L] representing the third modified Pauli-spin matrix, satisfying in Huynen’s notation

[L]=[J1[K]=—[K1[J]—[‘f ‘j ATy 36

0
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we obtain Huynen’s target matrix characteristic operator

[H(m,y, B:o,,,0,7,, )] = [U*(\u, T, U)]m Ll) tar(1)2 J [U*(w, T, U)] Texp(jB) (4.37)
where
Uy, 7,,0)lexp(y]d Dexp(z, [K Jexp(u]L)) (438)

representing the Eulerian rotations with 2y, 27, , 2vabout the bi-orthogonal polarization axes

S,S, (connecting the two cross-pol maxima), X, X, (connecting the two cross-pol nulls, or equivalently, co-

pol maxima), and 7,7, (connecting the two saddle optima), respectively, with more detail given in Boerner
and Xi [31]. Huynen pointed out the significance of the relative target matrix orientation angle ® = ¢ -y,
where ¢ denotes the antenna orientation angle, and that from definition of m(l// , Tm) in (4.34), it can be

shown that it can be eliminated from the scattering matrix parameters and incorporated into the antenna
polarization vectors (‘de-psi-ing: de-\ -ing’) , and that the Huynen parameters are orientation independent,

which was more recently analyzed in depth by Pottier [S8]. The Eulerian angle are indicators of a scattering
matrix’s characteristic structure with v denoting the so-called ‘skip-angle’ related to multi-bounce

scattering (single versus double), 7, denotes the helicity-angle and is an indicator of target symmetry

7,, =0 or non-symmetry, and / is the absolute phase which is of particular relevance in polarimetric radar

interferometry.
1 0
[S1=[U"(p)]exp(v[L])m exp (v[L]')T[U"(p) I"exp (&)
0 tan?y
e -p(bata)e ™
1
[U(p)]" =
A DTS LI
m=|A|

Pont = H = Pemt » Prn2 =V = Pima
Pent, 2 = £ AN(%/2 - v )expli( 2y + %/2)]
Pamt,2= £ €XPLi(27+%/2)] (LR)
Past,2 = £ €XP(j2Y) (45°/135°)

Huynen’s Solution of the Polarization Fork
1 0

[H]=[U* (¥, %0, v)]m [U* (¥, v )] €XP(jE)

0 tanz-{
[U(y, TV )= e’[J]e‘-[K] eVl
Fig. 4.3 Huynen’s Polarization Fork (Xi-Boerner Solution)
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4.5 ALTERNATE COHERENT SCATTERING MATRIX DECOMPOSITIONS BY KROGGAGER AND BY
CAMERON

Another class of scattering matrix decomposition theorems [124, 30] were recently introduced, and are also
expressed in terms of the Pauli spin matrix sets y/, ([ai], i=0,1,2, 3), by associating elementary scattering

mechanisms with each of the [Gi] , so that for the general non-symmetric case

[S(a.b.c.d)] = La:j’; Ca‘_fﬂ _ o]+ Ho ]+ o ]+ dlo] @.39)

where a, b, ¢ and d are all complex. Above ‘coherent’ decomposition may be interpreted in terms of four
‘elementary deterministic point target’ scattering mechanisms, viewed under a change of wave polarization
basis, where

a - corresponds to single scattering from a sphere or plane surface

b - corresponds to di-plane scattering (4.40)

¢ - corresponds to di-plane scattering with a relative orientation of 45°

d - corresponds to anti-symmetric ‘helix-type’ scattering mechanisms that transform the incident ~ wave
into its orthogonal circular polarization state (helix related)

Krogager [30] and Cameron [124, 125], among others, in essence made use of this decomposition for the
symmetric scattering matrix case by selecting the desirable combinations of the [Gi]that suits their specific

model cases best.

In the ‘Krogager Approach’, a symmetric matrix [S K] is decomposed into three coherent components,
which display the ‘physical meaning’ of ‘sphere’, ‘diplane’, and ‘helical targets’, where

[SK (aa b, d)] =a lSsph J+ H eXp(j¢) [Sdi ] +7 exp(j¢) [Shel] (4.41)

with additional direct associations with the Pauli matrices defined in (2.14) given by

[Ssph]{(l) ﬂ [Sdl»]{(l) _OJ [S,,e,]{(j. _Oj } (4.42)

This decomposition is applied directly to the complex [S] matrix imagery, and results into a rather efficient

sorting algorithm in terms of the three characteristic ‘feature sorting base scatter images’. Using color
composite presentations for the three classes then allows for the associated ‘unsupervised feature sorting’.
This feature sorting method has been applied rather successfully in the interpretation of various geo-
environmental (forestry, agriculture, fisheries, natural habitats, etc.) as well as in law enforcement and
military applications.

In the ‘Cameron Approach’,  the matrix [Sc (a,b, c,d )] is decomposed, by separating the non-

reciprocal lSC J from the reciprocal component |_SC” J: |_SC> ’mJ via an orientation angle ¢, and by further

decomposing the latter into two further components, lS o axJ and lS o m J, with linear eigen-polarizations via

the angle 7, so that

[S.(a,b,c,d)|=acosg’ {COS |Se J+ sint [ (';]J"; J}-i- asin ¢' [SCM ] (4.43)
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which is further analyzed in [40] and its limitations are clearly identified in [27].

Of the many other existing [S (a,b,c,d )] matrix decomposition theorems, mostly derived from alternate
formulations (4.39) of the Pauli spin matrix set i/, ([O'l. ] , 1=0,1,2, 3) , defined in (2.14), the three examples
of the Huynen, the Krogager and the Cameron decompositions, it becomes apparent that there exists an
infinum of decompositions non of which is unique and all of them are basis dependent and require a priori

information on the scatterer scenario under investigation. Yet for specific distinct applications all of them
may serve a useful purpose which highly superior to any non-polarimetric or partially polarimetric treatment.

ik

(a) San Francisco Ime

Fig. 4.4 Polarimetric Decompositions: Krogager, 1993. (a) Original San Francisco POLSAR
image with RGB color coded by [HH-VV|, |[HV| and [HH+VV]|, respectively.
(b) Sphere (Blue), diplane (Red) and helix (Green) decomposition (SDH) decomposition.

4.6 KENNAUGH MATRIX DECOMPOSITION OF HUYNEN’S MATRIX VECTOR CHARACTERISTIC
OPERATOR

The ‘Kennaugh target matrix characteristic operator’ can also be derived from the Kennaugh matrix, as was
shown by Boerner et al. [78, 90, 31, 82]; using the Lagrangian multiplier method. A more elegant method
was recently devised by Pottier in order to highlight the importance of Huynen’s findings on the ‘farget
orientation y invariance’ for both the Kennaugh and the Lexicographic Covariance matrix representations;
and most recently by Yang [119 - 121], who shed more light into the properties of the ‘equi-power-loci’ as
well as ‘equi-correlation-phase-loci’ which deserve careful future attention but will not be further analyzed
here.

Instead, we return to Huynen [9], who provided further phenomenological insight into the properties of the
Kennaugh matrix[ K], by redefining [S] for the symmetric case in terms of the limited set of Pauli spin
matrices.

[S(a,b,c)]:{a-i_b ¢ }:a[ao]w[al]w[az] (444)

c a-b

so that with the formal relation of [ K] with [S], obtained via a Kroenecker product multiplication as
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[K]=2[4]™ ([s]®]s"])[4]" (4.45)

insertion of (4.44) into (4.45) yields, using Huynen’s notation

(4,+B,) F, C, H,

F (-4,+B,) G D,
K |= v o v v (4.46)
[ W] C, G, (4,+B,) E,

H, D, E, (4,-B,)
where
laf =24, ab’=C-jD
b =B,+B, b =E+jF (4.47)

' =B,~B,  ac'=H+jG
Recognizing that H becomes zero for proper ‘de-y -ing’ of [S] as defined in [H] of (4.37) by removing

the y rotational dependence, and inserting it into the antenna descriptors, he was able to redefine his
Kennaugh matrix coefficients such that

H, =Csin2y C, =Ccos2y
G, =Gcos2y —Dsin 2y E, = Ecosdy + Fsindy (4.48)
D, =Gsin2y + Dcos2y F,=-Esindy + F cos4y

so that the ‘de-y -ed’ [K] becomes, by removing the i -dependence from [K] and incorporating it into
the antenna polarization and Stokes’ vectors, respectively, such that

(4, +B,) F C H=0

F  (-4,+B) G D
K., ]= ’ (4.49)

C G (4,+B,) E

H=0 D E  (4,-B,)

and expressed in terms of the Huynen parameters
A, =0Of cos’ 27, G=0f sindr,
B, = Q(l +cos’ 2y — f cos’ 2rm) B = Q(l +cos’ 2y —f(l +sin’ 27, ))
C =2Qcos2ycos2rt, D = Qsin® 2y sin4vcos 27, (4.50)
F =20Qcos2ysin2rz, E =-Qsin’ 2y sin4vsin 27,
Q:m2(80034 y)_l f =1-sin”2ysin’ sv

Huynen’s decomposition was greeted with comprehension, steadily but slowly so are his phenomenological
argumentations. We note that its uniqueness is not guaranteed, because it is not basis-independent as was
shown by Pottier [126].



POLSARPRO V3.0 — LECTURE NOTES >

4.7 OPTIMIZATION OF THE KENNAUGH MATRIX [K] FOR THE COHERENT CASE USING STOKES’
VECTOR FORMULISM

Using the Lagrange multiplier method applied to the received power matrices for the mono-static reciprocal
case in terms of the Kennaugh (Stokes reflection) matrices [Kc] , [Kx], and [K ] of (3.30) and (3.31),

respectively, derived in [113], enables one to determine the characteristic polarization states similar to the
generalized p-transformation methods.

m

For simplicity, the transmitted wave incident on the scatterer is assumed to be a completely polarized and
normalized wave q'so that

1
612=(q1’2+q§2+922W=1 (4.51)

and re-stating the received power expression defined in (3.26), (3.29), and (3.34) as functions of the optimal
Stokes parameters, where

P [K.]d =P (4.4:.4}), P =q" [K]d =P (44 4),

— th
(4.52)
P, =q" [K,]q =P, (4.4, )

are subject to the constraint of (4.51).This requirement dictates the use of the method of Lagrangian
multipliers to find the extrema of the received powers P, P. and P, . Reformulating

the equation of constraint to be given by

¢(q{,q£,q§)=(952+q;2+q§2%—1=0 (4.53)

then the Lagrangian multipliers method for finding the extreme values of any of the three returned power
expressions P, (qf s s qg) results with / = c,m, x in

oP. 04

e

- =0 i=1,2,3
og " oq (4.54)

For the corresponding ‘degenerate deterministic’ (purely coherent) Kennaugh matrix[K ], insertion of the

corresponding £ (qlt s s qg) into (4.54) results in a set of Galois equations yielding for:

(i) the extreme ‘co-polar channel power F,’ four solutions: two maxima p,,, , which are

orthogonal, and two minima (nulls) which may in an extreme pathological case be
orthogonal (or identical but generally are not); and not one more or not one less of any
of these extrema;

(i) the returned ‘cross-polar channel power P_’ with six extreme solutions, being the
three non-identical pairs of orthogonal polarization states: the cross-polar maxima
Prm1.2 » the cross-polar minima p,,, ,, and the cross-polar saddle optima p., , .

and not one more or not one less of any of these extrema;

(iii) the returned power for the ‘matched antenna case P, ’ yields only two solutions

being identical to the ‘co-polar maxima pair p,,,, = p.,, ~and not one more or
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not one less of any of these extrema.

In summary, Opt {B (ql', g5, )} yields always exactly four solutions; Opt {Px (qf,qé,qg )} yields always
exactly six solutions (or equivalently three “bi-orthogonal” pairs of orthogonal polarization states);
and Opt {Pm (qlt,qé,qé )} yields always two solutions (or equivalently, exactly one pair of orthogonal

polarization states). This represents an important result which also holds for the partially polarized case
subject to incidence of a completely polarized wave.

