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2.1. INTRODUCTION

2.1 Introduction

In this second chapter your knowledge of circuit theory is connected
into the study transmission lines having voltage and current along
the line in terms of 1D traveling waves. The transmission line is a
two-port circuit used to connect a generator or transmitter signal to a
receiving load over a distance. In simple terms power transfer takes
place.

A—3 :
4L o >
I7g Sending-end TR R Receiving-end 7
port port
A’ "B
Generator circuit Load circuit

Figure 2.1: Two-port model of a transmission line.

e In the beginning the transmission line 1s developed as a lumped
element circuit, but then a limit is taken to convert the circuit
model into a distributed element circuit

— Distributed element means that element values such as R,
L, and C become R, L, and C per unit length of the line,
e.g, 2/m, H/m, and F/m respectively

e In the lumped element model we have a pair of differential
equations to describe the voltage and current along the line

e Under the limiting argument which converts the circuit to dis-
tributed element form, we now have a pair of partial differen-
tial equations, which when solved yield a solution that is a 1D
traveling wave
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e Key concepts developed include: wave propagation, standing
waves, and power transfer

e Returning to Figure 2.1, we note that sinusoidal steady-state
is implied as the source voltage is the phasor I7g, the source
impedance Z, is a Thévenin equivalent and Z; is the load
impedance

— The source may be an RF transmitter connecting to an
antenna

— The source/load may be a pair at each end of the line when
connecting to an Ethernet hub in wired a computer net-
work

— The source may be power collected by an antenna and via
cable to the receiver electronics, e.g., satellite TV (Dish
Network)

2.1.1 The Role of Wavelength

e When circuits are interconnected with wires (think protoboard
or a printed circuit board (PCB)), is a transmission line present?

e The answer is yes, for better or worse

e As long the circuit interconnect lengths are small compared
with the wavelength of the signals present in the circuit, lumped
element circuit characteristics prevail

— Ulaby suggests transmission line effects may be ignored
when / /A < 0.01 (I have been content with a A /10 limit)
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2.1. INTRODUCTION

— Lumped element capacitance and inductance (parasitics)

due to interconnects may still alter circuit performance

Power Loss and Dispersion

e Transmission lines may also be dispersive, which means the
propagation velocity on the line is not constant with frequency

e For example the frequency components of square wave (re-
call odd harmonics only) each propagate at a different velocity,

meaning the waveform becomes smeared

e Dispersion is very important to high speed digital transmission

(fiber optic and wired networks alike)

e The longer the line, the greater the impact

nnn— — JLILIT

o o
Dispersionless line

JULT— — JUUL

Short dispersive line

O

JULL— aAYAVAN

o o

O
Long dispersive line

o

Figure 2.2: The impact of transmission line dispersion.
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2.1.2 Propagation Modes

e When a time-varying signal such as sinusoid connected to (or

launched on) a transmission line, a propagation mode is estab-
lished

e Recall that both electric and magnetic fields will be present
(why?)

e Two mode types as: (1) transvere electromagnetic (TEM) and
(2) non-TEM or higher-order

Metal Metal |«— w —]
2a d
/
i hy \ « /S
D .
Dielectric spacing
Dielectric spacing Dielectric spacing
(a) Coaxial line (b) Two-wire line (c) Parallel-plate line

Metal strip conductor Metal

Metal

/
. /

Dielectric spacing

Z4Metal ground plane

ZMetal ground plane Dielectric spacing

Dielectric spacing

(d) Strip line (e) Microstrip line (f) Coplanar waveguide

TEM Transmission Lines

Metal %
~ Concentric

|:| dielectric

layers

(g) Rectangular waveguide (h) Optical fiber

Higher-Order Transmission Lines

Figure 2.3: A collection classical TEM transmission lines (a)—(c),
mircowave circuit TEM lines (d)—(f), and non-TEM lines (g) & (h).
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2.2. THE LUMPED ELEMENT MODEL

e TEM, which means electric and magnetic fields are transverse
to the direction of propagation, is the exclusive study of Chap-
ter 2

- — - Magnetic field lines

— Electric field lines

€2

Cross section

Figure 2.4: The transverse fields of the coax.

e non-TEM means one or more field components lies in the di-
rection of propagation, e.g. metal or optical fiber waveguides

e We start with a lumped element model of a TEM line and de-
rive the relegrapher’s equations

2.2 The Lumped Element Model

e TEM transmission lines all exhibit axial symmetry

e From a circuit theory perspective the line is completely de-
scribed by four distributed parameter quantities:

— R’: The effective series resistance per unit length in 2/m

(all conductors that make up the line cross-section are in-
cluded)
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— L': The effective series inductance per unit length in H/m
(again all conductors that make up the line cross-section
are included)

— G': The effective shunt conductance of the line insulation
(air and/or dielectric) per unit length in S/m (mhos/m?)

— C’: The effective shunt capacitance per unit length be-
tween the line conductors in F/m

e We will see that these four parameters are calculated from (1)
the line cross-sectional geometry (see 2.4) and (2) the EM con-
stitutive parameters (. and o, for conductors and €, w, and o
insulation/dielectric)

e For the three classical line types the four parameters are calcu-
lated using the table below (also see the text Java modules')

Table 2.1: R’, L', G’, and C’ for the four classical line types.

Parameter Coaxial Two-Wire Parallel-Plate  Unit
Ry /1 1 2R 2R
R’ — == = — Q/
2 (a i b) nd w m
H u Hh
il = = 2_ =
o7 In(b/a) - In {(D/d) +1/(D/d) 1] " H/m
, 2o no ow
G — — S/m
In(b/a) In [(D/d) +\/(DJd7? - 1] h
c 2re e EW F/m
In(b/a) In (D/d) + \/(DJ)" 1| h
Notes: (1) Refer to Fig. 2-4 for definitions of dimensions. (2) i, €, and ¢ pertain to the
insulating material between the conductors. (3) Ry = /T f ¢/ Oc. (4) U and O pertain
to the conductors. (5) If (D/d)* > 1,then In [(D/d) + \/(D/d)?* — 1] ~ In(2D/d).

Lhttp://em7e.eecs.umich.edu/ulaby_modules.html

2-8


http://em7e.eecs.umich.edu/ulaby_modules.html

2.2. THE LUMPED ELEMENT MODEL

2.2.1 Coax Detail

e The formula for R’ (see text Chapter 7) is

R/—RS 1+1 (Q2/m)
C2n\a b m

where R; is the effective surface resistance of the line

e In text Chapter 7 it is shown that

T f e

Cc

R, =

(€2)

— Note: The series resistance of the line increases as the

v

— Also Note: If 0. > fu. R’ ~0

e The formula for L’ (see text Chapter 5) is

L ="mn (é) (H/m)

21 a

where 1s the joint inductance of both conductors in the line
cross-section

e The formula for G’ (see text Chapter 4) is given by

2o

" In(b/a)

/

(S/m)

e Note: The non-zero conductivity of the line allows current to
flow between the conductors (lossless dielectric — o0 = 0 and

G' =0)

2-9



CHAPTER 2. TRANSMISSION LINES

e The formula for C’ (see Chapter 4), which is the shunt capaci-
tance between the conductors, is

2me

¢ = In(b/a)

F/m

e The voltage difference between the conductors sets up equal
and opposite charges and it is the ratio of the charge to voltage
difference that defines the capacitance

2.2.2 TEM Line Facts

e Velocity of propagation relationship:

1 1
JIE  JLC
— Recall from Chapter 1 ¢ = 1/ ./ito€o

L'C' = pue = u, =

e Secondly,
G’ Y
o

€

Example 2.1: Coax Parameter Calculation Using Module 2.2

e A coaxial air line is operating at | MHz

e The inner radius is ¢ = 6 mm and the outer radius is b = 12
mm

e Assume copper for the conductors (u ~ 1)

2-10
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e Use the text Module 2.2 to obtain the transmission line param-

eters
I Module 2.2 Coaxial Cable Select: | Impedance vs. Radius b - |
tg i ?[[]] Sim i Real Part of Characteristic Inpedance
o 2a e
/
e

TA
Wy f=1.0 [MHz]

mput

Innerradiusa = [gg  [mm]

|Range| | < 2 |

Shieldradius b= [12000 (MM

[Range| [« > |

Frequency f = [1oppoooo  [Hzl

|Range| | < 2 |

E g [S/m] G [8Im]

1.0 oo |5.8E7

| Update ||

Qutput

Structure Data

a =610 [mm] hia =20

b =120 [mim]

Zy = 41.5895659-j0.2478162 [ 8]

C° = B0.1448725 [ pFim ]
L° = 138.629436 [nHImM]
R = 00103 [&2/m]
G° =00 [Sim]

Ag=300.0 [m] invacuum

A =300.0 [m] inguide

o = 1.25E-4 [Mpfm]
B = 0020044 [radim ]

parms.

