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■ 전송선의 용도 

- 장비/모듈/부품의 연결 

- 에너지 전송 

- 등가회로 모델링 
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1-1. Introduction

At RF and microwave frequencies
Physical size of circuit approaches to the wave-
length - the phase of ac signal must be considered

At higher frequency range
For larger size of the circuits

Voltage and Current must be treated as waves
Phasor notation is very convenient
On the circuit board one dimensional analysis is possible

Distributed circuit approach must be used
Lumped element equivalent circuit approach enable us to 
use Basic Circuit Theory 
Impedance is very important as in the Circuit Theory
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1-2. Transmission Lines

Two wire lines

Coaxial line
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Transmission lines(2)

Microstrip lines and Striplines

Parallel-plate transmission line
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1-3. Equivalent Circuit(1)
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Equivalent circuit (2)
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1-4. General Transmission Line Equation

For a small segment of a transmission line
Lumped element equivalent circuit

Apply KVL and KCL 
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General Transmission Line Equation (2)

leads to the differential form as

or
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General Transmission Line Equation (3)

Voltage and current waves
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1-5. Lossless transmission line 

C
L

Y
ZZ ==0

βω jLCjZYk ===

0=R and 0=G

Propagation constant becomes

Characteristic impedance becomes

Voltage and current waves become

,)( zjzj eVeVzV ββ −−+ += zjzj eIeIzI ββ −−+ +=)(
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Low loss transmission line (2)
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lossless transmission line.
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Low loss transmission line (3)
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1-6. Microstrip Transmission Lines

Microstrip Line geometry

Assume that 
‘t’ is negligible compared to ‘h’ ; t/h < 0.005
→ depend only on ‘w’, ‘h’ and εr.
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Microstrip Transmission Lines (2)

For a narrow lines ; w/h < 1
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Microstrip Transmission Lines (3)

For a wide lines ; w/h > 1
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Microstrip Transmission Lines (4)

Z0 and εeff are plotted as w/h and εr
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Microstrip Transmission Lines (5)

Assuming an infinitely thin line conductor,
w/h ≤ 2 ;

w/h ≥ 2 ;
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Microstrip Transmission Lines (6)

Corrections for nonzero strip thickness t ;
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1-7. Terminated Lossless line

Voltage Reflection Coefficient     ;
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Terminated Transmission line (2)
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Terminated Transmission line (3)

Reflection coeff. for various terminations ;
Open line             : 
Short circuit            :
Impedance matched             :  

For a infinite transmission line ;
Phase constant :

Dispersion-free transmission line
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1-8. Standing Waves

z=-d z=0
z
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Shorted transmission line ;
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Standing Waves(2)
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Standing Waves(3)
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Standing Waves(4)
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Standing Waves(5)

Graphical interpretation

Voltage standing wave ratio(VSWR)
or return loss used: 0log20)(log20RL Γ−=Γ−= d
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resulting standing wave
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|   |
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1-9. Special Termination Conditions

Input impedance of terminated line ;
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Special Termination Conditions(2)

Short Circuit Transmission Line
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Special Termination Conditions(3)
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Special Termination Conditions(4)

Open-circuit transmission line
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Special Termination Conditions(5)
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Special Termination Conditions(6)

Quarter-wave transmission line
in case 

In case 
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Special Termination Conditions(7)

Quarter-wave transformer

impedance matching condition ;

d

Zin  ; desired ZL  ; given

ZL
Z0 =   ZL Zin

L
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ZdZ
2
0 )4/( =λ=
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1-10. Sourced and loaded line

Phasor representation of source

Input voltage at plane AA’ ;
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Sourced and loaded line(2)

The input reflection coeff. at plane AA’ ;

The source reflection coeff. at plane AA’ ;

The source reflection coeff. at plane BB’ ;
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Sourced and loaded line(3)

Transmission coefficient at plane AA’ ;

At the load end (at plane BB’) ;
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1-11. Power considerations for a line

Time averaged power

The total power at plane AA’ ;
the complex input voltage :
input current : 
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Power considerations for a line(2)

In terms of generator voltage ;

The input and the generator impedances ;

The generator voltage in terms of 
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Power considerations for a line(3)

or

When the impedances are matched ;

: available power

When the source is not matched ;
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RF Spectrum

Advanced Light Source
Berkeley Lab
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RF / Microwave Circuit

1 – port

network
2 wires

GND

2 – port

network
input

source

output
load
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Series connection

A B

A B

RF

low f
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Parallel connection

A
low f

B

RF

A

B
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Common transmission lines
most correct schematic

twisted pair
VLF
lossy & noisy

paralllel wire
LF - HF
noisy & lossy

coaxial cable
no distortion
wide freq range

microstrip (line)
no distortion
wide freq range
lowest cost

co-planar waveguide
low cost
flip chip access
complex design

waveguide

lowest loss
freq bands

lZo
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Equivalent circuit
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Coupled equations (V – i)

z

)t,z(V

t

)t,z(i
L

∂

∂
=

∂

∂
−

z

)t,z(i

t

)t,z(V
C

∂

∂
=

∂

∂
−

2

2

2

2

2

22

2

2

t

i
LC

z

i

z

i

C

1

z

i

C

1

zzt

V

t

i
L

∂

∂
=

∂

∂

∂

∂
−=









∂

∂
−

∂

∂
=

∂∂

∂
=

∂

∂
−

current wave

2

2

2

2

2

22

2

2

t

V
LC

z

V

z

V

L

1

z

V

L

1

zzt

i

t

V
C

∂

∂
=

∂

∂

∂

∂
−=









∂

∂
−

∂

∂
=

∂∂

∂
=

∂

∂
−similarly

voltage wave



Transmission Line - Dr. Ray Kwok

Wave equation
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Voltage & Current Waves
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Fields and circuits
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What is Zo?