A comparison of methods for a coherent scatterer of a specifically given Sinclair matrix [S], with
corresponding [G] and [K], plus [K_], [K, ], and [K ], analyzed in [113], clearly demonstrates that all of
the methods introduced are equivalent.

4.8 DETERMINATION OF THE POLARIZATION DENSITY PLOTS BY VAN ZYL, AND THE
POLARIZATION PHASE CORRELATION PLOTS BY AGRAWAL

In radar meteorology, and especially in ‘Polarimetric Doppler Radar Meteorology’ the Kennaugh target
matrix characteristic operator concept was well received and further developed in the thesis of Agrawal [78];
and especially analyzed in depth by McCormick [127], and Antar [128] because various hydro-meteoric
parameters can directly be associated with the Huynen or alternate McCormick parameters. In radar
meteorology, the Poincaré sphere visualization of the characteristic polarization states has become
commonplace; whereas in wide area SAR remote sensing the co/cross-polarization and Stokes parameter
power density plots on the unwrapped planar transformation of the polarization sphere surface, such as
introduced independently - at the same time - in the dissertations of van Zyl [79] and Agrawal [78], are
preferred.

Because of the frequent use of the ‘co/cross-polarization power density plots’, P.(p), P, (p) and P.(p);

and the equally important but hitherto rarely implemented ‘co/cross-polarization phase correlation plots
R.(p),R, (p) and R.(p),R  (p)’, those are here introduced. Following Agrawal [78], who first

established the relation between the ‘Scattering Matrix Characteristic Operators of Kennaugh and Huynen’
with the ‘polarimetric power-density/ phase-correlation plots’, we obtain for the reciprocal case S, =S,

<| S |2> \/E<SAAS;B> <SAAS;B>
[Cs 1=A(1;, 'faTL> = \/§<SABSZA> 2<| S s ’2> \/E<SABS;B> (4.55)
<SBBS:A> \/E<SBBS;B> <| Sps |2>

re-expressed in terms of the co/cross-polarimetric power density expressions:

P(p)=(1Sul’)  Pu(p)=(Sul) P(p)=(1S.:s ) =P.(p) (4.56)
and the co/cross-polarization phase correlation expressions:

R(P)=(SuSs)  R.(P=(SySh)  R(P=(S,Su) R.(P)=(S,S1) ©“57)

so that [C,;(,p)] may be rewritten according to (3.68) — (3.72) as
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P(p)  2R(p) R(p)
[C,, (p)]=| V2R (p)  2P(p) 2R (p) (4.58)
R(p)  2R!p) P'(p)

satisfying according to (3.70) and (3.71) the following inter-channel and symmetry relations

R o= )=o) R[p=V )| RG]
(4.59)
Px(pf%*jﬂ’x(p) Rc(pf‘%o*j =| R.(p)

and frequently also the degree of polarization D,(p) and the degree of coherency 4(p) in terms of the

directly measurable P.(p), P, (p) and P (p); R.(p),R., (p) and R (p),R_ (p), provided a
‘dual-orthogonal, dual-channel measurement system for coherent and partially coherent scattering ensembles
is available requiring high-resolution, high channel isolation, high side-lobe reduction, and high
sensitivity polarimetric amplitude and phase correlation, where
1

2.() [2.0)- 2O + 4.6 |*

wp)=——r=—~, D)= S . where 0<p(p)<D,(p)<1
JEPPR) T T (P.(p)+P.(p)) ’

(4.60)
and for coherent (deterministic) scatterers =D, =1, whereas for completely depolarized scatterers

u=D,=0.

The respective power-density profiles and phase-correlation plots are then obtained from the normalized

. . . . . /4 T -7 T
polarimetric radar brightness functions as functions of (¢, r) with B3 <p<—, — <1< 2 so that

2 4

Vu($.0)=p" (8, D)[S(HV)Ip(4,7)

Vs (8, 7)=p (6. D[SHV)Ip(4,7) (4.61)
Vs, 7)=p" (4, DSHV)Ip  (¢,7)

Vss(4,7) =pL(, D)SHV)Ip (4, 7)

where

P =V, =] S,4(9,7) I

P =V =] S ,5(9,7) ?

R =P~y |H argV (¢, 7)—argVy,(4,7)| (4.62)
R (P, 7) =@, — 0.5 IH argV (¢, 7)—argV ,(¢,7)|

R, (9,7) = Pyp — Py, I=| argVypp (9, 7) —argVy,(4,7) |

In addition, the Maximum Stokes Vector q,,,, > and the maximum received power density 2, may be

obtained from

B, ($,7)=q,(4,7) =[K]q(¢,7) (4.63)



POLSARPRO V3.0 — LECTURE NOTES

where examples are provided in Figs. 4.5 and 4.6 for one specific matrix case [31, 82] given by

2j 0.5

S| s

(a) The Kennaugh spinorial (Huynen)
polarization fork

45

Efipticity

(c) Power density Co-pol

Ralative Co-polansation phase plot

Eliptcity
o

o 30 80 80 120 150 180 210 240 270 300 330 360
Tilt

(e) Phase correlation co-pol

(4.64)

s=pol null &
co-pol max

1350

K-pol max

K-pol mll &
co-pol submax

s-pol sadidle
RC

(b) Associated optimal polarization states

(d) Power density x-pol

Felative Cress-polarisation phase plgt

Eligcaty

3 B0 90 120 150 180 210 240 270 300 330 360
il

(f) Phase Correlation x-pol.

Fig. 4.5 Power Density and Phase Correlation Plots for eq. 4.64 (by courtesy of James Morris)
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4.9 OPTIMAL POLARIZATION STATES AND ITS CORRESPONDENCE TO THE DENSITY PLOTS FOR
THE PARTIALLY POLARIZED CASES

According to the wave dichotomy portrayed for partially polarized waves, there exists one case for which the
coherency matrix for the partially polarized case may be separated into one fully polarized and one
completely depolarized component vector according to Chandrasekhar [34]. This principle will here be
loosely applied to the case for which a completely polarized wave is incident on either a temporally
incoherent (e.g., hydro-meteoric scatter) or spatially incoherent (e.g., rough surface viewed from different
depression angles as in synthetic aperture radar imaging). This allows us to obtain a first order approximation
for dealing with partially coherent and/or partially polarized waves when the polarimetric entropy is low; for
which we then obtain the following optimization criteria:

360

\s\\\\‘“\\\\“‘\\ IR
“‘“\‘\\\“\“‘:‘t?\\‘\“? §~‘¢#§:¢, i
S \\\\ \ i
R “\\\“\% ‘*n‘&“e‘
S
\

Normalised Power
Ellipticity

90

180

-45 90
Ellipticity -90 @ Tilt Q 90 180 270 360
Tilt

360

45

Normalised Power
Ellipticity
o

|
N
1

90 180 270 360
Tilt

-45
Ellipticity -90 0 2 7y

Fig. 4.6 Power Density and Phase Correlation Plots for eq. 4.64 (by courtesy of James Morris)

The energy density arriving at the receiver back-scattered from a distant scatterer ensemble subject to a
completely polarized incident wave may be separated into four distinct categories where the Stokes vector is

here redefined with q,and q, denoting the completely polarized and the unpolarized components,

respectively
qo D,q, (I_Dp)%
0
q=q, +q,=| " |=| T |+ (4.65)
q, 4, 0

qs qs 0



POLSARPRO V3.0 — LECTURE NOTES 0

andqas well as D, were earlier defined, so that the following four categories for optimization of partially

polarized waves can be defined as

q, total energy density in the scattered wave before it reaches the receiver

9,D, completely polarized part of the intensity

q,(1-D,) noise of the unpolarized part (4.66)
E q,(1+ Dp) maximum of the total receptable intensity, the sum of the matched polarized part and one

half of the unpolarized part: {quo }+ {% (l - Dp)qo} = {% (1 +D, )%}

Considering a time-dependent scatterer which is illuminated by a monochromatic (completely polarized

wave) E’, for which the reflected wave E‘is, in general, non-monochromatic; and therefore, partially
polarized. Consequently, the Stokes vector and Kennaugh matrix formulism will be applied to the four types
of energy density terms defined above in (4.66).

4.10 OPTIMIZATION OF THE ADJUSTABLE INTENSITY D, g,

The energy density D g,, contained in the completely polarized part q,of q, is called the adjustable

intensity because one may adjust the polarization state of the receiver to ensure the polarization match as
shown previously for the coherent case. We may rewrite the scattering process in index notation as

3
q' = ZKi/q_; where j=0,1,2,3 (4.67)
i=0

The adjustable intensity D, g, can be re-expressed as
l
3 5 % 3 3 2 A
s s ¢
D,4, =(Z% j = 2| 2K (4.68)
i=0 j=0

i=1

where the ¢ are the elements of the Stokes vector of the transmitted wave. The partial derivative of

(quo)z with respect to ¢, can be derived as
2
olD g¢ 3 52 3 3.3
( ”?‘)) = > =2y K, =23 KKy (4.69)
oq, i1 0q, i=1 i=1 j=0

For optimizing the adjustable intensity, we apply the method of Lagrangian multipliers, which yields

oaf oo
6; K ZZZ;KUK%CI} - g, (4.70)
k k i=1 j=
where ¢ is the constraint equation
1
¢(qf,qé,q§)=(q52,q§2,qézﬁ -1=0 4.71)

Equation (4.70) subject to (4.71) constitutes a set of inhomogeneous linear equations in
qi (), ¢4(1t) and q'(u), with solutions as three functions of zz. Substituting ¢'(;i=1,2,3) into the

constrained condition (4.71) leads to a sixth-order polynomial Galois equation of z. For each p value,

g, 45> 45, and qug are calculated according to (4.67) to (4.69). The largest (or smallest) intensity is

the optimal intensity; the corresponding (' is the optimal polarization state of the transmitted wave.
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4.11 MINIMIZING THE NOISE-LIKE ENERGY DENSITY TERM: ¢’ (1-D,)

An unpolarized wave can always be represented by an incoherent sum of any two orthogonal completely
polarized waves of equal intensity [14, 15],which leads to 50% efficiency for the reception of the
unpolarized wave. In order to receive as much ‘polarized energy’ as possible, the noise-like energy needs to
be minimized. The total energy density of the unpolarized part of the scattered wave is given by:

3 3 3 2
(1-D, Jis = - D,a5 =D Ko ' - Z( Kﬂi} (4.72)
=0

j=0 i=1

Hitherto, no simple method was found for finding the analytic closed form solution for the minimum;
instead, numerical solutions have been developed and are in use.

1
4.12 MAXIMIZING THE RECEIVABLE INTENSITY IN THE SCATTERED WAVE: 5 q,(1+D,)

The total receivable energy density consists of two component parts: 100% reception efficiency for the
completely polarized part of the scattered wave and 50% reception efficiency for the unpolarized part. The
resulting expression for the total receivable intensity:

2
1 e ] L1 N ESEN
E(1+Dp)q0 -D,g; +5(1—Dp)qo ZEJZ;‘KO"(I” t5 (ZZK;‘,@;J (4.73)

i=l j=0

can only be solved using numerical analysis and computation. The resulting maximally received Stokes
vector is plotted in Fig. 4.7 (where g was replaced by p); and we observe that for the fully polarized case no
‘depolarization pedestal’ exists. It appears as soon as p <1, and for p =0 it reaches its maximum of 0.5
for which the polarization diversity profile has deteriorated into the ‘flat equal power density profile’, stating
that the ‘polarization diversity’ becomes meaningless.

=] p= 3 p= 0
coherent distributed partially total polarization
point scatterer coherent scatterer noise

Fig. 4.7 Optimal Polarization States for the Partially Polarized Case

In conclusion, we refer to Boerner et al. [31, 82], where an optimization procedure for (4.65 — 4.68) in terms
of [K] for a completely polarized incident wave is presented together with numerical examples. It should be
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noticed here that Yang more recently provided another more elegant method in [119 - 121] for analyzing the
statistical optimization procedure of the Kennaugh matrix.