Figure 2.5: Transmission line parameters obtained from text Module

2.2

e As an alternative, it 1s not much work to do the same calcula-
tion in the Jupyter notebook

e With hand coding many options exist to do more than just ob-

tain R', L', G’, and C’

e Soon we will see other tline characteristics derived from the
four distributed element parameters
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def coax parameters(a,b,f,e r,sigma c,sigma=1,mu=1,mu c=1,display=True):

mrrw

Find the distributed parameters of the coax line

Rp, Lp, Gp, Cp = coax parameters(a,b,f,e r,sigma c,
sigma=1,mu=1,mu c=1,
display=True)

Note: By default display is True, so to supress raw variables

use a semicolon to terminate the function call.

Mark Wickert February 2016

e 0 = 8.85e-12 # F/m
mu 0 = 4*pi*le-7
Rs = sqrt(pi*f*mu_ﬂ*mu_c/sigma_c}

R p = Rs/(2*pi)*(1/a +1/b) # Ohms/m
L p = mu 0*mu/(2*pi)*log(b/a) #H/m
G p = 2*pi*sigma/log(b/a) # S/m
C p = 2*pi*e 0*e r/log(b/a)
# Display calculations as opposed to returning the value
if display:
print ("R' = %2.5f ohms/m" % (R p,}))
print("L' = %2.2f nH/m" % (L p*le9,})
print("G' = %2.3f S/m" % (G p,))
print("C' = %2.2f pF/m" % (C_p*lel2,))

return R p, Lp, Gp, Cp

coax parameters (6e—-3,12e-3,1e6,1.0,5.8e7);

RI
LI
G_I
CI

0.01038 ohms/m
138.63 nH/m
9.065 s/m
80.22 pF/m

Figure 2.6: Transmission line parameters from Python function
coax_parameters()
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2.3. THE TRANSMISSION LINE EQUATIONS

2.3 The Transmission Line Equations

e The moment you have been waiting for: solving the tline equa-
tions starting from a differential length of line (classical!)

Node Node

l(Z 7) N+1 i(z+ Az, 1)
o == AA—TIT — .,
RAz L'Az |{ }
o(z, 1) G'Az ——C'Az v(z+ Az 1)
o o—

- =
= 1=

Figure 2.7: A differential section of TEM transmission line, Az
ready for Kirchoff’s laws.

e The goal of this section is to obtain the voltage across the line
v(z,t) and the current through the line i(z,t) for any — <
z < 0 and 7 value

— Note: It is customary to let the line length be / and have
z = 0 at the load end and z = —/ at the source end (more
later)

e From Kirchoff’s voltage law we sum voltage drops around the
loop to zero:

9i(z,1)

v(z,t) — R'Azi(z,t) — L' Az >

—v(z+ Az,t) =0
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Getting set for form a derivative in the limit, we divide by Az
everywhere are rearrange
|:v(z + Az, t) = v(z,t) di(z,t)

ot

= Ri(z,t)+ L
! } i)+

Taking the limit as Az — 0 gives
dv(z,t) di(z,t)
0z ot

From Kirchoff’s current law we sum current entering minus
current leaving node N 4 1 to zero:

= Ri(z,t) + L'

dv(z 4+ 6z,1)

i(z,t)— G'Azv(z + Az,t) — C'Az p

—i(z+ Az,t) =0

Rearranging in similar fashion to the voltage equation, and tak-
ing the limit as Az — 0, yields
di(z,1)
0z

dv(z,t)
ot

The above blue-boxed equations are the telegrapher’s equa-

= G'v(z,t) + C’

tions in the time domain

— A full time-domain solution 1s available, but will be de-
ferred to later in the chapter (I like personally like starting
here)

A sinusoidal steady-state solution (frequency domain) is pos-
sible to if you let

v(z,t) = Re[V(z)ejwz]
i(z,t) = Re[i(z)eja)z],

2-14



2.4. WAVE PROPAGATION ON A TRANSMISSION LINE

with V(z) and (z) being the phasor components correspond-
ingtov(z,t) and i(z, t) respectively

e The phasor form of the telegrapher’s equations is simply

dV() _ o oon T
E = (R + joL')I(z)
dI(Z)_ / . N Y/
— = (G' + jwC') V(z)

Note: 0 — d since ¢ is suppressed in the phasor form

e Solving the 1D wave equation is next

2.4 Wave Propagation on a Transmis-
sion Line

e The phasor telegrapher equations are coupled, that is one equa-
tion can be inserted into the other to eliminate either V (z) or
I (z) and in return have a second-order differential equation in
z

2.4.1 Getting to the 1D Wave Equation

e To eliminate / (z) differentiate the first equation with respect
to z so that d I (z)/dz is found in both equations

d*V(z)
dz?

dI(z)
dz

= (R/ + ja)L’)

2-15
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then replace d I (z)/dz with the right side of the second equa-

tion
d?V(z) , . i
I (R + joL')(G' + joC')V(z) =0
or in the form of the phasor-based 1D voltage wave equation
d*V(z) -

where y is the complex propagation constant

y = \/ (R'+ joL)(G' + joC’)

e Working with the telegrapher’s equations to solve for [ (z) re-
sults in the current wave equation

d2l (z)

— V@) =0

e Note: When y is expanded out it becomes
y=a+jp

where as seen in Chapter 1, « is the wave attenuation con-
stant in Np/m and f is the phase constant, which (recall) equals

2w /A

e In full detail

o = Re (\/ (R'+ joL')(G' + ij')) (Np/m)
(

p =Re \/(R/ + joL')(G" + ja)C/)) (rad/m)
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2.4. WAVE PROPAGATION ON A TRANSMISSION LINE

— For low loss lines the equations for @ and B simplify
(more later)

— For now just know that for a passive tline « > 0

2.4.2 Solving the Wave Equation (Phasor Form)

e The general solutions of the two wave equations each involve a
pair of exponentials (think back to 2nd-order differential equa-
tions)

V(z) = Vofe ™ 4+ Vye”” (V)
[(z) = I e + Iye"* (A)
where it becomes clear later that e™”* is a wave propagating

in the +z direction and e’” is a wave propagating in the —z
direction

Example 2.2: Verify the General Solution Satisfies Wave Equa-
tion

e Is it really true that V(z) = Vire % + Vye'” satisfies
d*V(z)/dz*> —y*V(z) = 0?

e Form d?V (z)/z?* and see:

d -

EV(Z) = —yV,Te ™" + yVye?*

d2 =, 2 2 also 25

=V =y Vife ™ + y*Vye” =y V(z) V

2-17
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e The variables (V,", I;") and (V;, I;) are unknowns that will

be found using boundary conditions

Zsl—o - O
+ (Vo',1p)e 7? Incident wave
Vg - ZL

2 (Vo~,1p )e”* Reflected wave

F—z

Figure 2.8: Incident and reflected traveling waves on a tline.
e How do you know the solution works?
e Plug it into the voltage and current wave equations and see

e You can eliminate two (/" and 1) of the four unknowns by
inserting the general solution for V' (z) into the first of the tele-
grapher’s equations, i.e.,

Viz) d
— = ——|VFe ™+ Vye | =y |V, e = Vyer”
dz dz [ Ve ] Y [ 0 0 ]

also (R/ + joL )I(Z)

so solving for I (z) yields

r Y + z — vz
(2) (R’ - ]a)L) [Vore™ — Vye??]

where the last line follows from the second general wave equa-
tion solution

e What just happened? Confused?
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2.4. WAVE PROPAGATION ON A TRANSMISSION LINE

It appears that

V0+ must (R/ + ]C()L’) mgst . V()_

Iy Y Iy

We define

R + jol’ R+ joL
( ) \/ joL' o

Z — e
0 y G' + jwC’

Note: The units look good as V/I is R from Ohm’s law

Furthermore, Z involves the ratio of incident or reflected volt-

age over current waves, not the total voltage and current, V(z)
and 7 (z2)

Summarizing: The general voltage and current solutions are
now down to just two unknowns

V(z) =V,fe 7 + Ve’ (V)

~ Vo Vy,
J(z) = -0 p vz _ 20 vz (A
(@)= e = e (A)

Secondly, Z, although clearly a function of w, it is the line
cross-sectional geometry and constitutive parameters that re-
ally control its value

Finally, when source Z, and load Z; boundary conditions are
applied, you will be able to solve for the complex quantities
V,Fand V-
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2.4.3 Returning to the Time Domain

For the sinusoidal steady-state solution, a return to the time
domain is possible by writing V" = |Vo+|ej¢+ and V, =
[V;"|e/#", then plug into the cosine form:
v(z, 1) = Re[V(z)ej‘“l]
= |V, |e™ cos (wt — Bz + ¢7)
+ |Vy e cos (wt + Bz + ¢7)

When you consider LTspice simulations using .tran a little
bit later, this is what you will be observing

Also, the first term travels in the 4z direction while the second
term travels in the —z direction