• Characteristic Impedance.
• 50 ohms for most communications system,
• 75 ohms for TV cable.
• Measure 75 ohms with a ohmmeter?
• Two 75Ω cables together (in series) makes a 150Ω cable?
• 75 + 75 = 75 !!!!
• What does Zo represent?
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Reflection at Load
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reflection
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Example

75Ω

75Ω

50Ω

does it work?
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Impedance at Input
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Exercise

lZo

l−

ZL

x = 0x =

Zin

Zo = 50 Ω
ZL = 100Ω
Zin = ?

For length = λ/8?  λ/4?  λ/2?

What if Zo = ZL = 50Ω?  
Would the length make any difference?









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β+
=

β+

β+
=

l

l

l

l

tanjZZ
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ZZ
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Z

Lo
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oin

L

L
in

50Ω (-37o)

25Ω

100Ω

Zin=Zo=ZL
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Transmission Line Impedance
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case 1:   β = 0,  or     = 0
tan β = 0
Zin = ZL

case 2:  β = π,  or      = λ/2
tan β = 0  
Zin = ZL

case 3:  β = π/2,  or      = λ/4
tan β   → ∞

Zin = Zo
2/ ZL

Quarter-wave transformer (impedance),
real-to-real, complex-to-complex.

l l

l l

l

l l

l

lZo

l−

ZL

x = 0x =

Zin

note:  at low freq, β → 0, Zin = ZL regardless of line length or line impedance.
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Reflection at Input
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In general

just have to know what Z to use
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Exercise
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x = 0x =

Zin

Γin

Z’o Zo = 50 Ω
Z’o = 50 Ω
ZL = 100Ω
Length = λ/8
ΓL = ? Γin = ?
What if Z’o is 75 Ω?

1/3

1/3 (-90o)   only change phase !?!

0.388 (235o)
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Voltage wave in transmission line
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Voltage Standing Wave
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perfect standing wave with nodes

1L ±=ρ≡Γ
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VSWR (Voltage Standing Wave Ratio)

l−

ZL

x = 0x =

( ) ( )ρ−=ρ−ρ+= ++ 1V41VV o

2

omin

( ) 



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
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ρ−ρ+= +
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x2
sin41VV 22
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omax

Vmin Vmax

Γ−

Γ+
=

ρ−

ρ+
=≡

1

1

1

1

V

V
VSWR

min

max

perfect match: ρ = 0, VSWR = 1.0

open / short: ρ = 1, VSWR →∞

It is an indicator on how well the load matches the line.

VSWR is the standing wave pattern INSIDE the line.
Only Γ at the reflected junction that counts
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Exercise

lZo

l−

ZL

x = 0x =

Zin

Γin

Z’o

Zo = 50 Ω
Z’o = 75 Ω
ZL = 100Ω
Length = λ/8
VSWR = ?

ΓL = 1/3
VSWR = 2
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Return Loss

Γ−

Γ+
=

ρ−

ρ+
≡

1

1

1

1
VSWR

perfect match: ρ → 0, VSWR → 1.0,   RL → −∞

open / short: ρ = 1, VSWR →∞,   RL → 0 dB

RL ≡ − 20 log ρ (dB)

Typical VSWR = 1.1 to 2
ρ = 0.048 to 0.33
RL = −26 dB  to −9.5 dB

1VSWR

1VSWR

+

−
=Γ=ρ



Transmission Line - Dr. Ray Kwok

dB scale

power intensity ratio in log scale, not a unit !!









=








=








=

ooo V

V
log20

P

P
log10

I

I
log10)dB(

sound intensity power voltage

10 log(2) ≈ 3,          3 dB = double
10 log(1/2)≈ -3,      -3 dB = half
10 log(10) = 10,      10 dB = 10x
10 log(100) = 20,    20 dB = 100x
10 log(0.1) = -10,   -10 dB = 1/10

What is 6 dB?   −9 dB?   7 dB?  −44 dB?

4x 1/8 5x 4 x 10-5

> 0  gain
< 0  loss
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dBm & dBW









≡









≡

mW1

P
log10dBm

W1

P
log10dBW

0 dBm = 1 mW
30 dBW = 1 kW
-30 dBm = 1 µW

What is   40 dBW?   -7 dBm?   -26 dBm?  21 dBm?

10 kW 0.2 mW 4 µW 1/8 W

become real units
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Example
Isotropic
100 W

1 m

solar cell
10 x 10 cm2

40% efficiency

How much electricity generated by the solar cell?
What if a 40 W bulb is used?  200 W bulb?

Intensity = power/area
( ) 222 m

W
96.7

14

100

R4

100
=

π
=

π
=

Power generated in solar cell

( )( ) mW8.31%40cm100
m

W
96.7 2

2
=








=

In terms of dB dB35
W100

W0318.0
log10 −=








=

200 W bulb?

Power of electricity generated = 63.2 mW









=−

200

P
log1035

40 W bulb?

Power of electricity generated = 12.6 mW









=−

40

P
log1035

system gain



Transmission Line - Dr. Ray Kwok

Transmission line connecting nowhere(?)