5 POLARIMETRIC RADAR OPTIMIZATION FOR THE PARTIALLY COHERENT CASE

Whereas the optimization of the scattering matrices [S], [G], and [K] establishes the ‘Kennaugh

Scattering Matrix Characteristic Operator’ and the related ‘Kennaugh Spinorial or reformulated
Huynen Polarization Fork’ concepts, the optimization of the lexicographic and Pauli feature
vectors, f, and f, , and its associated lexicographic covariance matrix [Ci] and the Pauli-based

covariance matrix [Cp] provides the overall polarization behavior of a scattering ensemble, allowing
the characterization of randomness, the ‘van Zyl Polarimetric Variance Coefficient (ratio of
minimum to maximum received power)’ var ,; the ‘Kennaugh Polarimetric Span Invariance’ «,

and the associated ‘Kennaugh Polarimetric Excess’ ¢ the ‘Polarimetric Entropy H ’ and the

Ky
‘Polarimetric Anisotropy A°, and the ‘Cloude Mean Polarimetric Scattering Angle’ o,
respectively.

In the following, first the covariance matrix [C,] 1is optimized together with its co/cross-polar

power densities and phase correlation expressions, which then can be related to the
‘Kennaugh/Huynen scattering matrix characteristic operator and polarization fork’ concepts.
There upon the Pauli-based Covariance or Cloude’s Coherency matrix [C,] decomposition is

introduced, and instead of relating its solution to the scattering matrix characteristic operator, here
Cloude’s Entropy H , Anisotropy A and o -Angle concepts are introduced. This sub-paragraph is
concluded with the introduction of the ‘Schuler-Pottier Polarimetric Digital Elevation Map:
POLDEM’ concept, together with pertinent POL-SAR image interpretations.

5.1 THE LUNEBURG - TRAGL COVARIANCE MATRIX DECOMPOSITION

A systematic procedure for optimizing the covariance matrix [C, ] for the reciprocal back-scattering
case, S,, =S5,,, was first treated by Tragl [46] and Liineburg et al. [70, 114] by decomposing the
3x3 unitary, uni-modular transformation matrix, [U,,] of (3.59) into its two-parameter (complex
polarization ratio p) complex column normalized vectors z, (p) so that [U;, 1=[z,(p)z,(p) z,(p)]
as defined in (3.59). The corresponding polarimetric covariance matrix [C;,] of a ‘reciprocal
symmetric scattering matrix [S]’, contains in general, nine independent parameters, namely three
real power values, P.(AA), P.(AB),P.(BB)= P, (AA4) and three complex phase correlation values
R_(AA/ AB),R.(AA/ BB),R_ (BB/BA).

Since [C,,] is hermitian and positive semi-definite, its eigenvalues (A4,,4,,4,) are real and non-
negative 0< A, <A, <A, , where it can be shown [114, 55] that the following bounds exist

0< 4 <P(p), 2P(p), PP(p)< A <|f,| (5.1)

Furthermore, it is shown for the partially coherent case that the minimal and maximal eigenvalues
A, and A, of [C;,] cannot be realized for the partially polarized case by P’ (p),2P.(p), P’ (p) so

that for either of their power values P(p)
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0< 4 <min {P(p)} < P(p)< max, {P(p)} < 4 <|f, [’ (5.2)

The ‘target invariant eigenvalues A,(i =1,2,3) ° of the covariance matrix [C3;] comprise interesting
information on random target polarimetric back-scattering features:

(i) The smallest eigenvalue A4, indicates the degree of randomness of the target. For a

deterministic target [C,, ]=f,,f,, one obtains from involving the spectral theorem of matrix

algebra that 4, =4,=0 and A, :||f3 L||2 for which the ‘null-polarization states’ exist by
producing vanishing power returns in the co/cross-polarization power channels. For random
target, on the other hand, ([C;, ])=(f;,f;,) only minimization rather than complete

suppression of mean back-scattered power can be achieved by appropriate ‘antenna
polarization control” because in such a case the minimum eigenvalue A(rank{[C;,]} =3) is

non-vanishing. (5.3)

(i) The eigenvalue difference of [C;, ]

M=, -, =44 (5.4)
of extremal eigenvalues (4,4, ) determines the range in which the mean power return and
Pl (p)= <SAAS':A >, 2P (p),and P’ (p)= <SBBS;B> can be varied by polarimetric means, i.e.

by polarization transceiver-antenna control. This complies with van Zyl’s polarimetric
variance var, =P /P

min max *

(iii) The definition of the polarimetric covariance matrix [C;,] of (3.61) provides the

following polarization invariants for the total back-scattered power in the three (in general,
four) polarization configurations of the lexicographic feature vectorf;, (f,, ):

W, = Trace{[Cy (AB)]} = Trace{[Cy, (HV)]} = Trace{(f, £} = (|f., ) =

= (Spant(ST) = (|l )+ 2{|S [ )+ (S0 = 20CL, D+ 2, AC D+ AAC, D
(5.5)

5.2 THE FUNCTIONAL RELATIONSHIP OF THE COVARIANCE MATRIX EXTREMA AND THE
KENNAUGH & HUYNEN CHARACTERISTIC POLARIZATION STATES FOR THE DEGENERATE
DETERMINISTIC CASE

Tragl [46], Liineburg, et al. [55], and Boerner, et al. [31, 82] succeeded in establishing the
relationships of Covariance matrix extrema with the characteristic polarization states which
comprise the location of optimal polarization states (global maxima, minima, and saddle optima) on
the polarization sphere for the degenerate deterministic case. Their derivations are briefly
summarized here, because it is paramount to comprehend the distinction between the polarization
vector p versus feature vectorf, and its associated [S], [G], [K] versus [C, ], [C,] presentations

in terms of their diversified interpretations of polarimetric imagery, at least for the coherent and also
for the slightly non-coherent cases (H <0.3).
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5.3 DERIVATION OF OPTIMAL POLARIZATION STATES FROM THE COVARIANCE MATRIX BY P-
OPTIMIZATION

From the transformation equations of the covariance matrix [C;, ] of (3.63) and (3.64)

G5, (48) [=[ 5, (0= Us (o) | G D || U (o )T (5.6)

with [U;, (p)] given by (3.59)

1 V2p PP
Uy (= 20" 1=p0"™ 29 |=li(0) 2y(0) (o) 67
1+ pp %2 *
p 20" 1
Uy, (PIU5, (p)1 =1 (5.8)

the extrema can be found by taking the derivative of [C,,] with respect to p* , and equating it to
zero, so that

0

2 e, =2y, ey, oy, o)+, (o), )] -2 o, o)
op op op (5.9)

Since [C;, (HV)] is independent of p, differentiation of (5.8) yields

2
op”

0

(U5, (05, (o) +1U5, (Pl =105 (ol =0 (5.10)

and hence, expressing the [C,, (HV)] of (5.9) by [C;, (p)]

R L O

op
where with
) | o 00
— +_ _
Wy, pol=—— U5, (pMU3; (P =—— |2 00 (5.11)
ap ltpp | 0 -2 p

Explicitly, the derivatives of the co/cross-polar power terms become

©_PA(p)=—2—rA(p)=0 (5.12)
op
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P o) =——(REBE) -&())-0

l+pp”

8 -2
PB (p)=——_R5(p)* =0
l+pp

From the definition of the degree of the coherence u(p) of (4.60), it can be seen that the co-polar
power optimal characteristic polarization state corresponds to a vanishing degree of coherence, or
equivalently, if a co-polar power characteristic polarization state is transmitted then the back-
scattered orthogonal wave components are mutually incoherent, in which case the degree of
polarization assumes the form

PA-p.
Dplp)=1—— (5.13)
P74+ P
c X
Derivatives of the various phase correlation functions can be determined similarly from
0 R.(p) &
IR (o= Pp)* =0

R, (p){(a pt

which implies that the optimal polarization states of the co-polar phase correlation Rc(p)

coincides with those of the cross-polar function Px(p). Hitherto, the optimal co/cross-polarization

phase correlation expressions have been studied primarily for polarimetric Doppler radar
meteorology, but those should become of equivalent relevance also to polarimetric interferometry,
which is still an unanswered problem awaiting in-depth analysis.

5.4 CROSS-POLARIZATION POWER OPTIMIZATION
After establishing the functional derivative relations, it is necessary to show how the optimal
co/cross-polarization states can be obtained from the covariance matrix directly because it provides

additional insight into the ‘Optimal Polarization State Properties’ for the incoherent versus
coherent cases for small depolarization ratios.

Defining the column vectors of the transformation matrix [U, L(,o)] of (3.59) as
Wy (PN =]2,(p) 2,(p) 2;(p)] (5.14)

with the normalized 2-parametric (complex polarization ratio p) complex vector

22(,0):[—\/5,0 1-|o? 2p *}T(l+|p|2)_l (5.15)

the cross-polar power Px(p)can be re-expressed as

[ k (o). (5.16)

1.
1}( =>4,
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and by using a p -independent transformation [55]

0 V20
Wo)=ldle)  fd=p 0 1| [gdl= (517)
J 0
so that with QIT v=1
_ Lo \T . 3 T
P(p)=5 (o) [a(m)]¥(p)  [a(av)]=[0] ¢y, (1V)][0] (5.18)

In order to find the optimal polarization states, Tragl [46] optimized the unconstrained expression

px(p)%e(p)T Re[A(EV)]¥(p)  with (5.19)
Re[A(HV )= % {[A(HV)]+ [A(HV)]* }: % {[A(HV)]+ [(z ) }: Trace| A(HV )| = Tmce[c3 I (HV)]

which possesses three eigenvalues A l.(Re[A(HV)]), i=1,2,3 where eigenvalues with opposite

signs lead to orthogonal values [ p = -1/ p *) which attain the same cross-polar power according

to the derivations developed in Liineburg et al. [55]

2 (A )< 2 (Rel (e )< 2 ()< 4 R AGHV )< 2 Rl AGHV )< 2 J[AGHV))

(5.20)
where with (Re[A(HV)])=[Re A(HV )]
[Re A(HV )]} = 2<‘SHV ‘2>
[Re A(HV )], = Re{<5 HVS;V> - <S HH S;{ 4 >}
[Re A(HV |5 = Im{<S HVS;V> - <S HHS}’}V >}
(5.21)

[Re A(HV )]y, = %M SHH‘2> N <‘SVV‘2> ) Re<s . >}
[Re A(HV )3 =- Im{<S Sy >}

[Re A(HV )33 = H<‘SHH‘2> + <‘SVV‘2> +2 Re<SHHS;V>}



67

POLSARPRO V3.0 — LECTURE NOTES

For the coherent (deterministic) scattering case, it can be shown that

2 (Re[4(HV)])=0 rank {Re[A(HV )|} =2 (5.22)
so that
minp Px(p xn1,2) =0 (5.23)

and the cross-pol-minima (nulls) p correspond to those obtained from the matrix

xnl,2
optimizations of either [S], [G] or [K], in which case

S[Rea(tv)]= &, [1]-[o(v ) (524)

with

1 1
K, . = Ztmce Re[A(HV)] = Ztmce C3L (HV)]

11

[o(HV)]= %{tmce [A(HV)|[1]-2Re[4(a#7V)]}

so that the cross-polar power expression Px ( p) assumes the form

P (p)=K,, - ¥" (oot )]+(p)=d" (p)K]a(p) (5.25)

q(p){l QT(p)}T q l(p){l -l (p)}T q,-q=0

as defined for the eigenvectors related to Px (p) with

trace{[K ]} = K1 1t tmce{[Q(H V)]} = %tmce{[c?) I (H V)]} (5.26)
where
[K]{f;l}o ”[;"]T ]:([A]—1)T<[s1®[s]*>ml .27

with
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o) Ly )
K11 —trace{[QO]}— K22 +K33 +K44 —Ztmce C3L(HV)

%01 :%{<‘SHH ‘2> } <‘SVV‘2>} (5.28)

%k %k

b02_R6{<SHVSVV> + <SHHSHV>} bo‘[bm boy bos}r
%k ES

b03_1m{<SHVSVV> + <SHHSHV>}

This establishes the connection between the covariance matrix [C;,] approach and the Kennaugh
matrix [K] derivations for the cross-polar power expression.