The velocity of propagation for both waves is of course

Observe that just as in HMWK problem 1.8, a standing wave
pattern results when the two propagating waves superimpose

Solving for VOJr and V,;” is still an open problem

Example 2.3: No Specific Geometry Air Line

In this example we assume that the two conductors of a trans-
mission line are in air

Furthermore, the air assumption is taken to mean o = 0
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2.4. WAVE PROPAGATION ON A TRANSMISSION LINE

The conductors are perfect, thatis Ry = 0

The requirements are to find L’ and C’, given that Z, = 50 w,
B = 20 rad/m, and the operating frequency is f = 700 MHz

The first set of assumptions tell us that R" = G’ =0

The expressions for 8 and Z; in terms of the tline distributed
element parameters, simplify greatly under the lossless condi-
tions

B=1m| O+ jol)0+ joC)| = oV/L'C

0+ jolL’ | L’
ZO — . — P
0+ jwC’ C’
so with two equations involving the unknowns L’ and C’ we
can solve for them using the Z, 8, and f

Start by forming 8/Z)
p : :
—=wC'=2n-f-C,
7 ) - f
which implies that
20
c——F __ =9.09x 107" (F/m)
2nf -Zy 2w -7x108-50 < — -

90.9 (pF/m)

With C’ found, the Z expression can be used to find L’

L' =2Z;C'=50*-9.09x 107" =227 x 107" (H/m)

227 (nH/m)

2-21



CHAPTER 2. TRANSMISSION LINES

2.5 The Lossless Microstrip Line

Conducting
strip (u¢, o¢)

Dielectric
insulator

(epno

Conducting ground plane (u, o)

Table 2.2: Microstrip geometry.

e In RF/microwave circuit design the microstrip structure of Fig-
ure 2.3e and also shown immediately above, is very common

e The tline geometry fits well with surface-mount PCB design of
today

— A narrow strip of width w sits on top of a dielectric sub-
strate of height /2, which in turn sits over a ground plane

— Surface-mount components can be mounted on the top of
the substrate

e A downside of microstrip is that the air-dielectric interface
gives rise to a small axial field component, making the propa-
gation mode quasi-TEM

e The nature of quasi-TEM is that the line introduces some dis-
persion (recall this means constant u, versus frequency)
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2.5. THE LOSSLESS MICROSTRIP LINE

Figure 2.9: Electric and Magnetic fields of mircostrip

e In the discussion and analysis of the text, the dielectric filling
material 1s assumed to be lossless (o = 0)

e The conductors, strip on top and ground plane on the bottom,
are assumed perfect (0 ~ 00)

e Finally, the permeability is © = g, that is the material is
nonmagnetic

— Note there are applications involving microstrip where
magnetic materials are used, just not discussed here

2.5.1 Analysis and Synthesis of Microstrip

e For tlines with a homogeneous dielectric filling (also nonmag-
netic), e.g., coax and stripline of Figure 2.3, the velocity of
wave propagation or phase velocity, is always

also 1 C

U, = v, = —
! P Joeoer e

e Considering Figure 2.9, the electric field lines are mostly in the
dielectric, but some are topside in air
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e In the analysis of microstrip the mixture of air and dielectric
i1s managed by defining €., the effective relative permittivity,
hence the phase velocity is written as

Cc

U, =0, =
D D
€eff

e The detailed analysis of microstrip can be found in text books
such as?

e There are three basic equations you need to be familiar with
when working with microstrip:

1. An equation that finds €.¢ given the strip aspect ratio s =
w/ h and €,

2. An equation that takes s together with €. to find the line
characteristic impedance Z

3. An equation that takes Z together with €, to find s =
w/ h; generally €. is also found along the way

e In microwave circuit design various Z values will needed along
with the corresponding e.¢ values = (3) is very valuable!

e The equations are empirical function fits to detailed field anal-
ysis results for tline inductance and capacitance per unit length,
as aspect ratio, s, changes

D. H. Schrader, Microwave Circuit Analysis, Prentice Hall, 1995
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2.5. THE LOSSLESS MICROSTRIP LINE

Obtain ¢t From w// and e,

e The empirical formula for zero thickness strips (/7 = 0) is
given in terms of s = w/h by

66 — )
i 2 2 s

e —0.9
€ + 3

where

X = 0.56[

4437 % 10742
y=1—|—0.021n(s+ = S)

s*+0.43
+0.051n(1 + 1.7 x 107%s?)

e Chapter 2 notebook Python function implementation:

def cps eff(s,er):

mirr

Find microstrip e eff given s = w/h and er
Mark Wickert February 2016
mm

0.56%({er-0.9)/(er+3))**0.05

1 + 0.02%log((s**4 + 2.7e—-4*s**2) [/ (s**440.43)) + \
0.05%log(l+l. 7Te—4*s**3)

e eff = (er+l)/2 + (er-1)/2*(1+410/s5) ** (-x*y)

return e eff

p:4
¥

Figure 2.10: A Python function that finds €. given s = w/h and €,.

Obtain Z, From w// and ¢,

e Design for zero thickness strips is given by

60 6+ 2m —6)e™’ 4
ln» _F 1 4_ |
A/ €eff S s2

Zy =
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where

~(30.67\""
B A)

e Chapter 2 notebook Python function implementation:

def mstrip anal (s,er):
mmm

Microstrip zeroc thickness strips design function

5 = w/h
er = material relative permittivity

Z0 returned
e eff returned

Mark Wickert February 2016
mmmamw

e eff = eps eff(s,er)
t = (30.67/5)**0.75
z0 = 60/sgrt(e eff) * \
log((6+(2*%pi-6) *exp(-t)) /5 + sqgrt(1+4/s**2))
return Z0, e eff

Figure 2.11: A Python function that finds Z, given s = w/h and ¢,.

Obtain w/ 4 From Z, and ¢,

e Design for zero thickness strips is given by the piecewise solu-
tion

2@ -1 -1m@q-1)

w_ —|—%(ln(q—1)
h +029-%2)|. 7, < @#4-2¢)
k628;:, Zo > (44 — 2¢,),
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where

6072
VANGS

. €r+1ZO+
P=\V"% %0

2.5. THE LOSSLESS MICROSTRIP LINE

€ — 1 0.12
— (023 4+ —
€ + 1 €,

e Chapter 2 notebook Python function implementation:

def mstrip dsgn(Z0,er):

mman

Mircostrip zero thickness strips design function

desired characteristic impedance

70 =
er = material relative permittivity
s = w/h 1s returned

e eff returned

Mark Wickert February 2016

mwrrn

if 720 <= (44-Z2*er):

60*pi*pi/ (20*sgrt (er) )

+ 1\

(er-1)/ (2*er) * (log (g-1)+0.29-0.52/er))

q:

s = 2/pi*((g-1)-log(2*g-1)
else:

p:

s = 8*exp(p)/ (exp (2*p) -2)
e eff = eps eff(s5,er)

return s, e eff

sgrt ({er+l) /2) *20/60+ (er-1) / (er+1) *(0.22 + 0.12/er)

Figure 2.12: A Python function that finds s = w/h given Z and ¢,.

2.5.2 Common Mstrip Materials

e FR-4 made of epoxy fiberglass with a fire retardant property;
€, ~ 4.6; multilayer PCB designs are no problem; material
loss is significant with tand = 0.0180 (loss tangent)
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Microfiber PTFE: Is Polytetrafluoroethylene or Teflon®, with
microfibers for reinforcing; Rodgers® RT_Duroid 5880 ma-

terial has €, = 2.20 (for design) and is very low loss with
tand = 0.0004

Ceramic-filled PTFE: Uses ceramic material to increase ¢,
up to a range of 3.0 to 10.2; Rogers RO3010* material has
€, = 11.2 (for design) and tan§ = 0.0022

Alumina’: Aluminum oxide (Al,O4) in 99.5% concentration
is used for thin-film microwave circuits; €, = 9.9 and very low
loss tan§ = 0.0001

Silicon: Used for monolithic microwave integrated circuits
(MMICs); €, = 11.9 and very lossy

Gallium Arsenide®: Used for monolithic microwave integrated
circuits (MMICs); ¢, = 12.88 and very low loss tand§ =
0.0004

Sapphire: Crystalline alumina; €, = 9.0 (text) and tandé <
0.0015

Shttp://www.rogerscorp.com/documents/606/acs/RT-duroid-5870-5880-Data-
Sheet.pdf

*https://www.rogerscorp.com/documents/722/acs/R0O3000-Laminate-Data-Sheet-
R0O3003-R03006-R0O3010-R0O3035 . pdf

Shttp://www.microwaves101.com/encyclopedias/alumina-99-5

®http://www.microwaves101.com/encyclopedias/gallium-arsenide
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2.5. THE LOSSLESS MICROSTRIP LINE