� Open stub

� Short stub

� Series stub

� Shunt stub

Stub

(short)

(short)
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Open Shunt Stub

L-Band
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Short Shunt Stub

20 GHz
Interdigital
Filter
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Radial
Stub

18 GHz
Rat Race



■ 180° 하이브리드 커플러 

- 평면회로: Rat-race coupler 

 

] 

 

 

 

- 사각 도파관: Ring Hybrid Coupler,  
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Tuning stub (open)
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Short Stub
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Open Stub
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Exercise

L

L

L
in Z

tanZj1

tanjZ
Z =

β+

β+
=

l

l

50 Ω
λ/2

75 Ω,  λ/8

100 Ω
0.1λ

Zin

50 Ω
λ/2

Zin

Zsh = j Zotan(βl)
= j 75 tan(45o) = j 75 Ω

Zop = -j Zocot(βl)
= -j 100 cot(36o) = -j 138 Ω

Y =1/j75 = -j 0.0133

Y = j/138 = j0.0073

50 Ω
λ/2

Zin Z = 1/Y = 1/(-j0.006) = j166 Ω

Zin = j 166 Ω

Find Zin & Γin.
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Transmission line with loss
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Propagation Constants
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Lossless limit
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R → 0,   G → 0
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Transmission Line Equation
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Zin

which reduce to ideal transmission line equation when γ = jβ.

tanh(jx) = j tan(x)
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Low Loss Line

LCj
C

L
G

L

C
R

2

1

Cj

G

Lj

R

2

1
1LCj

Cj

G

Lj

R
1LC)j(

Cj

G
1

Lj

R
1LC)j(

)CjG)(LjR(

22

22

2

ω+









+≈γ




















ω
+

ω
+ω≈γ










ω
+

ω
+ω≈γ










ω
+









ω
+ω=γ

ω+ω+=γ

LC

1
vLC

GZ
Z

R

2

1

C

L
G

L

C
R

2

1

C

L

)CjG(

)LjR(
Z

o

o

o

≈→ω≈β









+=










+≈α

≈
ω+

ω+
=

γ = α + jβ
phase constant

attenuation constant

propagation constant

distortionless
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Distortionless Line

LC

1
vLC

C

L
R

≈→ω=β

=α

LCj
L

C
R

Lj

R
1LCj

Lj

R
1LC)j(

Cj

G
1

Lj

R
1LC)j(

)CjG)(LjR(

C

G

L

R

2

22

22

2

ω+=γ










ω
+ω=γ










ω
+ω=γ










ω
+









ω
+ω=γ

ω+ω+=γ

=

frequency independence
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Attenuation

forward voltage wave

attenuation & propagation

A = attenuation in dB
αdB = atten.  dB/m
α in 1/m or nepers/m

( )

20/

z)20/(z

dB

z

z

zjz

o

z

o

dB

dB

10e

10e

z)z(Aelog20
)0(V

)z(V
log20

e
)0(V

)z(V

eeV)z(V

eV)z(V

α−α−

α−α−

α−

α−

β−α−+

γ−+

=

=

α−≡−≡=

=

=

=
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Example

( )20/04.0

20/

10ln

10e dB

−

α−α−

=α

=

( )
π=

⋅

⋅π
=

ω
=β 20

103

1032

v 8

9










βα+

β+α
=

β+α=γ=










γ+

γ+
=

)tan()tanh(j1

)tan(j)tanh(
ZZ

)jtanh(ZtanhZZ

tanhZZ

tanhZZ
ZZ

osh

oosh

Lo

oL
oin

ll

ll

lll

l

l

Zin 50 Ω

15 cm

α =  0.04 dB/m
Zin = ? at 3 GHz

A = (0.04 dB/m)(0.15m)=0.006 dB   (very low loss)

α = 0.0046 /m  (or Np / m)

β = 62.8 /m  (or rad / m),    15 cm  = 3λ/2 !!

0345.0

01

000069.0
50

)3tan()00069.0tanh(1

)3tan()00069.0tanh(
50

=










+

+
=










+

+
=

sh

sh

sh

Z

Z

j

j
Z

π

π

tanh(x) ≈ x     for small x

0.04 dB = 8.868 α

ohms
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Example

688.0j983.0
tantanhj1

tanjtanh
)jtanh(tanh

688.0j983.0352.170
250

360

Z

Z
tanh

)78j290(1530030360250ZZZ

tanh

Z
Z

tanhZZ

oo

op

sh

oo

shopo

o
op

osh

+=
βα+

β+α
=β+α=γ

+=∠=∠==γ

Ω−=−∠=−∠⋅==

γ
=

γ=

ll

ll
lll

l

l

l

Zin

4 m

Zopen = 250 (-50o)  Ω
Zshort = 360 (20o)  Ω
What is Zo, α, β?  Also  R, L, G, C =?

= 4m,    α = 0.139  Np/m,   β = 0.235 rad/m

Zo

complex  Z short / open → lossy !!

l
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Example - continue

( )( )

CjG
Z

LjRZ

CjGLjR

CjG

LjR
Z

o

o

o

ω+=
γ

ω+=γ

ω+ω+=γ

ω+

ω+
=

Zin

4 m

What is Zo, α, β?  Also  R, L, G, C =?