5.5 CO-POLARIZATION POWER OPTIMIZATION

The co-polar power term P”(p) can be re-expressed as

P'(p)=2,(p)'[Cy, (H)]2,(p) (5.29)
with
2= N2p" " |Tasl o) (5.30)

and applying the same transformation matrix [Q] defined in (5.17) yields

[012,(p) = %{fq(p) ()] (531)
with real ortho-normal vectors
%(p)=[2Rep (Rep)’—(Imp)’~1 2Replmp|’(1+| p[*)" (5.32)

h(p)=[-2Imp —2RepImp (Rep)*—(mp) +1]7(1+] p )" (533)

The co-polar power expression then becomes

1, . 1. . . .
P'(p)= 5 X1 (P)Re[AHVIX, (p) +5y1T(,0) Re[A(HV)]Y,(p)+¥| Im[AHV )%, (p) (5.34)
where Im[A(HV)] = _—2J ([A(HV)]-[A(HV)]") is real and anti-symmetric so that

SIIT Im[Ao]ﬁl :91 '(ﬁl Xbo) =(§’1 Xf‘l)'bo) = {’l by = Q'IT ‘b, :b(f{'l since ‘A'l(p) =§'1(p)xﬁl(p)
(5.35)
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and x denoting the usual vector product and b, =[b, b,, b,]" defined in (5.27), where the
ortho-normal matrix

[0(p)]=[%,(p) ¥.(p) ¥.(p)] [O(PIOP)] =1 (5.36)

can be used to find P*(p) as
P (p)=¥] (p)[BLHV)]V,(p) +bg¥,(p) (5.37)
where [B(HV )] = % {Trace(Re[A(HV)])[I]-Re[A(HV)]} because

Trace([O]" Re[A(HV)][O]) = TraceRe[ A(HV )] = X| Re[A(HV )X, +¥| Re[A(HV)]y, + V| Re[A(HV)]V,
or X! Re[A(HV)IX, +¥{ Re[A(HV)]y, = TraceRe[ A(HV)]- V] Re[A(HV)]v, and (5.38)
TraceRe[B(HV)]=TraceRe[ A(HV )] =Trace[ A(HV)] = Trace[C,, (HV)]

so that [B(HV)]|=K,,[I]+[Q(HV)], and finally

- . 1 . .
P (p) =K, +V{ (P)QHV)IV,(p) + 5 {bg (HV)V,(p)+ ¥/ (p)bo(HV)} =q" (p)[K]a(p) (5.39)
where the Stokes vector q(p)=[1+V] (p)]" is identical to that of (5.25) and [K] representing the
Kennaugh matrix defined in (3.20).
5.6 CoO-POLAR MAXIMA OR CROSS-POLAR MINIMA CALCULATION
In congruence with the optimization procedures carried out for the Kennaugh matrices, by

following van Zyl et al. [84], Kostinski and Boerner [129], and Yamaguchi et al. [130], is based on
the plain of Lagrangian multipliers method to the expression of and the quadratic form of (5.37),

P (p)=V](p)[B(HV)]v,(p)+b,V,(p), resulting with z,v denoting the Lagrangian multipliers,
in

[B(HV)IV,—uv, = %lbO(HV) Viv, =1 (5.40)
orusing [B(HV)]=K,,[1]1+[Q(HV)] one obtains with v = - K,, the optimization equation

. . —1
[O(HV)]V, =V V, =7bo(HV) (5.41)

yielding three eigenvalues s, with g < g, < u, , and the corresponding normalized orthogonal

(ortho-normal) eigenvectors X, so that
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3 1 3
V=) g%, EbO(HV) =Y B % Vv =1 (5.42)
i=1 i=1
and with @, = B,(1— )", p# p, follows that

3
€71T€71 = Zﬂiz (u _:ui)_z =1 (5.43)
i=1

By extracting the common denominator, this leads to a polynomial p(x) in g of the sixth order
with coefficients depending on the eigenvalues g, and the expansion coefficients f,(i=1,2,3). A
rigorous solution was first found in [129], by implementing the Galois method of solution to p(u)

with complex roots #* (k=1,2, ... ,6) where 1 <u® < ... <pu'® .

For the coherent (deterministic) case ensemble averaging, <> becomes obsolete so that
Re[A(HV)] = Re{[O]f,, (HV )} Re{[Qlf, (HV)}" + Im{[QIf,, (HV)} Im{[Qlf,, (HV)}' (5.44)
with rank{Re[A(HV)]} =2; i.e., one of the eigenvalues of Re[A(HV')] vanishes and since
Im{[Q]f;, (HV);xRe{[Qf;, (HV)}; =b,(HV) (5.45)
with b, = [b01 by, b03] " defined in (5.27), it follows that for the coherence case
Re[A(HV )b, (HV)=0 (5.46)
where b,(HV') 1s the eigenvector of Re[ A(HV')] corresponding to the vanishing eigenvalue

A {Re[A(HV)]} =0 (5.47)

Comparing this expression obtained for the co-polar power P“(p) with that obtained for the

vanishing cross-polar power expression P (p)=0 , one finds that there exists two orthogonal

polarization states, corresponding to ibo(HV)||b0(H V)||_1 for which P*(p) becomes maximal,

where
1
Max{E(p)} = Max{E (P, = po) = TracelC,, (HV )] [bo (V)| (5.48)
1
Max{P"(p,)} = Max{P'(p,,, = p..,) = ETrace[Cu(HV)] +|Ib, (HV)| (5.49)

and p, ,=p., and p. ,=p , define the antipodal (orthogonal) locations X; and X, on the
Poincaré polarization sphere, and determined previously from the optimization of [S], [G] and/or
[K]. This implies that the coherent case = (H =0) strictly in the formulation of the optimization
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procedure for the covariance matrix Opt{[C;, (p; B, = 5, =0)]} strictly includes the coherent case
for B, =4,=0.

Furthermore, by expanding on the above derivations for the optimization of the co-polar and cross-
polar power expressions it can be shown that the six extrema of P (p) constitute three pairs of
orthogonal polarization states (the x-pol-max pair, the x-pol-min pair and the x-pol-sad pair) for
which the lines connecting the antipodal polarization states on the polarization sphere are at right
angles with one another; whereas the sixth order eigenvalue equation p(x) for the co-polar power
expression only possesses four solutions, the two pairs of co-pol-min (co-pol-null) and of the
orthogonal co-pol-max states, where as it was shown above p, =p , and p ,=p_, by further
expanding on the vector formulation given above that the pair of co-pol-minima (which in general
are not orthogonal) lie in the plane expanded by the pairs x-pol-max and x-pol-min (co-pol-max).
These interesting lengthy derivations are not presented here, but are essential to the understanding
of the polarization fork properties and its conceptual deterioration in the case of increasing
polarimetric entropy H .

In the case of the partially coherent (random scatterer) case the covariance matrix
[C,, (p)]possesses according to [114] three distinct non-vanishing eigenvalues p,(i =1,2,3)

with p, < p, < p, , which results in two sixth order optimization equations p(), one for the cross-
polar power return P (p) and one for the co-polar power return P.(p). The sixth order Galois
eigenvalue equation p (x4, ;i=12, ... ,6) corresponding to P.(p) possesses three orthogonal pairs
of optimal polarizations for small values of the entropy H which can be identified with (i) the pair
of orthogonal cross polarization minimal states associated with the x-pol-null states of the coherent
case (p,,,); (ii) the pair of orthogonal cross polarization maximal states associated the pair of
orthogonal co-pol-max states of the coherent case ( p,,,,); and (iii) the pair of orthogonal cross
polarization saddle optima associated with the pair of orthogonal x-pol-sad optima of the coherent
case (o, , ). Whereas, the sixth order Galois eigenvalue equation

p.(u ;i=12, ... ,6) corresponding to the co-polar power return P.(p) does posses only for
eigenvalues comprised of (i) one pair of orthogonal cross polarization maximal states
corresponding to the co-pol-max states of the coherent case (o, ,); and (ii) one pair of co-
polarization minimal states corresponding to the co-pol-null states of the coherent case ( po,,, ,). For
small values of the entropy H (H <0.3) that does not exist one more or one less of the extremal
solutions for the coherent and/or non-coherent cases for either p (x4 ;i=12, ...,6) and/or
p.(u;i=12, ... ,6) whereas for increasing the larger values of // the Chandrasekhar single point

scatterer plus noise model (Huynen’s target matrix plus noise matrix decomposition) does not
longer apply. Detailed mathematical derivations are still required for establishing the bounds
subject to which the Kennaugh characteristic polarization state concept still applies in dependence
of the decomposition of orthogonal polarimetric scatterers associated with the Pauli spin matrix
sub-sets y,{[o;],i =0,1,2,3}. Most likely, such a derivation would best be accomplished by re-

deriving a procedure, similar to that pioneered by Tragl [46] and Liineburg et al. [52 — 55, 114] for
the covariance matrix [C;,(p)], and applied to the optimization Opt{[C,,(p)]} for the Pauli

coherency matrix [C,,(p)]. However, focusing on the introduction of the polarimetric entropy H

and the polarimetric anisotropy A4 and its peculiar extensions instead of establishing its congruence
with the optimal polarization theory of Kennaugh for vanishing entropy H (H <0.3).
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6 CLOUDE - POTTIER POLARIMETRIC TARGET DECOMPOSITION

Another essential feature provided by polarimetric scattering matrix data, when express in terms of
its Lexicographic and Pauli-based Covariance Matrices, [C;, (p)] and [C;,(p)], is the possibility to
decompose the scattering process of random scattering mechanisms into the sum of independent
scattering contributions associated with certain pre-specified elementary scattering mechanisms. A
comprehensive review of several matrix decomposition approaches, developed in radar polarimetry,
was given by Cloude and Pottier [27], dating back to Kennaugh’s extensive investigations of 1949
to 1959 [5] based on group-theoretic concepts of quantum mechanics, which were cleverly mined
by Huynen [9]. In his thought provoking dissertation monograph [9], Huynen followed
Chandrasekhar and introduced the ‘Single (point-target) versus random (noise-target) scatterer
decomposition of the Kennaugh Matrix [K ]z[KT]+[K N]’; therewith proposing ‘one part’ of a
‘polarimetric scattering dichotomy’. As was demonstrated previously this approach may apply for
vanishing entropy (H < =0.3) but its performance deteriorating with increasing H .

Specifically, Pottier [126] shows that any and all of the current decomposition methods of the
Sinclair, Graves, and degenerate-coherent Kennaugh matrices, [S], [G], and [K], including the
Huynen [9], the Barnes-Holm [131], the Krogager [30], the Cameron [124, 125], and any other such
decompositions [27], are not unique and cannot be applied to the general incoherent and/or partially
fluctuating scatterer ensemble scenario. However, not withstanding these shortcomings, these
matrix decomposition approaches, and especially when expressed in a combination of the unitary
orthonormal Pauli matrix set y,{[c;],i =0,1,2,3} of (2.14), are most useful for scatterer feature
sorting in case sufficient a priori knowledge of the appearance of specific scatterers within the
scattering scenario is available; and, in case the depolarized component is low with the polarimetric
entropy approaching H — 0.