Example 2.4: 50 Q@ Mstrip on FR-4

e Design a 50 €2 microstrip on FR-4 material having thickness
of 1/16 inch. Assume ¢, = 4.6. Find the strip width in mils,
€eff, and the length a A /4 line operating at 2.4 GHz

e The equations in the book can be used straight away, but here
we will use the Python functions that are in Chapter 2 IPYNB

e To make things easy first write a function that calculates addi-
tional tline parameters

def mstrip extra(ZO,er,f = 1e%,h = 1):

wn

Extra parameters: L', C", beta, \lambda g

70 = characteristic impedance in Ohms
er = relative permittivity
f = operatng frequency in Hz

h = substrate height in m

Mark Wickert February 2016
mwmmn

c = 3e8 # m/s

s, e eff = mstrip dsgn(Z0,er)
C p = sgrt(e eff)/(20*c) # F/m
L p = 20**2*C p #H/m

Rp=20

Gp=20

alpha = 0

beta = 2*pi/c*sgrt(e_eff) # rad/m
lambda g = c/sgrt(e eff)/f # m

# Print formatted results
print ("Line width w = %1.3e
print ("Line width w = %1.3e

print ("Resistance per unit 1
print ("Inductance per unit 1

print ("Conductance per unit
print ("Capacitance per unit

mm, Rel. perm: e eff = %2.3f" % (s*h*1000,e eff))

mils (common PCB unit)' % (s*h*1000/0.0254,)})
________________________________ Y)

ength: R' = 0 chms/m")

ength: L' = %1.3e nH/m" % (L p*le9,))

length 0 5/n™)

G 0
length: C° %1.3e pF/m" % {C p*lel2, })

print ("Phase constant: beta = %1.3e rad/m' % beta)
print ("Wavelength in free space: lambda = %1.3e cm' % (c/f*le2,))
print ("Wavelength in medium (guide): lambda g = %1.3e cm' % (lambda g*le2,))

Figure 2.13: The mstrip_extra function.
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e A mil is a thousandth of an inch and most PCB shops use mils
e Here 7 = 1/16- 1000 = 62.5 mils (also 2.54 cm/in)

e The answer 1s worked out below in the IPYNB

mstrip extra(50,4.6,f= 2.4e9,h=1/16*2.54*1/100) #in*cm/in*m/cm

Line width w 2.931e+00 mm, Rel. perm: e eff = 3.460
Line width w 1.154e+02 mils (common PCB unit)

Fesistance per unit length: R' = 0 chms/m
Inductance per unit length: L' = 2.100e+02 nH/m
Conductance per unit length: G°' 0 s/n

1.240e+02 pF/m
Phase constant: beta = 2.89%96e-08 rad/m

Wavelength in free space: lambda = 1.250e+01 cm
Wavelength in medium (guide): lambda g = 6.720e+00 cm

Capacitance per unit length: C°'

print ('Quarterwave line length at 2.4 GHz = %1.3f cm' % (6.72/4,))
print{'or %1.3f in." % (6.72/4*%*1/2.54,))

Quarterwave line length at 2.4 GHz = 1.680 cm
or D.66l in.

Figure 2.14: The desired calculations plus some extras.

e In summary, the line width W = 115.4 mils (2.931 mm),
€eff = 3.460, and A, /4 = 661 mils (1.680 cm)

Example 2.5: Design/Analysis Charts for PCB Mstrip

e Produce some useful design/analysis charts for use on quizzes
and exams

e The relative permittivity values are taken from plastic sub-
strates used in PCBs
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2.5. THE LOSSLESS MICROSTRIP LINE

e We obtain plots of Z, versus s = w/h and €. versus w/ h
using the Python functions described earlier.

5 = arange(0.01,10, .01)
Z0 = zeros like(s)
e eff = zeros like(s)

er = {(2.2,4.6,11.2)
for m in range(3):
for k,sk in enumerate(s):
Z0[k],e eff[k] = mstrip_anal(sk,er[m])
plot(s,e eff)
vlim([Q,10])
xlabel (r'Sw/hs")
ylabel (r'S\epsilon {eff}$")
title(r'Microstrip Analysis: $\epsilon {eff}$ vs Sw/hS'")
legend ( (r'MF-PTFE: $\epsilon r = 2.25',r'FR-4: S$\epsilon r=4.65",
r'CF PTFE: $\epsilon r=11.2%5"},loc='best"')

grid();
Mi trip Analysis: Z h
500 ! icros r||z|) nalysis Zo VS w/ |
' — MF-PTFE: ¢, =2.2
| | — FR-4:¢,=4.6
150 b\ SRR L — CF _PTFE: ¢, =11.2 (]

S 100

50

0 2 4 6 8 10
w/h

Figure 2.15: Python commands followed by Z versus w/ h plot.
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s = arange (0.01,10, .01}
20 = zeros like(s)
e eff = zeros like(s)

er = (2.2,4.6,11.2)
for m in range(3):
for k,sk in enumerate(s):
Z0[k],e eff[k] = mstrip_anal(sk,er[m]}
plot(s,e eff)
ylim([O,10])
xlabel (r'Sw/hs$")
ylabel (r'$\epsilon {eff}s$")
title({r'Microstrip Analysis: $\epsilon {eff}$ vs Sw/hs'")
legend((r'$\epsilon r = 2.25"',r'S\epsilon r=4.65",
r'S\epsilon r=11.2%"),loc="best")
grid();

Microstrip Analysis: €.;r VS w/h

§ — ¢=4.6
all — =112 it
3 T S
0 ] ] ] ]
0 2 4 6 8 10

Figure 2.16: Python commands followed by €. versus w/ h plot.

e Larger versions of the plots themselves are available for down-
load (soon)
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2.6 The Lossless Transmission Line:
General Considerations

e Up to this point we have seen that Z, and y play a central role
in the characterization of a transmission line

e Modeling with a low-loss dielectric and high conductivity con-
ductors is a good place to start a design

e Under the assumption that R" = G’ = 0 we have
y=a+ jp=joviC

SO
oa=20 (Lossless)

B =wvLC’ (Lossless)

e The characteristic impedance becomes

L/
Ly = Vol (Lossless)

e Summarizing some other useful results into one location

B = w. /e (rad/m)
1

%
U, = = (m/s)
Ve /g
1 A
g, =SS 20 ()
i f f A/ €r €r

Note: The notation A, refers to wavelength in a guided medium,
most often a waveguide or a TEM transmission line; Ao = ¢/ f
is of course the free space wavelength
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e The table below summarizes lossless line parameters, y, u, =
v,, and Z, for the four classical tline structures originally
shown in Figure 2.3(a)—(d).

Table 2.3: Summary of lossless line parameters for the four classical
line types.

Propagation Phase Characteristic
Constant Velocity Impedance
y=o+jB Up 2
R + jol’
General case Y=+ + joL)(G + joC') up=0/f Z = %
Lossless o=0, B=w/&/c up=c/\& Zy=+/L'/C’
(RR=G'=0)
Lossless coaxial | a =0, 8 = w./&/c up=c/\/& Zy=(60/\/&)In(b/a)
Lossless =0, B=w/&/c up=c/\/& Zy=(120/\/%)
two-wire -In[(D/d)++/(D/d)?—1]
Zy ~ (120/+/&)In(2D/d),
iftD>d
Lossless o=0, B=w/&/c up =c/\/& Zo=(120m/\/&)(h/w)
parallel-plate

Notes: (1) u = o, € = &€, c=1/\/Ho€,and \/ g/ € ~ (1207) Q, where & is the relative permittivity
of insulating material. (2) For coaxial line, a and b are radii of inner and outer conductors. (3) For two-wire
line, d = wire diameter and D = separation between wire centers. (4) For parallel-plate line, w = width
of plate and /& = separation between the plates.