4 equations, 4 unknowns
R = 58.6 Ω/m,          L = 0.812  µH/m
G = 0.246  1/Ωm,     C = 12.4  pF/m

Zo

88

o

10705.0)103)(235.0(v

235.0j139.0j

78j290Z

⋅=⋅=β=ω

+=β+α=γ

−=
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Field Equivalence

e.g.  TEM - coaxial

dsE
V

"
G

dH
I

R
R

dsE
V

C

dsH
I

L

S

2

2

o

CC

2

2

o

s

S

2

2

o

S

2

2

o

21

∫

∫

∫

∫

ωε
=

=

ε
=

µ
=

+

r

l
r

r

r

2

od

2

oc

2

oe

2

om

VG
2

1
P

IR
2

1
P

VC
4

1
W

IL
4

1
W

=

=

=

=

time average

Rs = 1/σδs

ε = ε’ – ε”
= ε’(1 − j tanδ)
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Coaxial Cable - L










π
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








π

µ
=

Φ
=



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∫∫
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Coaxial Cable - C

( )

)a/bln(
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∫

∫
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b
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Coaxial Cable – R & G





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
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Summary - Coaxial Cable
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b
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Low loss coaxial

(ηo =  377 Ω)

EM wave in media



Transmission Line - Dr. Ray Kwok





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=
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=
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Yin

useful for shunt circuits

Admittance  (Y = 1/Z)
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Earlier exercise

L

L

L
in Y

tanYj1

tanjY
Y =

β+

β+
=

l

l

50 Ω
λ/2

75 Ω,  λ/8

100 Ω
0.1λ

Zin

50 Ω
λ/2

Zin

Ysh = - j Yocot(βl)
= - j (1/75) cot(45o) = - j 0.0133

Yop = j Yotan(βl)
= j 0.01 tan(36o) = j 0.0073 Ω

Y = -j 0.0133

Y = j0.0073

50 Ω
λ/2

Zin Y = - j 0.006

YL = - j 0.006
Zin = j 166 Ω

Find Zin & Γin.

ooo

ino

ino
in 341)1717(1

006.0j50/1

006.0j50/1

YY

YY
∠=+∠=

−

+
=

+

−
=Γ
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Earlier Exercise – power consideration

1Z

1Z

ZZ
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tanjZ
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








β+

β+
=

β+

β+
=

l

l

l

l

Zo = 50 Ω
Z’o = 50 Ω
ZL = 100Ω
Length = λ/8
ΓL = ? Γin = ? 1/3 1/3 (-90o)

only change phase

Power reflected = ?

%891

%11
3

1

V

V

2

2
2

2

=Γ−

==Γ=
+

−

Power delivered = ?

Don’t double count reflection…. ΓL & Γin

Return Loss (RL) = - 20 log|ρ| = + 9.5 dB

lZo

l−

ZL

x = 0x =

Zin

Γin

Z’o
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Problem 2.26 (input voltage)

ll

ll

llll
l

β−β

+−

β−β

+

β−β+β−−β+

β−β−+

Γ+

Γ
=Γ=

Γ+
=

Γ+=+=≡−

+

−
=

+

−
=Γ

+=

=

j

L

j

i

L
L

j

L

j

i

j

L

jjji

LoL

LoL

oL

oL
L

zjzj

Lo1

ee

V
VV

ee

V
V

)ee(VeVeVV)(V

RZZ

RZZ

ZZ

ZZ

eVeV)z(V

RZZ

Z1 RLZo
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Write V+ & V- in terms of Vi
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Max Power Delivery (related to problem 2.12)
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Max power deliver when Zin = Zg (assuming real)
& =  ½  source power.

Why ??

Vg

assume Z’s & V’s are all real for simplicity
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High f circuit elements

1 GHz lumped element
Band pass filter

CAP

C=
ID=

1 pF
C1 

CAP

C=
ID=

1 pF
C3 IND

L=
ID=

1 nH
L3 IND

L=
ID=

1 nH
L4 

CAP

C=
ID=

1 pF
C4 

CAP

C=
ID=

1 pF
C5 

CAP

C=
ID=

1 pF
C6 IND

L=
ID=

1 nH
L7 

CAP

C=
ID=

1 pF
C2 

….. …..

CAP

C=
ID=

1 pF
C1 

IND

L=
ID=

1 nH
L3 

IND

L=
ID=

1 nH
L4 

CAP

C=
ID=

1 pF
C6 

IND

L=
ID=

1 nH
L7 

CAP

C=
ID=

1 pF
C4 

IND

L=
ID=

1 nH
L1 ….. …..

12 GHz lumped element
Low pass filter
much smaller

A small loop of thin wire is an inductor !!
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High-Z Line as inductor










β+

β+
=

l

l

tanjZZ

tanjZZ
ZZ

L1

1L
1in

l ZLZo Z1

Γin

Zin

Z1 >> ZL
line length << λ/4  (π/2)
ZL ~ Zo

θ+∠=








ϕ+∠

Ψ+∠
= in1in Z

b

a
ZZ

Zin has a positive phase 
→ inductor-like !!!
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Low-Z Line as capacitor










β+

β+
=

l

l

tanjZZ

tanjZZ
ZZ

L1

1L
1in

l ZLZo Z1

Γin

Zin

Z1 << ZL
line length << λ/4  (π/2)
ZL ~ Zo

θ−∠=








Ψ+∠

ϕ+∠
= in1in Z

b

a
ZZ

Zin has a negative phase 
→ capacitor-like !!!
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Low pass filter

5 GHz low pass filter

CAP

C=
ID=

1 pF
C1 

IND

L=
ID=

1 nH
L3 

IND

L=
ID=

1 nH
L4 

CAP

C=
ID=

1 pF
C6 

IND

L=
ID=

1 nH
L7 

CAP

C=
ID=

1 pF
C4 

IND

L=
ID=

1 nH
L1 ….. …..

14 GHz low pass filter
high-low impedance lines
waveguide
high power
low loss
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High-Low-Z lines

CAP

C=
ID=

1 pF
C1 

IND

L=
ID=

1 nH
L3 

IND

L=
ID=

1 nH
L4 

CAP

C=
ID=

1 pF
C6 IND

L=
ID=

1 nH
L7 

CAP

C=
ID=

1 pF
C4 IND

L=
ID=

1 nH
L1 

IND

L=
ID=

1 nH
L2 IND

L=
ID=

1 nH
L5 

IND

L=
ID=

1 nH
L6 

20 GHz band pass filter
high Z lines → inductors
Short shunt stubs λ/4 resonators

….. …..