The next question then arises on whether the implementations of, for example, the Lexicographic
Covariance Matrix [C, ] are superior to that of the Pauli-based Covariance matrix[C,], or vice
versa. For the partially coherent general, non-reciprocal bi-static scattering scenario, the covariance
matrices [C,, | and [C,,] are of full rank, i.e. rank 4; and for the reciprocal mono-static case [C;, ]
and [C,,] are of rank 3. For the coherent (deterministic) case - without the need for ensemble

averaging - they all possess, incoherent and/or coherent, the rank 1 ; and ‘Kennaugh’s characteristic
optimal polarization scattering operator’ concept, strictly applies. Both the Lexicographic and the
Pauli-based Covariance matrices are by definition hermitian positive semi-definite matrices which
imply that they possess real non-negative eigenvalues and orthogonal eigenvectors, as was shown
for the Lexicographic Covariance matrix. Since the transformations of the covariance matrices, are
of the unitary similarity class, both matrices possess the identical eigenvalues but different
eigenvectors. However, the lexicographic feature vector f,, is related directly and more explicitly
to the polarimetric complex radar cross-sections  S,,,S,;,5,,,5; of the (non-symmetric)

Sinclair matrix [S], and thus displays the relative functional behaviour of any one S versus the
complete feature vector set S,,,S,;,S,,,Ss and it Frobenius norm of & =Span{[S(4B)]} =
invariant. Whereas, the Pauli feature vector f, allows for the decomposition in terms of the
complete Pauli spin matrix set y,{[o,],i=0,1,2,3} of (2.14), which relates to the matrix

transformations and preserves the correct phase correlation between the complex polarimetric radar
cross-section  S;in terms of {(S,, £Sy;). (S5 +Sus) (S —Sgs)jof [S(4B)]. Thus, in
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consideration of these latter rather crucial polarimetric correlation phase and rotational
transformation preserving capabilities, in a certain sense the implementations of the Pauli-based
Covariance Matrix [C4 P] may have to be considered preferable above all of the other presentations;
although direct and unique mathematical transformation relations strictly exist among all of the
various polarimetric matrices [S], [G], [K] with [C L] and/or [C P]. Therefore, in the following the

optimization and pertinent invariant decomposition of the Pauli-based Covariance Matrix [CP] is

introduced, following the recent exposition of Pottier [126] most closely by considering the
reciprocal mono-static case of the symmetric [C;,] only.

In the following two figures, Figure 6.1a and 6.1b a comparison is made of presenting lexicographic
versus Pauli-based image presentations clearly showing that very valuable additional information is
recovered by the Pauli-based feature vector as compared to the lexicographic feature vector
presentations.

(a) POLSAR Image of l

i e =3

(b) RED=[HH-VV|, GREEN=HV/, and BLUE=|HH+V V"

Fig. 6.1 SIR-C L-Band POLSAR image of Malaysia. The phase differences between HH and VV
were used to enhance the effect of scattering mechanisms imbedded in POLSAR data.
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6.1 EIGENVECTOR-BASED DECOMPOSITION OF THE PAULI-BASED COVARIANCE MATRIX FOR
THE RECIPROCAL MONOSTATIC SCATTERING SCENARIO [C,, |

In order to accommodate ‘Polarimetric Synthetic Aperture Radar : POL-SAR’ image analysis,
nowadays access to POL-SAR image data takes is given either to the ‘Complex Coherent Sinclair
Scattering Matrix [S]’ in terms of ‘Single-Look-Complex : SLC’ formatted image data takes or to

Ensemble-Averaged Kennaugh Matrix [K] in terms of ‘Multi-Look Compressed : MLC® formatted

image data takes. Whereas the ‘SLC’-formatted image data takes preserve ‘Absolute Scatter
Phase’, the ‘MLC’-formatted image data takes do not. In any of the ‘Polarimetric SAR Image’
analyses, the ‘MLC’ formatted data, which can be converted to the ‘Relative Phase [S],, Matrix’

image data set uniquely, are sufficient. This is, however, not the case for ‘Polarimetric SAR
Interferometry’ for which the ‘absolute polarimetric scattering phase {exp( Jj ¢)} " plays a major and

decisive role.

The ensemble averaging process leads to the concept of the ‘Distributed Target’ which has its own
structure, different from the ‘stationary or pure-point target’ as expressed in the definitions of [.S]

and [G], which was explored in great detail by Ostrovityanov [132], Pothekin and Tatarinov [133]
as well as Kaselev [133b].

The instantaneous (single-look: pixel) target returns from a spatially extended scatterer, comprised
of many diverse ‘distributed point targets’, can be characterized by its complex Sinclair matrix[S]

which relates to the ‘spatial voltage’ or by its 3x3 coherency matrices [C,, ] or[C;,], which then
relates to ‘spatial power’ when applied to POL-SAR imaging. In the case of spatial ensemble
averaging, i.e., recovering ° <[C3 P]} ’, this process may be defined as

1 & a1
<[C3P]> = szaf;fapi = N [C3P, ] (6.1)
i=1

i=1

which for the reciprocal monostatic case possesses 3x3 = 9 independent parameters (3 real diagonal
and 3 complex off-diagonal elements), whereas a ‘point scatterer’ expressed in terms of [S] is

given by not more than 5 parameters as per definition of the ‘Kennaugh characteristic.

Therefore, for the general incoherent case of high entropy, the ‘averaged target characteristic
operator’ cannot be represented by an equivalent effective ‘mean point scatterer’ plus its ‘point
scatterer variance’, since it possesses additional four degrees of freedom; and derivations
introduced in previous sections must be assessed most critically, especially when the entropy H is
no longer small.

In order to determine the eigenvalues and corresponding eigenvectors of [C,,(4B)] from the
measured data set [C,,(HV)|

[C3P (AB)] = [U3P ][C3P (HV)][U3P ]_l (6.2)

where [USP ], instead of (3.65) [80], is here redefined as
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[U3P]:|_ﬁ3PI ﬁ3132 ﬁ3P3J (6.3)

with the u,, representing the three orthonormal eigenvectors so that with A, denoting the

corresponding real eigenvalues, so that

<[C3P]> - 231: {j“i ([Cae- D}: i’liﬁap[ 'ﬁ; (6.4)

If only one eigenvalue is non-zero (4, =4, =0, 4, # 0), then the ‘statistical weight’ reduces to that
of a point-scattering Sinclair matrix [S], and the ‘Kennaugh target characteristic operator theory’
applies firmly ; at the other extreme, if all eigenvalues are non-zero and identical (21 =, =A% 0)

then the <[C3 p]> > represents a completely de-correlated, non-polarized random scattering structure,

However, such a structure rarely exists, and in between the two extremes, the case of ‘distributed,
partially polarized scatterers’ prevails. In order to define the statistical disorder of each distinct
scatter type within the ensemble, the ‘Polarimetric Entropy H ’, according to von Neumann [136],
provides an efficient and suitable basis-invariant parameter. It is a peculiarity of a complex
covariance matrix [C] that the orthonormal eigenvectors of [C] are determined determine only up

to a phase term. This can be seen very easily. For instance in (6.4) one may
. A AET id A ib A *T
substitute s, - Oy, = (™G, ) (€”0,,) " .

6.2 THE POLARIMETRIC ENTROPY FOR THE MONO-STATIC RECIPROCAL CASE: H

Following Cloude and Pottier [57], and especially Pottier [58], the ‘Polarimetric Entropy H,’ may
then be defined, according to von Nuemann [136], in terms of the logarithmic sum of eigenvalues of

‘ <[C3P]> " as

izj} (6.5)

3
H3:_zptlog3(Pt) s P, :ﬂ/i(
i=1 j=1
where the P are the corresponding probabilities recovered from the eigenvalues A, as further
discussed in [55].

If the ‘Polarimetric Entropy H,’ is low (H3 < 0.3), then the system may be considered weakly
depolarizing and the dominant scattering mechanism in terms of a specifically identifiable
equivalent point scatterer may be recovered, whereby the eigenvector corresponding to the largest
eigenvalue is chosen, and the other eigenvector components may be neglected. In this case the
‘Polarization Power Density Plots’ for the partially polarized case apply.

However, if the entropy is high, then the ‘scatterer ensemble’ is depolarizing and no longer does
there exist a single ‘equivalent point scatterer’ and a mixture of possible point scatterer types must
be considered from the full eigenvalue spectrum. As the ‘Polarimetric Entropy H,’ further
increases, the number of distinguishable classes identifiable from polarimetric observations is
reduced. In the limit, when H, = 1, i.e., u=D, =0, and ‘polarization diversity’ becomes

meaningless.
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6.3 POLARIMETRIC SPAN INVARIANT K; , AND THE SCATTERING ANISOTROPY A; FOR THE
MONO-STATIC RECIPROCAL CASE

The eigenvalues A,, i=1, 2, 3 possess additional properties, where the total sum, the span

invariant «,, represents the total achievable power scattered by the scatter ensemble.

3
K, = ZK . =Invariant, is independent of the antenna polarization state and collected for the
i=1
reciprocal back-scatterer case by an orthogonally polarized antenna pair, which corresponds to the
Frobenius norm (span) of the scattering matrix as defined by (3.67), and is known as ‘Kennaugh’s

span invariant K;’

K, =[] = %span{[S]} = %Tmce{[s][s]T }: D, = %QSHHF +2I8,,,|" + |SVV|2) (6.6)

i=1

Whereas the ‘Polarimetric Entropy H’ is a useful scalar descriptor of the randomness of the
scattering process, the third invariant parameter, originally introduced by van Zyl [134], and
denoted as ‘Polarimetric Anisotropy A,’ by Cloude and Pottier [57], is defined by taking into

account that the eigen values have been ordered as0 < 4, <A, <4, so that

A, = (6.7)

and the relation to van Zyl’s formulation requires further interpretation.

When 4, =0 , then 4, =4, 1in which caseif A, =A4,=0, and the ‘coherent’ deterministic case
results for whichk, =2,; whereas for A, =4, =4,, the entropy attains its largest value, H; =1,
which corresponds to the completely depolarized case. It should be noted here that in nature

completely polarized target and/or and completely unpolarized scatterer ensembles may only exist
rarely.

6.4 THE CLOUDE AND POTTIER PROBABILISTIC RANDOM MEDIA SCATTERING MODEL

Considering Bragg scattering for a Bragg scattering surface, Cloude and Pottier introduced a revised
parameterization of the eigenvector 0, of[C;,]; where

u,, = [cosa sinacosﬁexp(j&) sinasinﬁexp(j;/)]T (6.8)

so that with a revised parameterization of the Pauli Coherency Matrix [C;, ], one obtains

A4 0 0
<[C3P]>:[U3P 0 ﬂz 0 [USP]*T (6.9)
0 0 A
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It is a peculiarity of a complex covariance matrix [C] that the orthonormal eigenvectors of [C] are

determined only up to a phase term, which follows from substituting into (6.4) the expression

N

a,, - a,., = (e”0, p)" (e”0, p )" . In particular the first element of any one or all eigenvectors may be

chosen as real, where

cosa, cosa, exp(j¢2) cosa, exp(j¢3)
[U3P = exp(j¢ sina, cos f3, exp(j51) sina, cos f3, exp(jé'z) sin a; cos f; exp(j53) (6.10)
sin ¢, sin £, eXp(j71 ) sina, sin f3, eXp(j72 ) sina; sin f3, exp(j;@ )

The parameterization of the 3x3 unitary matrix [U,,] in terms of column vectors of different
a,p.9,0.,and y, i=1,2,3 and ¢ denoting physically an absolute phase is made as to enable a
probabilistic interpretation of the scattering process, but thea,,a,,a;; B, B,, 5;; etc.; are not

mutually which really invites further studies. In a first approach, the introduction of a 3-symbol
Bernoulli process, according to Cloude and Pottier [57], was introduced whereby the scattering
process is modelled in terms of three distinct Sinclair matrices [S,], one each to correspond to a

3
column of [U;,] which occur within probabilities 7, so that ZPI =1. Cloude and Pottier [57] then
i=1
introduced a mean parameter of random sequences associated with the Bernoulli process so that the
dominant scattering matrices from the 3x3 Pauli Coherency matrix[C; ] may be defined as a mean

target vector U,

A — [ - =y . — e A\

u, = [cosa sina cos f exp(]d) sina sin exp(]}/)] (6.11)
The mean & may then also be defined as

3
a=) Pa,=Pa+Pa,+Pa, (6.12)

i=1

Q

with P and the «; need to be determined

However, this method is strictly model-dependent, and similar to the [S] matrix decomposition into
the Pauli matrix set y,{[o,],i=0,1,2,3} not unique; but it invites further studies for the

development of other model dependent decompositions of the eigen-vectors ﬁ3 P The direct
i

relation of the respective set of [S] and [C;, ] model-dependent Pauli spin matrix decompositions is

sought and may shed more light into the ‘polarimetric scatter dichotomy’ which establishes an
essential part of ‘polarimetric radar theory’.