Example 2.6: Solve for ¢, Given f and 1,

e The wavelength in a lossless transmission line is known to be
5.828 cm at a frequency of 2.4 GHz

e Find €, of the tline insulating material

e We know that A, = A¢/./€, and Ay = ¢/ f, so putting these
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2.6. LOSSLESS TLINE GENERAL CASE
two equations together we have

. Ao 2_ c/f ?
=) = (5)

3 x 108/2.4 x 10°\°

0.05828

Example 2.7: Line Parameters from ¢, and L’

e Given a lossless line has €, = 6 and the line inductance is
L' = 0.8 uH/m

Find u,, C’ and Z,

To find u, we use the fact that

< _3><1O8
Jer V6

U, = 1.225 x 10®  (m/s)

also

To find C’ we use the fact that 8 = w+/ L'C’ = w . /iL€, SO

_ pege, 4w x1077-8.85x 107126

C/
L’ 0.8 x 10~°

= 83.42 (pF/m)

Finally, finding Z, makes use of

L’ 0.8 x 107°
- — = 97.94 (Q
C’ 83.42x10°12 (£2)

Zo
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2.6.1 Voltage Reflection Coefficient

e In this subsection we impose the boundary conditions of the
following circuit

[;

7 L1—=0 Transmission line N
g S G ‘ I
Jo ] |
Generator T - Load
z
7= = z=0
d <} |
d=1 d=0

Figure 2.17: Boundary conditions imposed by placing a lossless tline
between a generator and load.

e The total voltage and current, under the lossless assumption,
makes

V(z) = Vibe™P? 4 vy eP?
A2 7

[(z) = Lo P7 - 0 ph-
2o Zy
and in particular at the load end of the line, where z = 0, we
have
7 VE=0 =V +Vy
£ also 7 V+ V_
I; ! ](Z:())_L__O
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2.6. LOSSLESS TLINE GENERAL CASE

e From Ohms law for impedances it is also true that

~ must VL
ZL —- =,

Iy

so rearranging to solve for V¥~ in terms of V" results in

Z; — 72
Vo = (_L 0) VOJr
Z1 + 2o
which establishes a relationship between the incident voltage

wave amplitude V," and the reflected voltage wave amplitude
Vo

e Definition: The voltage reflection coefficient I', is

FZE:(M)ZZL_l
V0+_ Z; + 7 ZL—I—l,

where z; = Z; /Z is the normalized load impedance

e A similar relationship holds for 7, /I;", exceptdue to V= /1,” =
—V; /1, we have
Ly W

0 __ 0 __r
Iy vt

e [t is also worth noting that since Z; is in general complex, I’
is complex with polar form |T"|e/%

— For a passive load Z; it turns out that |I'| < 1
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Matched Load

When
VO_ZO = 11 =0 = Z, =2

making the load matched to the tline characteristic impedance.

Reflection Coefficient Special Cases

Table 2.4: Reflection coefficient under special cases (r = R/Z and
Jjx = jX/Zy).

Reflection Coefficient I' = |T"|e/
Load T 0,

—1)2+x? 172 X X
Z iIZ — nz, | X tan ™! —tan~ !
0 L= (r+jx)Zo l(r+1)2+x2] an” | —— an— {
Zy §| 2y 0 (no reflection) irrelevant

Zy (short) 1 +180° (phase opposition)
—o0

Zo (open) 1 0 (in-phase)
—o0

Zy §jX:ja)L 1 +180° —2tan™ ! x
Zo == jx—J 1 +180° + 2tan " x
— 3 oC
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2.6. LOSSLESS TLINE GENERAL CASE

Example 2.8: Series RC Load

Transmission line

QX

RL2500
Zo =100 Q

CLTIOpF

PL
Figure 2.18: RC load on a Zy = 100 €2 lossless tline.

Consider a Zy = 100 €2 lossless tline driving a load Z; com-
posed of resistor R; = 50 €2 in series with capacitor C;, = 10
pF

Find I'; and check the result using LTspice Gammay,

Here we use Python, MATLAB or Excel would also work

RL =

CL = 1l0e-12

Z CL = 1/{1lj*2*pi*f*CL)

ZL = RL + Z CL

GammaL = (ZL - Z0) /(2L + Z0)

print ('Gammal. ' + cpx_fmt (GammaL, ‘polar'))

GammalL 0.7628 / -60.7444 (deg)

Figure 2.19: Python calcuation of I'; .

LTspice has both loss and lossy transmission line models

To make LTspice work in this problem we use an ideal tlie hav-
ing Zy = 100 €2, arbitary line length specified by a time delay
T; = l/u,, and source impedance Z, = Z, LTspice can only
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measure voltage and currents at circuit nodes and branches, re-
spectively

e We desire V,*, V7, and I',

e From the original boundary conditions at the load,

N A /e
=" -2
Zy Zo

or fLZO = VOJr —Vy

e By adding and subtracting the first and last equations above,

we obtain
Vi + 1.7
VO+: L L£0
~ 2~
Vi —1; Z
Vo= L 2L 0

and also the relationship

VO_ . I7L = iLZO

Iy = = =
Vol VL4 1.2

e In this example we use the I'; equation above to post-process
the spice voltage and current at the load as shown in the figures
below
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2.6. LOSSLESS TLINE GENERAL CASE

Source Termination

is Matched ) Sﬁimylgtignfoﬁcuﬁs ]
RT T1 VL 1, =1,
L — 4 |
v’ [Td=50n Z0=100 | SR: l |
::a?msgstltiwng i\\/léi:]has : C1 :
1 < ?'jlayllii/?e’ ie., : ::1 op :
AC10 N |
.ac oct 200 10Meg 1G LN i

L — - ==
Vg Vi+1.7,

Figure 2.20: LTspice model emplying a lossless transmission driven
by a source having matching impedance of Z, = Z, = 100 €2.

{VEI)I[R2)*1 00)Vivi)+I{R2)*100); _

117 20°
108 Phase : > 1 L
u.ss—mg—';';;“..___ plot formula - -20°
0.90- ; L _40°
0.81- : | o
0.72- ‘ o0
0.63- Magnitude and — |FL| LFL B

0.54] phase values - —-100°
0,45 overlapping here i ‘g Se”fs-RC-"’ad < || Lazoe

) ursor

0.36- . . 5 VIVIFIR2)1 00}V (vI)+(R2)100) _140°
0.97- Note: Right-click plot, choose manual; | feq|EE Mag: [762.7344m ® "t qg0°
0'13 scale, then choose I/nearfor vertlcal i LTspice Phase: [-60.744359° - 180°
.][|M|-|z 1I]I]MHZ Ag[:ees! Group Delay: | 1.2434659ns 1GHZ

Figure 2.21: LTspice AC steady-state results with total voltage and
current converted to the voltage reflection coefficient (use plot linear
mode).

e The results from both calculation means agree!
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Example 2.9: Series RC Load

e Consider the case of a purely reactive load Z; = j X,

e Calculating the reflection coefficient we have

_JXe—2Zy  —(Zo—jXL)

CjX.+Zy  Zo+ jXp
= —le /%

I'y,

where 0 = Z(Zo + jX)

e The significant result is that |[I'; | = 1 independent of the value
of X L

e The angle of the angle 6 does change with changes in X; rela-
tive to Z

2.6.2 Standing Waves

e Knowing now that V;~ = I'V,;” means that we can write

V(z) = V;" (e /P* + TelP?)

~ V,F _ip -

V(z) = -—(e7/P* — Te'F?)
Zy

e As we move along the line for —/ < z < 0, a curiosity is what
is the nature of |V (z)| and I (2)
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2.6. LOSSLESS TLINE GENERAL CASE

To answer that we do some math analysis, such as

V() = V) 742
= IV [(e77% + Te ) (e 4 rrei)]
= |V, [1 + |T|? 4+ 2|T| cos(2Bx — 9,»)]1/2,

where in polar form I' = |T'|e/%

A similar analysis for 7(z) can be performed with \V,H -
|VOJr |/ Z and flipping the sign of the cosine term

It is convenient to view the voltage and current magnitude in

terms of a positive distance d back from the load, so we let
d =—z

Finally, we have

V(d)| = |V [1 + T + 2|7 cos (28d — 6,)]"*
Vo'

0

1/2

[1(d)] =

[1+ |T)” —2|T|cos (28d — 6,)]

These two expressions generate what is known as the standing
wave pattern on the line

Using a slotted-line, you can physically measure the voltage
amplitude (magnitude) along the line by sliding a carriage along
a track that has a probe inserted into a slit cut into an air-line
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Sliding probe

To detector +— = / Sli
Probe tip it
] L )/

7\
7N

il |4,

10 cm ‘&~ |

40cm  30cm 20 cm

Figure 2.22: Slotted coaxial line with E-field probe to measure the
standing wave magnitude.

e The expressions just derived are implemented in the Chapter 2
IPYNB

d2lam = arange(0,1,0.005) # d/lambda for plotting
VO p mag = 1.0 # V

70 = 50 # Ohms

Garma = 0.8%*exp(1j*45* (pi/180))

#Gamma = -1.0
V abs = VO p mag* (1l + abs(Gamma)**2 + \
2*abs (Gamma) *cos (2* (2*pi*d2lam) - angle (Gamma)) ) **0.5
I abs = V0 p mag/z0*(1 + abs (Gamma)**2 - \
2%*abs (Gamma) *cos (2* (2*pi*d2lam) - angle (Gamma))})**0.5

subplot (211)
plot (-d2lam,V abs}
ylim([0,2])
xlabel (r' Wavelength Normalized Distance 5-d/\lambda$ or 5z\lambda$')
ylabel (r'S|\tilde{V} (d) |[$ (V)"')
title(r'V and I Standing-Wave Patterns: S\Gamma$ = ' + \
cpx fmt (Gamma, 'polar',d2=2))
grid()
subplot (212)
plot (-d2lam,I abs*le3)
ylim([0,2/20*1e3])
xlabel (r' Wavelength Normalized Distance 5-d/\lambda$ or 5z/\lambda$')
ylabel(r'$|\tilde{I}(d)|$ (mA)")
grid()
tight layout ()