13 GHz coupler
Tuning with stubs (shunt open)
Think of them as shunt capacitors
→ low Z lines
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Homework

� Ch. 2 # 1, 3, 6, 8, 9, 10

� Ch. 2 # 11-14, 17, 18



Common 
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Lines Radio 



Coaxial Cable 



Coaxial Cable 
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Transmission Line Basics 

Prof. Tzong-Lin Wu 

 

NTUEE 
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Outlines 

Transmission Lines in Planar structure. 

Key Parameters for Transmission Lines. 

Transmission Line Equations. 

Analysis Approach for Z
0
 and T

d 

Intuitive concept to determine Z
0
 and T

d 

Loss of Transmission Lines 

Example: Rambus and RIMM Module design 

 



3 

Transmission Lines in Planar structure 

Homogeneous Inhomogeneous 

Coaxial Cable 

Stripline 



Microstrip line 



Embedded Microstrip line 
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Key Parameters for Transmission Lines 

1. Relation of V / I :    Characteristic Impedance    Z0 

2. Velocity of Signal:  Effective dielectric constant  e 

3. Attenuation:            Conductor loss        ac  

        Dielectric  loss        ad 

 

 

 

Z0 

L

C

1

LC

c

e

0


Vp

1

Td

1

V Cp

T

C

d

Lossless case 
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Transmission Line Equations 

Quasi-TEM assumption 
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Transmission Line Equations 

R

G

L

C

0

0

0

0









resistance per unit length(Ohm / cm)

conductance per unit length (mOhm / cm)

inductance per unit length (H / cm)

capacitance per unit length (F / cm)

dV

dz
R jwL I

dI

dz
G jwC V

  

  

( )

( )

0 0

0 0

KVL : 

 

KCL : 

Solve 2nd order D.E. for 

 V and I 
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Transmission Line Equations 

V V e V e

I
Z

V e V e I I

rz rz

rz rz

 

   

















 

1

0

( )

Two wave components with amplitudes  

V+ and V- traveling in the direction of +z and -z 

Where propagation constant and characteristic impedance are 

r R jwL G jwC j    ( )( )0 0 0 0 a 

Z
V

I

V

I

R jwL

G jwC
0

0 0

0 0

  











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Transmission Line Equations 

a  

a 

2 2

0 0

2

0 0

0 0 0 02

  

 

R G L C

R C G L( )

a  and  can be expressed in terms of (R L G C0 0 0 0, , , )

The actual voltage and current on transmission line: 

V z t V e e V e e e

I z t
Z

V e e V e e e

z j z z j z jwt

z j z z j z jwt

( , ) Re[( ) ]

( , ) Re[ ( ) ]

 

 



 







 





a  a 

a  a 1

0
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Analysis approach for Z0 and Td (Wires in air) 

C = ?  (by Q=C V) 
 
L = ?  (by Ψ=L I) 
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Analysis approach for Z0 and Td (Wires in air): 
Ampere’s Law for H field 

c

I I
H(r)=

2 rd 




2

1

0 0 1

2

I I R
 2)  ln( )    (in Wb)

2 r 2 R

R

e T
S r R

B ds dr
 


 

   
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Analysis approach for Z0 and Td (Wires in air): 
Ampere’s Law for H field 

0 2

1

ln( )
2

/

e

e

I R

R

L I











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The per-unit-length Parameters (E): 
Gauss’s Law 

1

2

0

0

T
C

0

2

0 1

   1) from gauss law

         

1m
         

                 
2

     2)  V= E
2

R
            ln

2 R

T total
S

T

S

R

r R

D E d s Q

q
E

ds

q

r

q
d dr

r

q

 











   


 



 







 



13 

The per-unit-length Parameters (E) 

2

0 1

ln( )
2

/

q R
V

R

C Q V





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(note：homogeneous medium) 

 Inductance： 

rw1 
rw2 

S 

I
I

e

0 0( , ) 

0 w2 0 w1

w1 w2

0 w2 w1

w1 w2

w1 w2

2

0

w1 w2

L=
I

where

I s-r I s-r
ln( )+ ln( )

2 r 2 r

I (s-r )(s-r )
     = ln( )

2 r r

assume  s r  , r

L= ln( )
2 r r

e
e

e

s



 


 















c. For example �Determine the L.C.G.R of the two-wire line.
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 Capacitance： 

0 0

0

2

w1 w2

w2 w1

0 w1 0 w2

w2 w1

0 w1 w2

2

w1 w2

0 w1 w2

0

2

w1 w2

1)   

2
     

ln ( )
r r

s-r s-rq q
2)   V= ln( )+ ln( )

2 r 2 r

(s-r )(s-r )q
         = ln( )

2 r r

q
        ln( )      if  s r  , r

2 r r

2q
      C=        

V
ln ( )

r r

e c

C
s

s

s

 



 









 



 the same with 1) approach

rw1 
rw2 

S 

+ + 

+ + 
+ 

- 

- 
- - 

- 

- 
V 

q  C/m -q  C/m 
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The per-unit-length Parameters  
Homogeneous structure 

TEM wave structure is like the DC (static) field structure 

LG

LC









So, if you can derive how to get the L, G and C can be 
obtained by the above two relations. 
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The per-unit-length Parameters (Above GND ) 

2C 
 
L/2 

Why?  
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d. How to determine L,C for microstrip-line. 0 0, 

1 1, 

0 0 0

1)  This is inhomogeneous medium.