6.5 HUYNEN’S ROLL INVARIANCE

The rotation about the ‘radar line of sight’ can be expressed in terms of the unitary similarity
transformation with [U, p(ﬁ)] denoting the rotation transformation matrix, where according to [57]
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unitary congruence (consimilarity) and ordinary similarity agree for (real) rotations:
[U3P (‘9)]_1 = [U3P (H)]T = [U3P (_9)] .

<[C3P ('9)]> = [U3P (‘9)]<[C3P (AB)]>[U3P (‘9)]_1 (6.13)

and
1 0 0

[U,,(0)]=|0 cos20 sin26 (6.14)
0 —sin26 cos26

so that

(Cp @) =, OV JCp (1 D U] O = [, e, (e ) s, ]

(6.15)

where

cosQ, cosaL, ex;{ jd)'z) COoSQL, CXI{ j(l)'3)
[U,,1=[U,,(0)][Us, | = expl )| sina, cosp, exd j&) sina., cosP2 ex jSz) sinaL, cosfs exp( j8'3)
sina, sinfi ex;{ j'le) sinaL, sinBexpljy, | sina,sinf ex;{ jy'a)
=[V1 v, V3]
(6.16)
where the v, are the new orthonormal eigenvectors. Completing the parameterization of the 3x3
unitary matrix [U;,], one observes that the three parameters, (¢, @,,a;) remain invariant similar to

the three eigenvalues (4,,4,,4,). Therefore, the following important result of ‘Roll-Invariance’ is
obtained:_k,

{ span «, entropy H , anisotropy 4, mean roll-angle « }= Roll-Invariant (6.17)

Thus, among the mean parameters &, 3,7, , the ‘dominant scattering mechanism’ is the point
scatterer associated with the eigenvector for the largest eigenvalue, which can be extracted
from[C, p(H V)]; as it is apparent from above analysis that the main parameter for identifying the

dominant scattering mechanisms is the mean « , according to the ‘Karhunen-Loeve expansion’[53].
However, this entire concept is not unique but strongly model-based [27] just the same as with the
Huynen, Barnes-Holm, Krogager, Cameron, or any other [S] matrix decomposition implementing

the Pauli matrix set y,{[o,],i =0,1,2,3}.

The mean roll-angle,&r, possesses some rather useful polarimetric scattering characteristics,
especially applicable to rough surface scattering, where for:

(1) scattering in the geometrical optics limit: & =0°.

(i)  scattering in the physical optics limit to Bragg surface scattering:
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0"<a<45°.

(1)  Bragg surface scattering (encompassing dipole scattering
or single scattering by a cloud of anisotropic particles): o =45°. (6.18)

(iv)  double bounce scattering between two dielectric surfaces:
45° <a <90°.

(v)  dihedral scatter from metallic surfaces: o =90°.

Thus, the mean & parameter estimate can be related in the first order to the underlying physical
scattering mechanisms, associating polarimetric observables to physical properties of an extended

scattering medium (surface). The meaning and uniqueness of the mean angle parametersa, 3,7, 0 ,
still requires extensive future analysis.

6.6 THE CLOUDE-POTTIER «, H, A FEATURE VECTOR f, P (a, H, A)

Cloude and Pottier [57], and Pottier and Cloude [27], introduced another most useful feature vector
f,, (&, H, A),derived from the roll-invariance, where with k=span{[S|} = invariant,

f, =la HA (1-H)4 H(1-4) (1-H)1-A4) (6.19)

assuming that the total power k scattered by a natural environment and collected by an
orthogonally polarized antenna pair, is an incoherent combination of the different types of scattering
mechanisms, where the different types of scattering processes correspond to the

(1) (1- H)(1- A) combination for a single dominant scattering
process (H =0, A~0) with 1, #0, A, =1, =0

(11) H (1- A) combination for random scattering (H ~1l, A= 0)
%1"[2110)/11 A, =~ =0

(ii1))  HA combination for two scattering mechanism of
identical probability (H =1, A= 1) with 4, =0

(iv) (1 - H)A combination for two scattering mechanisms
with one dominant process y (0 < H <0.5) and a

second with medium probability ( 4 ~1)and with A, =0
The information contained in this feature vector f,, (@,H,4), corresponds to the type of

scattering process which occurs within the pixel to be classified (combination of entropy H and
anisotropy A4) and to the corresponding interactive physical scattering mechanism (@ parameter).
However, it is to be noted that this approach is not unique, but strongly model-based.
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6.7 APPLICATION OF THE CLOUDE-POTTIER [C,, (p)] DECOMPOSITION FOR THE

INTERPRETATION OF VECTOR SCATTERING MECHANISMS IN TERMS OF THE o - PLOTS
INCLUDING LEE’S POLARIMETRIC SPECKLE REDUCTION AND POLARIMETRIC WISHART
DISTRIBUTION METHODS

Utilizing the Pauli Coherency matrix invariants («x,H ,A) and the roll-invariant parameters
(a,x,H,A), Cloude and Pottier [97-01] introduced a scheme for parametrizing scattering
processes, and an unsupervised quantitative analysis of fully polarimetric POL-SAR Image Data
Takes. This method relays on the eigenvalue analysis of the Pauli coherency matrix<[C3 p(H V)]>,
and it employs a three-level Bernoulli statistical model, as presented in Section 3.10, to generate
estimates of the average scattering matrix parameters from the given POL-SAR Image Data Takes
provided either in SLC or MLC format. The two essential parameters are the polarimetric scattering
entropy H and -the mean roll anglea , with the anisotropy parameter 4 playing a secondary but
not inessential role, whereas the parameters f,y,d1in (5.57) seem to be all-too model-dependent

and have been discarded in the formulation of the ‘Unsupervised POL-SAR Image Feature
Characterization Algorithm’, as discussed in detail in Cloude and Pottier [57, 27].

6.8 THE UNSUPERVISED POL-SAR IMAGE FEATURE CHARACTERIZATION SCHEME: THE a-H
PLANE

By determining A, aand 4 from <[C3 » (H V)]> Cloude and Pottier established the feasible region

of the a - H plane which lies between two bounding curves CP, and CP, on the maximal and the
minimal observable « -values as function of entropy H, displayed in Fig. 6.2. These curves
determined from H -« variations for Pauli coherency matrix <[C3 p(H V)]> with degenerate minor

eigenvalues with amplitude m(0<m <1)

0 0
[Cp(0<m<1)] =|0 m 0
0 m

10 0
[Cir(0<m=<05)] =[O0 1 0 (6.21)
0 0 2m
2m-1 0 0
[Cp(0.5<m<1)] =1 0 10
0 1

By evaluating the entropy H(m) for the two generic curves, the upper [C3 p(O <m< 1)J1 , and the
lower lC3p (0<m<1) |, = lC3p (0<m<0.5) T lC3p (0.5<m< 1)J11 , result as shown in Fig. 6.2.

All experimental results hitherto collected, lie inside this feasible region of a-H plane, and so
classification must take place inside the limited zone of thear - H space.
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6.9 THE HIERARCHICAL SUB-ZONING OF THE FEASIBLE o - H SPACE

A first-order classification is achieved by sub-zoning the o - H space in order to separate the POL-
SAR Image Data in to scattering mechanisms on a pixel-by-pixel basis; and attempt to relate those
to physical scattering mechanisms. The separating boundaries between the sub-zones were chosen
generically, 1 .e., based on the general scattering mechanisms, and are not dependent on a particular
POL-SAR Image Data Take Set, so that an unsupervised classification procedure is achieved. In
Figure 6.1, nine zones are specified, related to specific scattering characteristics that can be

measured via <[C3 p(H V)]>, where according to [57]:

» Zone 9: Low Entropy Surface Scatter

In this zone occur low entropy scattering processes with alpha values less than 42.5°. These
include GO and PO surface scattering, Bragg surface scattering and specular scattering
phenomena which do not involve 180 degree phase inversions between HH and VV. Physical
surfaces such as water an L and P-Bands, sea-ice at L-Band, as well as very smooth land

surfaces, all fall into this category.

» Zone 8: Low Entropy Dipole Scattering

In this zone occur strongly correlated mechanism which have a large imbalance between HH
and VV in amplitude. An isolated dipole scatterer would appear here, as would scattering from

81



82

POLSARPRO V3.0 — LECTURE NOTES

vegetation with strongly correlated orientation of anisotropic scattering elements. The mean
angle of orientation would then be given by the £ parameter in ﬁ »- The width of this zone is

determined by the ability of the Radar to measure the HH/VV ratio i.e., on the quality of the
calibration.

Zone 7: Low Entropy Multiple Scattering Events

This zone corresponds to low entropy double or ‘even’ bounce scattering events, such as
provided by isolated dielectric and metallic dihedral scatterers. These are characterized by
a >47.5". The lower bound chosen for this zone is dictated by the expected dielectric constant
of the dihedrals and by the measurement accuracy of the Radar. For e >2, for example, and

using a Bragg surface model for each surface, it follows that & >50°. The upper entropy
boundary for these first three zones is chosen on the basis of tolerance to perturbations of first
order scattering theories (which generally yield zero entropy for all scattering processes. By
estimating the level of entropy change due to second and higher order events, tolerance can be
built into the classifier so that the important first order process can still be correctly identified.
Note also that system measurement noise will act to increase the entropy and so the system
noise floor should also be used to set the boundary. H =0.2 is chosen as a typical value
accounting for these two effects.

Zone 6: Medium Entropy Surface Scatter

This zone reflects the increase in entropy due to changes in surface roughness and due to canopy
propagation effects. In surface scattering theory the entropy of low frequency theories like
Bragg scatter is zero. Likewise, the entropy of high frequency theories like Geometrical Optics
is also zero. However, in between these two extremes, there is an increase in entropy due to the
physics of secondary wave propagation and scattering mechanisms.  Thus as the
roughness/correlation length of a surface changes, its entropy will increase. Further, a surface
cover comprising oblate spheroidal scatterers (leafs or discs for example) will generate an
entropy between 0.6 and 0.7. In Fig. 6.2 we set a bound of H =0.9 as an upper limit for these
changes.

Zone 5: Medium Entropy Vegetation Scattering

Here again we have moderate entropy but with a dominant dipole type scattering mechanism.
The increased entropy is due to a central statistical distribution of orientation angle. Such a
zone would include scattering from vegetated surfaces with anisotropic scatterers and moderate
correlation of scatterer orientations.

Zone 4: Medium Entropy Multiple Scattering

This zone accounts for dihedral scattering with moderate entropy. This occurs for example in
forestry applications, where double bounce mechanisms occur at P and L bands following
propagation through a canopy. The effect of the canopy is to increase the entropy of the
scattering process. A second important process in this category is urban areas, where dense
packing of localized scattering centres can generate moderate entropy with low order multiple
scattering dominant. The boundary between zones 4, 5, 6, and 1, 2, 3, is set as 0.9. This is
chosen on the basis of the upper limit for surface, volume, and dihedral scattering before
random distributions apply.



83

POLSARPRO V3.0 — LECTURE NOTES

= Zone 3: High Entropy Surface Scatter

This class is not part of the feasible region in H -a space i.e., we cannot distinguish surface
scattering with entropy H >0.9. This is a direct consequence of our increasing ability to
classify scattering types with increasing entropy. It is included to reinforce the idea that
increasing entropy really does limit our ability to use polarimetric behavior to classify targets.
Radar Polarimetry will then, in our view, be most successfully applied to low entropy problems.