Figure 2.23: Python code for plotting standing wave patterns.
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V and | Standing-Wave Patterns: I' = 0.80 / 45.00 (deq)

Load
End

| |
—-0.8 —-0.6 -04 | -0.2 0.0
Wavelength Normalized Distance —d/\ or zA

oad
End

0
-1.0 —-0.8 —-0.6 -0.4 -0.2 0.0
Wavelength Normalized Distance —d/X or z/\

Figure 2.24: Plots of |V (d)| and I (z)| for T' = 0.8£45°.

e The 28 term is responsible for the period of the pattern being
A2

e Clearly the voltage maximum (constructive interference) value
corresponds to V; (1 4 |T|)

e Similarly, voltage minimum (destructive interference) value
corresponds to V" (1 — |T'))

e Special Cases:

— Matched = T = 0, is a flat line at | V|

— Short = I' = —1, begins with |VV(0)] = 0 an d the
maximum values going to 2| VO+| and minimums going to
zero (looks like a half-wave rectified sine wave)
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— Open = I' = 1, begins with |V (0)| = 2|V,"| and min-
imum values going to zero (phased 90° relative the short

case)
(d)|
Matched line
Vo'l
d
A 34 A A 0
4 2 4
(@) ZL =2y
Short-circuited line ~
7
| A | (4]

A 34 A A 0

4 2 4
(b) Z; =0 (short circuit)

Open-circuited line

| A/ | 7(d)
2|V
d
A 34 A A 0
4 2 4

(c) Z; = oo (open circuit)

Figure 2.25: Standing-waves for matched, short, and open cases.

Maximum and Minimum Values

e The maximum value of the voltage magnitude, |V |max = | VrI+
|I'|] occurs when the argument of the cos() term is an even
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2.6. LOSSLESS TLINE GENERAL CASE

multiple of 7 i.e.,

2Bd s — 6, = 0, 211, ...

e Similarly the voltage magnitude minimum, |V |pin = VoF I —
IT'|], occurs when the argument of the cos() term is an odd
multiple of 7 i.e.,

2Bdmin — 6, = m,3m, ...

e The maximum value of the current magnitude, 1 |max = |1 S+
|"|] occurs when the argument of the cos() term is an odd mul-
tiple of 7 i.e.,

2Bdmax — 0, = m, 37, ...

e The maximum value of the current magnitude, | |min = |/ o=
|T"|] occurs when the argument of the cos() term is an even
multiple of 7 1.e.,

Z,Bdmin— Qr = 0, 27‘[,.. .

e In all cases minimum and maximum values are separated by
A /4 and voltage maxim correspond to current minimum, etc.

2.6.3 VSWR

e The ratio of |V |max t0 |V |max is given the name voltage standing-
wave ratio (VSWR) or (SWR) and in the text is denoted by S

g Wlna _ 14T
|V|min 1_|F|
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e VSWR is an indicator of the mismatch between Z, and Z;

eNote: '=1=S=1land|['|=1= 8§ =

Example 2.10: |T'| from VSWR

e Given VSWR = § = 5 find |T'|

IT| = = = 0.667
541

Example 2.11: Find L in Parallel RL Giving S = 5

O O)

RL L

Z, = 100Q 50

O O

Figure 2.26: An RL Load Terminating a Z, = 100 tline.

e Consider the circuit shown above with L unknown, § = VSWR =
5,and f = 100 MHz

e To start with we know that

_1+|F|:>|F|_S—1
T 1—|T S+
SO
5-1 2
I=z——=3
541 3
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e Now to solve for I' in terms of L we first find Z; to be
R+ joL’

next plugging into the expression for I'

w=2rf

L

RL-ja)L .
Ry +joL Zo

Rp-joL
RLL+]ja)L + Zo

_ JoRLL —(ZyR.) — jwZoL

~ joR.L + (ZyRy) — joZoL

_ —ZoRy — jo(Zo— R)L

 ZoR,— jo(Zy+ RL)L

I' =

e To isolate L find |T'|? and then rearrange
T2 = (ZoRp)* + w*(Zy— Ry)*L?
 (ZoRL)? + 0*(Zo + R)*L?

so working the algebra

L (ZoRL(1=TP)
©*((Zo+ RL)*IT > = (Zo — RL)?)
e Using Python for the calculations (also in Chapter IPYNB) we

arrive at
L = 68.489 (nH)

Gam mag = 2/3

z(0 = 100

RL = 50

w = 2*pi*100e6

L = sgrt((Z0*RL) **2* (1- (Gam mag) *%2) [ (Wwx*2* ( (Z0+RL) **2%Gam mag**2- (Z0-RL) **2}) )
print ('L = %1.3f (nH)'" % (L*1e9,))

L = 68.489 (nH)

Figure 2.27: Calculation of L.
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e A less elegant approach is to numerically find L by plotting |I'|
versus L and then numerically find the L value which makes
' =2/3

# Plot Abs[Gamma] versus C

L = arange(l,200)*1e-9

Gamma mag = abs ((=-5000 - 17*2*pi*100e6*L*50) / (5000 + 1j*2*pi*100e6*L*150))
plot (L*1e9, Gamma mag)

title(r'Searching for $1S Numerically by Plotting §$|\Gamma|$ vs $LS'")
ylabel (r'S|\Gamma |5")

xlabel (r'SL$ in nH")

grid();

1.0

Searching for L Numerically by Plotting |T'| vs L

0.9}

0.8 |-

0.6 |-

0.5}

0.4 i l
0 50 100 150 200

LinnH

Figure 2.28: Plotting of |I'| versus L.

e A precise numerical solution can be found by using a solver
such as fsolve, which is available in the scipy.optimize
package

e We start by forming an objective function that will instead
cross through zero at the desired L value, that is search for
L such that Fy,;(L) = [I'(L)| —2/3 =0
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from scipy.optimize import fsolve

def Gamma abs objective (L):
|Gamma| - 2/3 as a function of L
Mark Wickert February 2016

L = L*1le-9

RL. = 50
Z0 = 100
f = 100e6
W = 2*pi*f
Gamma_abs = abs ( ((RL*1j*w*L) / (RL+1j*w*L)-20) / ((RL*1j*w*L) / (RL+1j*w*L) +20) )
return Gamma abs - 2/3 # Looking for zero crossing
L req = fsolve(Gamma abs objective,100,xtol = le-5)

print('L_req = %1.1f nH' % (L_req,}}

L req = 68.5 nH

Figure 2.29: Using fslove to numerically search for L.

e The results i1s the same in both cases

e Just pulling the L value from the plot is easier still, and quite
accurate when you zoom in
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2.7 Wave Impedance of a Lossless Line

e Anywhere along the line we can form the ratio V(d)/I(d),
hence this voltage to current ratio is given the name wave impedance

e Drilling into this definition reveals

V(d) Vi [e/? + TeiPd]

Z(d) = = = _ , YA
D=TFa) = Vi [er e 2
| + De/2bd
= %o [1 — Fe—ﬂﬂd] (£2)
e If we define the reflection coefficient at location d = —z as

['(d) = [e /P4

then we can also write

1+1y
1-1y

Z(d)ZZO[ } @

To be clear:

— Z(d) is the ratio of the total voltage to the total current
(both incident and reflected)

— Zy is the ratio of just the incident voltage over the in-
cident current (minus sign on reflected voltage over re-
flected current)

A great use of the wave impedance concept is in equivalent
circuits as shown below
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A B
+ Zg —0 * g
= A B ¢’
11 I~ q
d=1 d 0

(a) Actual circuit

\

7 I S
+ I
~ A’ 1B

(b) Equivalent circuit

Figure 2.30: Significance of the wave impedance in tline circuit
modeling.