2)  Nunerical method should be used to solve 

     the C of this structure, such as Finite element,

     Finite Difference...

3)  But  can be obtained by

      

e

eC   0 0

0

0 1

0

   

     where C  is the capacitance when  medium

     is replaced by  medium.

e
C

 





 
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Analysis approach for Z0 and Td (Strip line) 



Approximate electrostatic solution 

1. 

2. The fields in TEM mode must satisfy Laplace equation

 

where  is the electric potential

The boundary conditions are

  at 

  at  

 

  

 

t x y

x y x a

x y y b

2
0

0 2

0 0









( , )

( , ) /

( , ) ,

x

 b

y

a/2-a/2
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1

1

cos sinh                  for 0 / 2

( , )

cos sinh ( )        for / 2

n

n
odd

n

n
odd

n x n y
A y b

a a

x y
n x n

B b y b y b
a a

 

 










 


  

   







Analysis approach for Z0 and Td 

3. Since the center conductor will contain the surface charge, so 

4.  The unknowns An and Bn can be solved by two known conditions: 

The potential at  must continuous

The surface charge distribution for the strip: 
              for 

             for 

y b

x W

x W
s








RST

R
S|
T|

/

/

/

2

1 2

0 2


Why? 
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Analysis approach for Z0 and Td 

5. 
V E x y dy x y y x y dy

Q x dx W C m

y

b b

s

w

w

       

 

R
S
||

T
||

z z
z



( , ) ( , ) / ( , )

( ) ( / )

/ /

/

/

0 0
0

2

0

2

2

2



6. C
Q

V

W

a n W a n b a

n n b a

Z
v C cC

rn
odd

p

r

 

 






2 2 2

2

1

2

01

0

sin( / ) sinh( / )

( ) cosh( / )

 

   



7. 

Answers!! 

T cd r  /
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Analysis approach for Z0 and Td (Microstrip Line) 



1. 

The fields in Quasi - TEM mode must satisfy Laplace equation

 

where  is the electric potential

The boundary conditions are

  at 

  at  

 

  

  

t x y

x y x a

x y y

2
0

0 2

0 0









( , )

( , ) /

( , ) ,

2. 

x



PEC
PEC

a/2-a/2

y

Wd
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( , )

cos sinh

cos /

x y

A
n x

a

n y

a
y d

B
n x

a
e d y

n

n
odd

n

n y a

n
odd



 

  

R

S
||

T
||















 

 

                 for 

                     for 

0
1

1

3. Since the center conductor will contain the surface charge, so 

4.  The unknowns An and Bn can be solved by two known conditions and  

the orthogonality of cos function : 

The potential at  must continuous

The surface charge distribution for the strip: 
              for 

             for 

y d

x W

x W
s








RST

R
S|
T|


1 2

0 2

/

/

Analysis approach for Z0 and Td (Microstrip Line) 
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5. 
V E x y dy x y y x y dy A

n d

a

Q x dx W C m

y

b

n

n
odd

b

s

w

w

        

 

R

S
||

T
||

z z
z







( , ) ( , ) / ( , ) sinh

( ) ( / )

/ /

/

/

0 0
0

2

10

2

2

2





6. 

C
Q

V

W

a n W a n d a

n W n d a n d arn
odd

 






4 2 2

2

01

sin( / ) sinh( / )

( ) [sinh( / ) cosh( / )]

 

    

Analysis approach for Z0 and Td (Microstrip Line) 
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Analysis approach for Z0 and Td (Microstrip Line) 

To find the effective dielectric constant we consider two cases of capacitance

1. C = capacitance per unit length of the microstrip line with the dielectric substrate 

 C = capacitance per unit length of the microstrip line with the dielectric substrate 

e

r

0 r







,

.





1

2 1

7. 

  e

C

C0

8. 

Z
v C cCp

e

0

1
 



T cd e  /
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Tables for Z0 and Td (Microstrip Line) 

Z0 
20 28 40 50 75 90 100 

3.8 3.68 3.51 3.39 3.21 3.13 3.09 

0.119 0.183 0.246 0.320 0.468 0.538 0.591 

0.299 0.233 0.154 0.128 0.083 0.067 0.059 

6.54 6.41 6.25 6.17 5.99 5.92 5.88 

    C

pF / mm)

0

(

     L

nH / mm)

0

(

 eff

     T

ps / mm)

0

(

( )

Fr4 : dielectric constant = 4.5 
Frequency: 1GHz 
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Z0 
20 28 40 50 75 90 100 

4.5 4.5 4.5 4.5 4.5 4.5 4.5 

0.141 0.198 0.282 0.353 0.53 0.636 0.707 

0.354 0.252 0.171 0.141 0.094 0.078 0.071 

7.09 7.09 7.09 7.09 7.09 7.09 7.09 

    C

pF / mm)

0

(

     L

nH / mm)

0

(

 eff

     T

ps / mm)

0

(

( )

Tables for Z0 and Td (Strip Line) 

Fr4 : dielectric constant = 4.5 
Frequency: 1GHz 



28 

Analysis approach for Z0 and Td (EDA/Simulation Tool) 

1. HP Touch Stone (HP ADS) 

 

2. Microwave Office 

 

3. Software shop on Web: 

 

4. APPCAD 

 
(http://softwareshop.edtn.com/netsim/si/termination/term_article.html) 

 