» Zone 2: High Entropy Vegetation Scattering

High entropy volume scattering arise when o =45"and H =0.95. This can arise for single
scattering from a cloud of anisotropic needle like particles or from multiple scattering from a
cloud of low loss symmetric particles. In both cases however, the entropy lies above 0.9, where
the feasible region of H -a space is rapidly shrinking. Scattering from forest canopies lies in
this region, as does the scattering from some types of vegetated surfaces with random highly
anisotropic scattering elements. The extreme behavior in this class is random noise i.e., no
polarization dependence, a point which lies to the extreme right of Fig. 6.2.

= Zone 1: High Entropy Multiple Scattering

From|C, (0<m<1)| =|C,,(0<m<0.5)| +|C,,(0.5<m<1)| , we see that in the H >0.9

1 11,

region we can still distinguish double bounce mechanisms in a high entropy environment.
Again such mechanisms can be observed in forestry applications or in scattering from
vegetation which has a well developed branch and crown structure.

There is of course some degree of arbitrariness over where to locate the boundaries within in Figure
6.1, based for example on the knowledge of the POL-SAR Systems parameters, of radar calibration,
measurements noise floor, variance of parameters estimates, etc. Cloude and Pottier [57] offered
this segmentation of the H -a space merely to illustrate the classification strategy and to emphasize
the geometrical segmentation of physical scattering processes. It is this key feature which makes
this an unsupervised, measurement-data-independent approach to the scatter feature classification
problem. Nonetheless, these boundaries, although rather simply chosen, do offer sensible
segmentation of experimental SAR data for well known test sites. This again lends support to the
idea that the scheme is closely linked with physical scattering mechanisms.

7 LEE POLARIMETRIC SPECKLE REDUCTION FILTER METHOD

Lee, Ainsworth, Grunes and Du of NRL-RSD, in a series of recent papers [41 — 44, 75], have
demonstrated that the Cloude-Pottier ‘Unsupervised POL-SAR Image Feature H -a Polarimetric
Classification Scheme’ 1s highly sensitive to image speckle deterioration as well as requiring the
proper implementation of the pertinent polarimetric distribution functions and speckle reduction
filters. These aspects were recently carefully assessed by Touzi, Lopez and others from CCRS-ESD
[134]. The full appreciation of this subtle points of implementing polarimetric filtering associated
with the proper ‘Lee -Wishart Polarimetric Distribution Functions’ in the correct use of the Cloude-
Pottier ‘Unsupervised POL-SAR Image Feature H -o. Polarimetric Classification Scheme’ must be
most seriously taken into consideration, and fully integrated in the development of robust
classification algorithms.
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7.1 LEE’S POLARIMETRIC SAR SPECKLE FILTERING APPROACH

The Polarimetric Speckle Filter of Lee [44] is designed to reduce speckle of all terms of either the
lexicographic covariance or Pauli-based covariance matrices, [C;,] and [C;, ], respectively. By

considering the lexicographic covariance matrix [C,,] for the ‘single-look’ case, the resulting
[Z]:<[C3L (HV)]>, obtained from averaging several neighbouring ‘omne-look [C;,] pixels’ for N

number of ‘looks’ as

2= (C. (P M) =31, (1) (.1

Hitherto, it was blindly assumed that ‘multi-look compression’, i.e., MLC-formatted POL-SAR
Image Data Takes more or less automatically reduces speckle, which is not so if the averaging is
carried out over a small number of neighbouring pixels, say 2x2 or 3x3. By analyzing this
proposition in detail, Lee, Grunes, and Kwok [44] proved that this process may be optimized since

it can be shown that the averaged covariance matrix [Z]= <[C3 AH V)]> is subjected to a complex

polarimetric Wishart distribution function of probability density

<[C3L (HV)]>‘n7q” exp{— n Trace(<[C3L (HV)]> 1V )}
K3L(n,Q3L)|V3L|

”(%L )n

PO([C, (HV )= (7.2)

where ¢,, =3 for the reciprocal mono-static case (g,, =4 for the bi-static case), n is the number of

looks, and K, (n,qs, ) is a normalization constant given by
K, (n,qy, )= s (as ) C(n)..T(n—q,, +1) (7.3)
the value ¥, is the ‘mean or expected value E{...}" of [Z]= <[C3 AH V)]>, defined as

V,, =E {[Z ]} The diagonal terms of [Z]= <[C3 | V)]> can be characterized by multiplicative noise,

whereas the off-diagonal terms contain noise that can either be characterized by multiplicative or
additive noise models. The principle of ‘Lee’s Polarimetric SAR Speckle Filtering Concept’ is
developed on the basis of the following aspects:

(i) To avoid cross-talk between polarization channels, each element of
the covariance matrix must be filtered independently in the spatial
domain. Filtering algorithms exploiting the degree of statistical
independence between elements of the covariance matrix will
introduce cross-talk.

(i1) To preserve polarimetric properties, each term of the covariance
matrix should be filtered in a manner similar to multi-look
processing by averaging the covariance matrices of neighborhood
pixels. All terms of the covariance  matrix should be filtered by
the same amount.

(i11) To preserve features, edge sharpness, and point targets, the
filtering has to be adaptive and should use a homogeneous area
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from selected pixels. The local statistics filter (or other adaptive
filtering algorithms) should be applied in edge-aligned windows
[42] (7.4)

According to the derivations given in the most recent introduction of Lee’s ‘Polarimetric SAR
Speckle Reduction Filter’ in [44], it is shown that instead of using a ‘boxcar filter’ which smears
edges and degrades image quality the ‘polarimetric SAR speckle reduction filter’ uses edge-aligned,
non-sequence windows and applies a local statistics filter which are determined by the

i, = Span{[S1} ={|S,,, ' +2|S,, I +1S,, [’} , which is a weighted average of the Suy, Suy, and
Syy images, each of which possesses a higher noise level. Only the level variance of k but not of
[Z] is required which adds to creating a computationally efficient algorithm and preserves

polarimetric information in homogenous image areas, and reduces cross-talk between channels. The
resulting filter follows four procedural steps, described as follows:

(1) Edge-aligned window solution
(i) implementation of the local statistical filter using a multiplicative noise number

(ii1) the span image « is used to compute the weight in a selected edge-aligned window

(iv) proper selection of variances’ with v denoting noise with mean 1, where o, is a
measure of speckle level with standard-to-mean ratio for homogenous areas.

The span image k', used in this approach, possesses less speckle than the S,,, .S, ,

and S,
images; and it also preserves and improves the relative phase correlation between S,, and S
S,y and S

HV >

Cyyy glven by

Vv s

as well as S, and S,,,. In order to preserve the statistical polarimetric correlation

_ <SHH S;V >

0 Tl sl

a sufficient number of samples is required. However, for properly filtered image data it may suffice
to use a single pixel because the filtering action resembles 5x5 averaging. This entails the
implementation of SLC formatted POL-SAR image data takes in order to establish the proper
statistics which is not attained with the four-look (2x2) or sixteen-look (4x4) original MLC image
data take formatting provided, for example, by JPL in that either do not contain sufficient samples
and cause overestimation in c,;,, of (7.5). It should be noted that the implemented ‘Lee

(7.5)

Polarimetric SAR Speckle Filtering Procedure’ obtains filtering results similar to additional 25-look
MLC processing and better, increasing the overall brightness in uniform areas, but at the same time
reducing blurring from application of the MLC process.

7.2 IMPLEMENTATION OF LEE’S POLARIMETRIC COMPLEX WISHART DISTRIBUTION FUNCTION

The multi-look compressed (MLC) polarimetric SAR <[Cj3.]> image data takes possess a complex
polarimetric Wishart distribution as shown in Lee, et al. [44] and in [137], requiring a maximum
likelihood classifier to segment POL-SAR image data. The resulting algorithm can be applied to
multi-frequency (j bands) multi-look (n) polarimetric POL-SAR image data. Applying this
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procedure to the complex covariance matrix <[C3L ]>, the multivariate complex Gaussian
distribution  function  p(f,,)  becomes by introducing the  general relation

G-b=a"h =trace(@"h) = trace(ba ") for two vectors Gand b such that

p(f;,) = eXp {_fs*LT[Cu] _lsz} = exp{—trace[[C;, ]_lfuf;LT]} (7.6)

1 1
7Z'3D€t{[C3L]} ”3Det{[C3L]}
or by using the transformation from the lexicographic feature vector f;, to the Pauli-based feature
vector f,, alternatively the p(f,,) by

p(f;,) = exXp {_f;; [Cp] _lfsp} = exp{—trace[[C;, I f3Pf3*17;]} (7.7

1 1
7r3Det{[C3P]} 7Z3Det{[c3p]}

where the conditions for f;, to satisfy the complex Gaussian distribution function are given in Lee
et al. [41]. Whereas Rignot et al. [135] first prescribed a method for unsupervised scatter feature f,,

characterizations using the lexicographic covariance matrix approach; here the Pauli-based feature
vector f;, description is used because it has the advantage over f,, that it can be related directly to

the underlying physical scattering mechanism. Following the formulas provided in Lee, et al. [44],
the probability density function p;, P(<[C3 P]>) for the Pauli-based covariance matrix <[C 3p ]> becomes

similar to that of the feature covariance matrix given in (7.2).

n(qsp)"

(IC, )" expi-nTrace([C,,1)Vsp'}
Kip(n,q,p) |V3P '

p3P(<[C3P]>) = (7.8)

with
Kap(na%P): ”qsp(q”_l)/zr(n)"-r(n ~Gp T 1)

where ¢,, =3, nis the number of looks and K, a normalization factor.
The distance measure d,, {([Q P]), v, P,,,} between a sample coherency matrix <[C3 P]> and cluster

mean of the m-th class, V,, becomes

e i)+ maed 1] o) o)

Where P, (a)m) is the a priori probability of class m and the class mean V;, is defined as the

mean or expected value of <[C3 P]> for all pixels belonging to the m-th class so that expected value

Vip, = E{<[C3P]> | <[C3P]> = a)m} (7.10)
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where @, is the set of pixels belong to the m-th class. In general, applications without a priori
knowledge of probability P, (a)m) is assumed to be equal for all m, and the equivalent distance
measure d,, {([Q » ]}, Vv, Pm} reduces to

d3P{<[C3P]>’ Vip, }: ln‘Vapm ‘ + Trace{<[C3P]>/V3P,,, } (7.11)

and it should be noted that because of the orthonormal unitary transformation relation between f;,
and f,, given by f,,=[D,]f;,, and f,, =[D,]'f,, ) , the classification using the Pauli
coherency matrix <[C3 P]> produces the same results as using the lexicographic coherency

(covariance) matrix <[C3 L]> which was derived in Lee, et al. [44].

Because of the availability of multi-band POL-SAR image data sets, as for example with the
NASA- JPL (P/L/C-band) AIRSAR imaging system, frequency diversity needs to be implemented.
Assuming that the POL-SAR frequency bands are sufficiently separated, the image data may be
considered statistically independent; i.e., the correlation between bands are very considerably less
than those within bands, then the joint probability density function becomes a product of the
probabilities of each band, so the distance measure for a total of J bands becomes:

3, {<[C3P (@, )]>’ Vi, (@ )} -
J o (7.12)
5[ . Trace{<[c3P,< Jﬂ% ,,(wf)} = ey (o)

J
whelre<[C3 P (a)j )]> denotes the Pauli Coherency matrix of the m-th class in the j-th frequency band.

QU

V3P»u‘ (a)f )

However, it should be noted that image data takes at the various frequency bands need to be
properly co-registered and must have been collected for identical Doppler centroids, etc.