Line Input Impedance

e As a special case consider the line input impedance

1 + I
Zin=2Z(1=d)=Z7
(=)= 2|1

e Noting that

[ = e /2!
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allows us to write

7 (ZL cos(Bl) —I—jZosin(,Bl))
T 2O\ Zocos(Bl) + jZy sin(Bl)
_ (ZL + jZotan(,Bl))
"\ Zo + jZ, tan(BI)

also making use of Euler’s identity and then dividing top and
bottom by cos()

e Application: Find the voltage at the source end of the line
Vi = V(z = —I) (remember here the notation assumes z)
using Z;,, then go on to find the incident voltage V"

— From simple circuit analysis (voltage divider)

~ ~ I;ngin
Vi=1Zn=—-"*""
Zg + Zin

— It 1s also true that
Vi=V(z=-I) =V, [e/' + Te /F]

— Solving for V" yields

i VeZin 1
\Zg+ Ziy ) \ e/l 4 Teif!
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~ ﬁ, A Transmission line
g e ;’+ ‘INL
+
Vg@ Vi 7 Z v [z
\ o4 e
Generator | | Load
z=—[ z=0
d=1 d=0
Z > 4
g +;’
+

g
&
&/

U
N
=

Y [
_AA
A d

Figure 2.31: How to obtain V," using Z;, to obtain V; and I;, and
then V" using V;.

e Finally obtaining V0+ completes the solution of the 1D trans-
mission line wave equation; everything is known!
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2.8 Special Cases of the Lossless Line

e In this section we consider the input impedance of a lossless
transmission line under the special cases of: (i) a short at the

load, (i1) an open at the load, and (ii1) a pure resistive load
R; # Z, at the load

e This study opens the door to filter design and impedance match-
ing circuits, and the use of the Smith Chart

2.8.1 Short-Circuited Line

e For a short circuited line Z; = 0 so at distance d away from
the load the voltage and current are given by

—1
~ . e .
Vield) = Vt[e P4+ T e P =2Vt sinBd

~ |53 : 2V F
I.(d) = 0 Jp=JBd _ T —jpd] — 270 d
(d) Ze [e L e ] 7 cos

~1
e The input impedance of a length / line is

Zi() = Zul)|,, _y = jZotan(Bl)

e The impedance is purely reactive, but changing with d as we
move back from the short circuit load (d increasing)

e The figure below shows that the reactance is positive, as in an
inductor, part of the time and negative, as in a capacitor, at
other times
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O
SC short
Zin % circuit
O
d } > |

Voltage

A
4

4
I |
T -1
| ©
|
! : Zin
: : } JZo
! Impedance!
|
. I
I 1 %
! | | L0
A 3. 3
4 4
L - .
T 1 1
1

Figure 2.32: Short-circuited line showing voltage, current and
Z:X/jZ versus .
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e Inductor Like: Set

JjoLeq = jZotan(Bl)

or )
Ztan
Leq — . IB (H)
)
provided tan(B/) > 0
e Capacitor Like: Set
: = jZotan(Bl)
JoCeq
or
Ceq = : (F)
T Zowtan(Bl)
provided tan(B/) < 0
! ; !
hort
Zin —> 20 cireuit
Z‘SC _>1 Z — 1
n J C jwceq

Figure 2.33: Short-circuited line behaves as a capacitor depending
upon the line length /.
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Impedance versus Frequency

e In microwave circuit design considering the Z.- relationship
versus frequency of interest, as circuits typically operate over
a band of frequencies

e To take this view we write

81 _z.J

H = _—_.L
2 fo

where 6 is line electrical length in radians and fj is the corre-

sponding quarter-wave frequency of the line

elect. length

e The quarter-wave frequency f, follows from the fact that A, =

up/foor fo=up/Ao

e Now,

131:2_7T.ﬁ: 2 .up:pi.i
A4 w/f 4 2

e Expressing Z.~ as function frequency, we have
Z:(f) = jZotan(0) = jZytan (z : i)
2 Jo
— Note: At f = f +0 we have 6 = /2 rad or 90°, which
both correspond to A/4

Example 2.12: Z5 versus f for Z, = 100 Q

e Here we put together a simple model in LTspice to see how the
impedance (pure reactance here) varies with frequency relative
to the quarter-wave frequency
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e Here we choose f, = 100 MHz which has period of T =
10ns, so the corresponding tline time delay is 7 /4 = 2.5 ns

Ty =25ns< A/4atf, =100 MHz

Td=2.5n Z0=100
R1 S Short

50 [
vi UL R2
7 0

Zin
.ac lin 500 10 500Meg
AC10

Figure 2.34: LTspice schematic used to study the input impedance
versus frequency of a quarter-wave short circuit line at 100 MHz.

e Using a linear plotting scale in LTspice we plot the line input

impedance

{7 Short_ckt == ="
1KQ Y[n002)la[T1) =Zi:;: 100°
900Q positive . | Negative — 80°
800Q— reactance reactance Note: Pattern repeats . g0°
2000 : at odd multiples of f. a0
6000 Also: Odd multiples o
000 of f, are odd .
1000 multiples of the /4 L e

line length at f,.

30002 : — -40°
2000 g
1000 .
Qle—" = e e e -100°

[ I I I
100MHz 200MHz 300MHz 400MHz 500MHz

Figure 2.35: Input impedance plot versus frequency, which clearly
shows the response repeats at odd multiples of fj, the quarter-wave
frequency.
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Note: At the quarter-wave frequency the short circuit appears
an open circuit as the impedance magnitude goes to infinity

2.8.2 Open-Circuited Line

For the case of Z; = oo the analysis is similar to that of the
short circuit

At distance d away from the load the voltage and current are
given by

+1
~ . " — .
Veld) = Vyt[eP + T e /P =2V, cos Bd
. vite . . 2V F
[o(d)=2[e P~ T e /P =" sinBd
Z() \—l-’l-/ Z()

The input impedance of a length [ line is

Z&() = ZinD)|, . = —JZocot(Bl)

The impedance is purely reactive, but changing with d as we
move back from the short circuit load (d increasing)

The figure below shows that the reactance is negative, as in a
capacitor, part of the time and positive, as in a capacitor, at
other times
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|

|

|

|

|

Current 2iVir

[ } 2/V0
. R

|

|

|

|

d 0
()
L
Ziy
Impedance | 57
y, % J£0
[ < , 0
(d) T
1L
T

Figure 2.36: Open-circuited line showing voltage, current and
Z/jZ versus [.

n
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Impedance versus Frequency

e We can again view the open circuit impedance as a function
of frequency with the line length fixed at some quarter-wave
frequency fo <> Ao/4

e Expressing Z° as function frequency, we have

ZX(f)=—jZocot(0) = jZcot (% . %)

Example 2.13: Z2¢ versus f for Z, = 100

e We again put together an LTspice model for the open-circuit
case, to see how the impedance (pure reactance here) varies
with frequency relative to the quarter-wave frequency

e Here we choose fy = 100 MHz which has period of T =
10ns, so the corresponding tline time delay is 7/4 = 2.5 ns

T; =25nse Af4atfy = 100 MHz

R Td=25n20=100  gpen
T1
vi 0o L éRZ
> 00 971e6
ol .ac lin 500 10 500Meg ~
AC10

Figure 2.37: LTspice schematic used to study the input impedance
versus frequency of a quarter-wave open circuit line at 100 MHz.
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e Using a linear plotting scale in LTspice we plot the line input

impedance
4 Open it » [E=NECR ==
00060 V(n002)1a(T1) = Z. " 100°
30002 Negative Positive Note: Pattérn repeats e
B00Q- | reactance ! reactance || at od;:i muItipIesF;ff : — 60°
70000 | : o : B .
; i Also: Odd multiples of : 10
6000 fo are odd multiples , i
5|]|]Q_: of the A/4 line length " r
4["](1_‘: i \ at fﬂ' E E_ -Euﬂ
300(1_: ] '\. : / i \ E— -40°
2000 \ : N - 8

10002
00

\\., _____ ,/’/ _____ \ _____ - -80°

-100°
I I [ ]
100MHz 200MHz 300MHz 400MHz 500MHz

Figure 2.38: Input impedance plot versus frequency, which clearly
shows the response repeats at odd multiples of fj, the quarter-wave
frequency.

e Note: At the quarter-wave frequency the open circuit appears
a short circuit as the impedance magnitude goes to zero

2.8.3 Lines of Length a Multiple of 1/2

e A /2 periodicity has been seen since the first plot of standing
waves back in the homework problem of Chapter 1

e With regard to line input impedance this is formalized by con-
sidering/ = nA/2intanpBl, n =1,2,...

tan(f - nA/2) = tan ((271/)L) -nk/2) = tan(nw) =0
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e Thus

4 /0 -
Zin:ZO|: L+]. OO]=ZL
Zo+ jZL-0

e A A/2 (and multiples) length line transfers the load impedance
to the source end

2.8.4 AQuarter-Wavelength Transformer

e Supposel = A/44+nA/2, n=0,1,...