(http://www.agilent.com/view/rf  or  http://www.hp.woodshot.com ) 

http://softwareshop.edtn.com/netsim/si/termination/term_article.html
http://softwareshop.edtn.com/netsim/si/termination/term_article.html
http://softwareshop.edtn.com/netsim/si/termination/term_article.html
http://www.agilent.com/view/rf
http://www.hp.woodshot.com/
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 






Concept Test for Planar Transmission Lines 

• Please compare their Z0 and Vp 

(a) (b) 



30 

 




 

(a) (b) (c) 



31 

 



 



(a) (b) (c) 
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Z
R jwL

jwC

L

C
jx

r R jwL jwC j

0
0 0

0

0

0

1 2

0 0 0

1


 

   

( )

( )( )

/

a 

Typically, dielectric loss is quite small -> G0 = 0. Thus  

where  x
R

wL
 0

0

• Lossless case : x = 0 

• Near Lossless:  x << 1 

• Highly Lossy:    x >> 1 

Loss of Transmission Lines 

w
R

L
 0

0

Highly Lossy 

 w

Near Lossless 

w
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Loss of Transmission Lines 

a

 



 
L
NM
O
QP

 
F
HG

I
KJ   



R

L C

L C
x

Z
L

C
j

R

wL

L

C jwC
C T R

T L C

0

0 0

0 0

2

0

0

0

0

0

0

0

0 0

0 0 0

2

1
8

1
2

1
2

/

/ where 

Time delay 

• For Near Lossless case:  •For Lossless case:  

a

 









0

0 0

0
0

0

0 0 0

L C

Z
L

C

T L CTime delay 
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Loss of Transmission Lines 

• For highly loss case: (RC transmission line)  

a



 

 

 

wR C

x

wR C

x

Z
R

wC x

0 0

0 0

0

0

0

2
1

1

2

2
1

1

2

2
1

1

2

[ ]

[ ]

[ ]

Nonlinear phase relationship with f  
introduces signal distortion 

Example of RC transmission line: 
 AWG 24 telephone line in home 

Z w
R iwL

jwC
j

R in

L nH in

C pF in

w rad s Hz

0

1 2

648 1

0 0042

10

1

10 000 1600

( ) ( )

. /

/

/

, / ( )

/


F
HG

I
KJ  









where

 :  voice band



That’s why telephone company terminate  
the lines with 600 ohm 
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Loss of Transmission Lines ( Dielectric Loss) 

The loss of dielectric loss is described by the loss tangent

tan D

G

wC
 FR4 PCB tan . D  0035

   a   D D D

GZ
wC Z f LC0

0
2

2( tan ) / tan



37 

Loss of Transmission Lines (Skin Effect) 

• Skin Effect 

DC resistance AC resistance 
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Loss of Transmission Lines (Skin Effect) 


a 

s  
1 2

w

1 length
( )

area

w
R w

 

 
  

 

NOTE: In the near lossless region (  

the characteristic impedance Z  is not much 

affected by the skin effect

0

R wL/ ), 1

  R(w) w  

 



  R w wL w( ) / ( / )1 1
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Loss of Transmission Lines (Skin Effect) 

100 200 400 800 1200 1600 2000 

6.6um 4.7um 3.3um 2.4um 1.9um 1.7um 1.5um 

2.6m 

ohm 

3.7m 

ohm 

5.2m 

ohm 

7.4m 

ohm 

9.0m 

ohm 

10.8m 

ohm 

11.6m 

ohm 

Trace 
resistance 

1.56 

ohm 

2.22 

ohm 

3.12 

ohm 

4.44 

ohm 

5.4 

ohm 

6.48 

ohm 

7.0 

ohm 




s 
1

f

f (MHz)

 



= 4 10

Cu) = 5.8 10

Length of trace =  20cm

-7

7





H m

S m

/

( /

Skin depth resistance R  =  s





f
( )

R s ( )

Cu 17um 

6mil 
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Loss Example: Gigabit differential transmission lines 

For comparison: (Set Conditions) 
 
1. Differential impedance = 100 
2. Trace width fixed to 8mil 
3. Coupling coefficient = 5% 
4. Metal : 1 oz Copper 

Question:  
 
1. Which one has larger loss by skin effect? 
2. Which one has larger loss of dielectric? 
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Loss Example: Gigabit differential transmission lines 

Skin effect loss 
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Loss Example: Gigabit differential transmission lines 

Skin effect loss 

Why? 
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Loss Example: Gigabit differential transmission lines 

Look at the field distribution of the common-mode coupling 

Coplanar structure has more surface for current flowing 
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Loss Example: Gigabit differential transmission lines 

How about the dielectric loss ? Which one is larger? 
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Loss Example: Gigabit differential transmission lines 

The answer is dual stripline has larger loss. Why ? 

The field density in the dielectric between the trace and GND is  
higher for dual stripline. 
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Loss Example: Gigabit differential transmission lines 

Which one has higher ability of rejecting common-mode noise ? 
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Loss Example: Gigabit differential transmission lines 

The answer is coplanar stripline. Why ?  
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Intuitive concept to determine Z0 and Td 

•How physical dimensions affect impedance and delay 

Sensitivity is defined as percent change in impedance  
per percent change in line width, log-log plot shows sensitivity directly. 

Z0  is mostly influenced by w / h,

the sensitivity is about 100%.