7.3 COMBINED CLASSIFICATION USING THE CLOUDE-POTTIER o -H TARGET MATRIX
DECOMPOSITION, LEE’S COMPLEX POLARIMETRIC SPECKLE REDUCTION, AND THE LEE
POLARIMETRIC COMPLEX WISHART DISTRIBUTION CONCEPTS

The Cloude-Pottier « - H classification scheme provides reasonable image segmentation based on
scattering characteristics, but it may not be satisfactory in some cases in the & - H boundaries were
set rather arbitrarily in a ‘first attempt’, and also because only partial information of the Pauli-based

covariance matrix <[C3 P]>, required to generate good H anda estimates may result in a loss of

detail as an undesired side-effect.

Some of the degradation of applying thea - H unpolarized classification scheme can be overcome
by incorporating first Lee’s polarimetric speckle reduction filter and then Lee’s complex
polarimetric Wishart distribution approaches after the & and H parameters have been obtained

from speckle-reduced <[C3 P]>. It is necessary to apply properly adjusted multi-look (at least 5x5)

speckle reduction filtering to the original covariance matrix data sets <[C3 P]} which then need to be

transformed into the Pauli-based covariance matrix presentation according to [57] so that the
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Cloude-Pottier & - H classification can be carried out. From the resulting initial classification map,
the cluster center of coherency matrices, V;, , in computed for pixels in each zone

Vi =ninzi{<[C3P]j’a)j>} (7.12)

i Jj=1

where n,1s the number of pixels in class 1. Each pixel in the entire image is then reclassified by
applying the distance measure d,, separately for the different POL-SAR imaging bands (C/L/P).

The iterations are terminated whenever the number of pixels switching class becomes smaller than a
predetermined number, or when a specific a priori termination criterion is met.

The iterative procedure used in the combination of the two classification schemes is a special case
of fuzzy classification, where the entire unsupervised Polarimetric Pauli-based Covariance Matrix

<[C3 P]> classification procedure is as follows

(1) Speckle filtering of the polarimetric covariance matrix by either the polarimetric preserving
filter or a boxcar average, if the original POL-SAR image does not have enough averaging.
Filtering, in general, improves classification, but is not always required.

(2) Convert the lexicographic into the Pauli-based covariance matrices
(3) Apply target decomposition to compute the entropy H and mean-angle o .

(4) Initiation of the image classification into eight classes of zones in H - & plane.

(5) For each class, compute the initial V;},fn) for pixels located in each class with k denoting the

iteration number.

(6) Compute the distance measure d,, for each pixel, and assign the pixel to the class with the
minimum distance measure.
(7) Check if the termination criterion is met. If not, set £ =k +1 and return to step (5).
The termination criteria can be a combination of
(1) the number of pixel switching classes ;
(i1) the sum within class distances (discussed in [44]) reached a minimum ;

(iii) a pre specified number of iterations.

It should be noted that the number of classes of the Clouse-Pottier & -H unsupervised
classification scheme is not necessarily to be limited to eight zones, and the migration of scattering
clusters from one zone to the other due to improvements via application of above classifications
procedure is explained in detail in Lee et al. [44] as provided in [41].

7.4 INTERPRETATION OF POL-SAR IMAGE DATA TAKES

Interpretation of the Combined Classification Scheme using NASA-JPL AIRSAR L-Band image
data takes over the ‘Golden Gate Bridge - San Francisco City: GGB - SFC’ test-site is presented in
Figs. 7.1 and 7.2. In Fig. 7.1a the entropy H and the mean « (Fig. 7.1b) are shown for the ‘Lee
Polarimetric Speckle Filter’ cleaned images of the original 4-look (MLC) image data takes before
the complex polarimetric Wishart filter is applied, clearly demonstrating the randomness (higher
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H') of multiple scattering mechanisms in forested regions and low entropy (H J 0) for isotropic
scattering in ocean areas. The & - image depicts the scattering mechanisms with ocean below 35,

wooded areas at about 45°, and city high density high-rise regions at about 65° or slightly above ,
with the correspondinga - H plot given in Figs. 7.1c and 7.1d. In Fig. 7.2, the successive
improvement of image quality and resolution is displayed first for the original speckle-filtered
a - H and zero iteration in Fig. 7.2a, 7.2b with the classification map provided in Fig. 7.2a and the
corresponding color code for thear - H zonal regions in Fig. 7.2b. Fig. 7.2c and 10d display
classification after two and after four iterations respectively, clearly demonstrating  the impressive
classification improvement achieved, with the movement of cluster centers identified in Fig.7.2.

; e e T
(a) Entropy (b) Alpha

=

(c) Hue-Saturation-Intensity  (d) Freeman decomposition

Fig. 7.1 Polarimetric Decompositions. (a) The entropy of Cloude decomposition. (b) The alpha angle
of Cloude decomposition. (c) An alternative display of Cloude decomposition using Hue-
Saturation-Intensity. (d) The result of Freeman and Durden decomposition
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;.

(a) lpha + Etropy Classiﬁation

(c) Alpha+Entropy +Anisotropy +Wishart (d) Scattering preseng Classification into 15 classes
Fig. 7.2 Complex Polarimetric Wishart Filter

This completes this chapter clearly demonstrating the impressive image classification capabilities
inherent in fully polarimetric POL-SAR data takes.

8 CONCLUSIONS

In this lecture course, an attempt was made to develop a cohesive presentation on the fundamentals
of radar polarimetry using exclusively the standard vector formulation developed by Sinclair [2, 3],
Kennaugh [4, 5], Boerner [13, 14, 15], and Mott [76]. The selected material includes basic
formulations of the polarization vector, and placing major emphasis on the complex polarization
ratio formulations first explored by Boerner et al. as summarized in [14, 15] and its relation to the
Poincaré polarization sphere mapping [77, 78]. The complete set of the basic polarimetric
scattering matrices for the optical FSA (Forward Scattering Alignment), the bistatic radar BSA
(Backscattering Alignment), and the monostatic MSA (Monostatic Scattering Alignment)
scattering scenarios were introduced together with the pertinent polarization vector and matrix
transformations, separately for optical versus radar polarimetry.
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Thereupon, the polarimetric radar optimization approach of Kennaugh is introduced together with
the three-stage procedure [4, 14] for identifying the three pairs of bi-orthogonal canonical optimal
polarization states which define the spinorial polarization fork together with its polarimetric power
density and polarimetric phase correlation plots using the resulting Huynen polarization fork
together with the van Zyl polarimetric power density and Agrawal polarimetric phase correlation
signatures, respectively. The polarimetric properties of isolated point scatterers are presented and
reviewed.

In a next step, the properties of slightly incoherent scatterers of polarization factor p>0.7 are first

presented by extending the “coherent polarimetric approach of Kennaugh et al.” proving its
invalidity for the general partially coherent case. This then leads to the introduction of the
lexicographic and Pauli-based covariance matrices for dealing with the general partially polarized
distributed scatterer case. For this purpose, the Cloude-Pottier polarimetric entropy H , angle o ,
and anisotropy A descriptors are introduced and interpreted for some specific canonical examples.
Finally the polarimetric speckle reduction filter of Lee with implementation of the Wishart
distribution functions is briefly summarized, which completes the first attempt of developing a
cohesive presentation of the fundamental polarimetric radar theory.

Several most useful alternative approaches implementing the directive polarization vector approach
of Graves and Liineburg, which accounts properly for the intrinsic time-reversal aspects for
polarimetric backscattering arrangements, is not considered but will be in the forthcoming
dissertation. Also, the spinorial and/or the quaternion formulations of monostatic radar polarimetry
are not presented because there still are several hitherto unresolved basic formulations as regards
the backscattering scenario, which need first to be resolved.

The more advanced topics of SAR Interferometry, Tomography and Holography as well as
Differential Polarimetric Repeat-Pass SAR Interferometry have not been presented as those most
promising 3D-SAR scene change imaging techniques still require very considerable fundamental
analyses before a cohesive fundamental theory on multi-modal POLinSAR as well as DIFF-
POLiInSAR may be established for the general multi-band cases.
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10 APPENDICES

10.1 THE STANDARD KRONECKER TENSORIAL MATRIX PRODUCT

Consider a matrix [A4] = [al.j] of order (mxn) and a matrix [B]= |:b[j:| of order (rxs). The Kronecker product

of the two matrices, denoted [ 4] ® [B] is defined as the partitioned matrix

a,[B] a,[B] ... a,l[B]
[A] ®[B] _ GZIZ[B] azz.[B] aZWZ[B] Al
a,[B] a,[B]l - a,lB]

[4]® [B ] is of order (mrxns). It has mn blocks; the (i, j)th block is the matrix a,[B]of order

(rxs).
10.2 THE MUELLER MATRIX AND THE KENNAUGH MATRIX

10.2.1 THE MUELLER MATRIX
For the purely coherent case, the Mueller matrix[M ]| can formally be related to the coherent Jones scattering

matrix [T'] as

(M1=[1 1 1 1 (TI®IT])[A]" = [AN(TI®[T])[A]" (B.1)

with the 4x4 expansion matrix [ 4] given by:

(=]
—_

O O =
[—

[4]
J o=

so that the elements M ; of [M ] are:
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2 2 2
M“:%( Txx + +|T}’X +|TYY|)
2 2 2 2
Mo = (|7l -7l + |7 -|TW|)
M13—RG(T T* +TyxT;y)
M = Im (TxxTxy + Tyl )
M21=3( vl + 1o -7l - |70 )
M22=%(|Txx|2—|Txy|2—ITyx2+|Tyy|2)

M23:Re(TxxTiy'TyxT:y)
M24:Im(TxxTiy_Tyij/y)

If [T] is normal, i.e. [T][T]T*

10.2.2 THE KENNAUGH MATRIX
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My =Re(TuTh + ToTy )
M = Re TxxTyx T. Tyy)

(
(
My =Re(ToT) + TyTh)
My =1m(T.T, - T,T)) ©2)
My =Im(T. 7T, + TWTW)
M = Tm( T} T )
My =Im(T.T, + T Tyx)
Mau =Re(TuTy - ToTh)

=[T1"[T] , then [M] is also normal, i.e. [M][M]" =[M] [M]

Similarly, for the purely coherent case, [ K] can formally be related to the coherent Sinclair matrix [S] with

[A]Tf1 = %[A]* as

[K]1=2[4]""([SI®[ST)H[A]"

2 2 2
KIIZ%( S +‘SX}" +‘Syx‘ +‘SW‘)

2 2 2
KIZ_%(|S” _‘Sx‘ +‘SW“ _‘SW‘)
Ki; = Re (SxxSX} + Snyyy)

(SuSy + 5uSy)

2 2
B ‘SW‘ )
2 2 2
Sol <[ 8wl +]8u])
(Sxijfy - Sny;J’)
Ko = Im (Smecy - Sny;J’)

K21:5(|SH| +‘Sxy‘ _‘S«V"
KZZZ%(|SXX|2_‘

K» = Re

If [S] is symmetric, S, =S, ,

then [K] is symmetric, K; =K ;

(B.3)
K3 = Re( 8.8y + 8,85 )
K32 - e( Sxij/x - SXyS;}’)
K3 = Re( SmS;y + SinW)
K = Im( SxXS;y + Sinyx) (B.4)
Ky = Im(SxS:x + Sxijy)
Ko = (Sxij/x - SxijW)

Ky = Im( S)ﬁij}y - Snyjry )
K = _Re( S)orSj}y - SxyS;x)

, so that for the symmetric case
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Kn:%(|Sxx P+ 2 s, [+ s, )=%Span[S]

Ki»=0
Ki;=0
Ki4=0
K»n=0
KZZZ%(|Sxx

|2

-2

) 2
+|sul)
K»=Re (S,mSiy - S S;y)
K2=0
K, =0
K»=0
K= |Sy
K3=0
Kau=0
K#=0
Ks=0 "

Sxy

“+Re( 5. S )

"Re(SuS)

K44: Sxy

with

4

K, = ZZK = %ZK”. = %Z/L.([S]*[S]) = Span|S]

i=1 i=1