It means 10% change in w / h will 

cause 10% change of Z0

The sensitivity of Z  to changes in  

is about 40%

0 r
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Intuitive concept to determine Z0 and Td 

•Striplines 
impedance 

Delay 
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Ground Perforation: BGA via and impedance 
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Ground Perforation: Cross-talk (near end) 
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Ground Perforation : Cross-talk (far end) 
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Example(II): Transmission line on non-ideal GND 

Reasons for splits or slits on GND planes 
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Example(II): Transmission line on non-ideal GND 
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Example(II): Transmission line on non-ideal GND 
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Example(II): Transmission line on non-ideal GND 
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Example(II): Transmission line on non-ideal GND 
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Example(II): Transmission line on non-ideal GND 
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Example(II): Transmission line on non-ideal GND 
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Input side 
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Output side 
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Example: Rambus RDRAM and RIMM Design 

RDRAM Signal Routing 
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Example: Rambus RDRAM and RIMM Design 

•Power: 
VDD = 2.5V, Vterm = 1.8V, Vref = 1.4V 
 

•Signal: 
0.8V Swing: Logic 0 -> 1.8V, Logic 1 -> 1.0V 

2x400MHz CLK: 1.25ns timing window, 200ps rise/fall time 

Timing Skew: only allow 150ps - 200ps 

 
•Rambus channel architecture:  

(30 controlled impedance and matched transmission lines) 
 
Two 9-bit data buses (DQA and DQB) 

A 3-bit ROW bus 

A 5-bit COL bus 

CTM and CFM differential clock buses 
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Example: Rambus RDRAM and RIMM Design 

RDRAM Channel is designed for 28 +/- 10% 

Impedance mismatch causes signal reflections 

Reflections reduce voltage and timing margins 

PCB process variation -> Z0 variation -> Channel error 
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Example: Rambus RDRAM and RIMM Design 

• Intel suggested coplanar structure 

• Intel suggested strip structure 

Ground flood & Stitch 

Ground flood & Stitch 
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Example: Rambus RDRAM and RIMM Design 

PCB Parameter sensitivity:  
• H tolerance is hardest to control 
• W & T have less impact on Z0 
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Example: Rambus RDRAM and RIMM Design 

• How to design Rambus channel in RIMM Module  
      with uniform Z0 = 28 ohm ?? 
• How to design Rambus channel in RIMM Module  
      with propagation delay variation in +/- 20ps ?? 
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Example: Rambus RDRAM and RIMM Design 

Unloaded trace 

Connector 

Loaded trace  

Impedance Control: (Why?) 
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Example: Rambus RDRAM and RIMM Design 

Multi-drop Buses 

Equivalent loaded ZL 
A Multidrop Bus

Stub 

Unloaded Z0 

Electric pitch L 

Device input  
Capacitance Cd 

Z
L

C

L

C

L

L

Z

L

T L

 



0 0

0

0

2

28 (for Rambus design)

where C  is the per - unit - length equivalent capacitance at length L,  

                 including the loading capacitance and the unloaded trace capacitance

           C  is the loading capacitance including the device input capacitance C

                    the stub trace capacitance,  and the via effect.

T

L d ,
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Example: Rambus RDRAM and RIMM Design 

In typical RIMM module design 

If C pF + 0.1pF + 2.2pF,  and

If you design unloaded trace Z

the electric pitch L =  7.06mm to reach loaded Z

L

0

L







0 2

56

28

.





stub via 
Device input capacitance 

 L Z

C
C

L

L

Z

pF

mm

Z
L

C

T
L

L

T

0 0

0

0

2 2

0

56 6 77

2 5

7 06

379

56
0 475

28 3

  

    

  

 





.

.

.
.

.

 psec / mm = 379 pH / mm =  9.5 pH / mil

   
 pH / mm

 pF / mm
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Example: Rambus RDRAM and RIMM Design 

Device pitch = Device height +  
            Device space 

L
C Z

Z
Z Z

L L

L





2

0

0

2 2
( )

Electrical pitch L is designed as 

• Modulation trace 

If device pitch > electric pitch, modulation  
trace of 28ohm should be used. 

Modulation trace length  
= Device pitch – Electric pitch 
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Example: Rambus RDRAM and RIMM Design 

• Effect of PCB parameter variations on three key module  
  electric characteristics 
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Example: Rambus RDRAM and RIMM Design 

• Controlling propagation delay: 
•Bend compensation 
•Via Compensation 
•Connector compensation 

Bend Compensation 

• Rule of thumb: 0.3ps faster delay of every bend 
• Solving strategies:  

1. Using same numbers of bends for those critical traces(difficult) 
2. Compensate each bend by a 0.3ps delay line. 

 



81 

Via Compensation (delay) 

Example: Rambus RDRAM and RIMM Design 

For a 8 layers PCB, a via with 50mil length can be modeled as  
(L, C) = (0.485nH, 0.385pF).  

  



Delay  psec

   Impedance =
1

LC
38   

T LC

Z

0

0

137.

 Inductive 

Rule of thumb: delay of a specific via depth can be calculated by scaling  
           the inductance value which is proportional to via length. 

   30mil via has delay 13.7
30mil

50mil
10 6. secp

This delay difference can be compensated by adding a 1.566mm to the 

unloaded trace (56 )
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Example: Rambus RDRAM and RIMM Design 

Via Compensation (impedance) 
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Example: Rambus RDRAM and RIMM Design 

Connector Compensation 
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Example: EMI resulting from a trace near a PCB edge 

Experiment setup and trace design 
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Example: EMI resulting from a trace near a PCB edge 

Measurement Setup  
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Example: EMI resulting from a trace near a PCB edge 

EMI caused by Common-mode current : magnetic coupling 
Measured by current probe  
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Example: EMI resulting from a trace near a PCB edge 

EMI measured by the monopole : E field 

Low effect at high frequency 
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Example: EMI resulting from a trace near a PCB edge 

Trace height effect on EMI 
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