2r A 0w
l:—-—:—,
p A2 2
so as tan(;/2) — o0
Z Zi [ A-I— A 0,1,2
in — 5 > - n—, n=0u1,2,...
Y7 4 2

Example 2.14: Matching a Real Impedance Load (or tline)

e Suppose a 50 €2 feedline needs to be matched to a 100 €2 load

e To climinate reflections (at a single frequency) we insert a A /4
section of transmission line to act as an impedance transformer

Z()z = v Zin . ZL = 4/50 x 100 = 70.7€2
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Feedline A

A/4 transformer

(o)

ZOI =50 Q Zin r— Z()2 §ZL =100 Q

e
~

o lA’
| A/4 |

Figure 2.39: Quarter-wave matching of 100 €2 to 50 Q2 via Zg, =
70.7 2.

e Perfect matching here means that I' = 0 looking into the in-
terface at (A, A’) is zero

e As the quarter-wave operating frequency changes the matching
property deviates from the perfect match (I" # 0)

e 'To see this consider an LTspice simulation:

Ty =25ns< A/4atf, = 100 MHz

Td=2.5n 20=70.7
R1 T1

50

v L 1 R

100

.ac lin 500 10 500Meg
AC10

Figure 2.40: LTspice schematic used to study I' versus frequency of
a quarter-wave impedance transformer circuit.
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17 Qtr_trans_ckt |E|'E
0.4 (V(n002)-1la[T1)*50){(V(n002)+la(T1)*50) = [’ 0
100 — 50 :1 _ _qpe
100+50 3 L _180°
0.3 P
--360°
0.2- --450°
Perfect match at ~-540°
0.1 the quarter-wave —-630°
frequency of 100 --720°
MHz and 300, etc. BRRREE Sy I |
0.0 —-900°

| I T | | T T | |
50MHz 100MHz 150MHz 200MHz 250MHz 300MHz 350MHz 400MHz 450MHz 500MHz

Figure 2.41: Plot of I" versus frequency of a quarter-wave impedance
transformer circuit having fy, = 100 MHz.

e Note: At multiples of the A/2 frequency the line transfers Z;,
to the source end and we simply see the full mismatch of I' =
(100 — 50)/(100 + 50) = 1/3; surprised?

2.8.5 Matched Line: Z, = 7,

e When a line is perfectly matched to the load, Z; = Z, there
is no standing wave pattern and all of the power flowing from
the source is delivered to the load; why? (I" = O for all values

of d)
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Table 2.5: Summary of standing wave and input impedance phenom-
ina.

Voltage maximum IV |max = |V |[1 4 |T]
Voltage minimum Vmin = Vg |[1 — T]
0:A A
Positions of voltage maxima (also Dhivgs: = 4r— + %, n=0,1,2,...
positions of current minima) T
oA
-, ifo<6<m
Position of first maximum (also Ol = 4r
position of first current minimum) % X & -7 <6.<0
4 2’ -
A (2n+1)A
Positions of voltage minima (also dinin = 4r + ( n: ) , n=0,1,2,...
positions of current maxima) T
A 6
Position of first minimum (also Aot — 1 (1 + —r)
position of first current maximum) T
. zL+jtanﬁl 1+Fl
Input impedance Iiw=2| ——F—F | =% | ——=
put imp in O(1+sztanﬁl "\1-T,
Positions at which Z;, is real at voltage maxima and minima
: 1+
Z;, at voltage maxima Zin =2 m
Zin at volt ini z, =7, (=1
in at voltage minima e —_—
1mn g m 0 l+ |F|
Z;, of short-circuited line Ze = jZotan Bl
Z;, of open-circuited line Z° = — jZy cot Bl
Z;, of line of length [ = nAi /2 Zin=2%, n=0,1,2,...
Z;, of line of length [ = A /4 4+nA /2 Zn=273/71, n=0,1,2,...
Z;,, of matched line Zin =2
V57| = amplitude of incident wave; T" = [T'|e/% with —1 < 6; < 7; 6; in radians; T} = Te /2P,

2-68
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2.9 Power Flow in a Lossless Line

e Fundamentally the power flow in a tline is related to the time
domain voltage and current v(d,t) and i (d, 1)

e The phasor quantity V (d) is related to v(d, ¢) via

v(d,t) = Re[V(d)e/*"]
= Re[|V;"|e/?" (/P4 4 |T|e/#re=7P4)]

— |VO+||:cos (wt + Bd + ¢™)
+ |T| cos(wt — Bd + ¢T + qbr)]

and similarly for i (d, t)

V'] [cos (wt + Bd + ¢™T)
V4

0

i(d,1) =

— |T| cos(wt — Bd + ¢ + ¢r)]

where V" = |V;"|e/¢” and T = |T'|e/%

2.9.1 Instantaneous Power

e Instantaneous power is the product
Pd,t) =v(d,t)-i(d,1)
which can be written as

P(d,t) = P'(d,t) — P"(d,t) (book has + sign)

2-69



CHAPTER 2. TRANSMISSION LINES

where
i |‘1§#|2 +
P(d,t) = Y |1+ cosQwt + 2Bd +2¢™)]
0
r 2|I<;F|2 +
P'(d,t) = |T |1+ cosQwt —2Bd +2¢™ + 26,)]

27
(book has minus on reflected power term)

e In the average power calculation, up next, the 2w terms average
to zero

2.9.2 Time-Averaged Power

e From circuits and systems, the time averaged power is the pri-
mary interest

e For a periodic signal of period T = 27 /w, the average power
in W is
1 T
Py(d) = —/ P(d,t)dt
T Jo

e The double frequency term will average to zero (why?) yield-

ing
PaiV P;V

+12 +12
V V

Py =0l pplo]

27 27
V'R

= Dol e w

27y | ]

e Note: The power flow is independent of d for both the incident
and reflected terms
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Transmission line
1
() o
g_ Pa{v_|r|2palw
1 |
d=1 d=0

Figure 2.42: Summary of power flow in a loss transmission line.

Phasor Domain Power Calculation

e Direct calculation of the power in the phasor domain is possi-

ble using

PaV — %Re[ﬁi*]

Example 2.15: Reflected Power

e Given 100 (W) of power sent down a tline toward the load and
|I"| = 0.2, how much power is returned?

e According to the average power expressions,

P! =|T|°P. =0.04 x 100 =4 (W)
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2.10 The Smith Chart

The Smith chart, developed in 1939 by P.H. Smith, is a widely used
graphical tool for working and visualizing transmission line theory
problems.

e In mathematical terms the Smith chart is a transformation be-
tween an impedance Z and the reflection coefficient I', by
virtue of the relation

e In complex variable theory this is known as a bilinear trans-
formation

e Assuming Z is real the transformation maps the Z-plane to
the I'-plane as shown below:

Im Im
L_Z=Z, _z-]
Z+Z, z+1 J_ Re(Z)<0
Re(Z)<0 > 1/
Re 1+T — T Re
~< ——Re(2)=0
z-Plane wherez=Z2/Z,

Figure 2.43: Smith chart as a mapping from Z to I'.
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e When working with the Smith chart impedances are normal-
ized by Zy,1.e. z = Z/Zy, so

z—1 1+T
and z = ——
z+1 1-T

I

2.10.1 Parametric Equations and the I'-Plane
e 'To better understand the transformation let z = r + jx

r—1)+Jjx
(r +1)2+ jx

I'=Re(l') + jIm(I") =U + jV =

e The real and imaginary parts are

2 1 2
U — r + X
(r+1)%+x2
2Xx

V=
(r +1)2 4+ x2

e Now, eliminate x from the above expressions for U and V

2 2
r ) 1
U — + V=
r+1 r+1

e Thus for a constant r we have a circle of radius 1/(r + 1) in
the U — V plane (I'-plane) with center at

(Uo. Vo) = (r/(r +1),0)

e Putting the two circle types together results the high-level Smith
chart shown below
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Impedance — Plane ['—Plane

. Constant resistance lines

S | I
SNy

Z=R+ jX and
Z|Z,=z=r+ jx

Figure 2.44: Constant r circles in the I'-plane.

e By eliminating r from the U and V equations we find
1 1)’
(U—1)2+(V—;) = (—)

X

e Thus for constant x we have a circle of radius 1/x inthe U —V
plane with center at

(Uo, Vo) = (1, 1/x)

Impedance — Plane [' - Plane

Constant reactance lines

Z =R+ jX and
Z|Z,=z=r+ jx

Figure 2.45: Constant x circles in the I'-plane.
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e Next place the constant resistance and constant reactance cir-
cles on the same unit circle I'-plane

r,=0,T=-1
Short circuit load

70 - U=T

z,=1,=0 ‘ ’
Matched load
=05

r, =0, '=+1
Open circuit load

Figure 2.46: A few constant r and constant x circles on he unit circle
["-plane.

Example 2.16: Getting Acquainted

e Suppose that Z; = 50 + j50 and find Z;, and S for a line
having electrical length of 45° (recall Bd = ) and Z, = 50 Q2
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Three outer scales:

6. in degrees

A towards generator '
A towards load

ZL:2_j1

04]s

BB gutigus usiys!
gl
O ERESCY
esigelet Vet
::“‘ “‘“‘\“““
O

>
SRS

RADIALLY SCALED PARAMETERS &
TOWARD LOAD —> <—TOWARD GENERATOR 6‘9‘_‘?
10040 20 10 4 5325 2 18 16 14 12111 15 10 7 4 3 2 1 XS
e g b e o e o T by QTS
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Figure 2.47: Pointing out some of the scales found on the Smith
chart.
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2.10.2 Wave Impedance

e Transmission calculations using the Smith chart follow from
the basic lossless line result that the reflection coefficient look-
ing into a length d line is

r, = [e /264 — Fej(er—2,3d)’

where as before I' = |T"|e/? is the reflection coefficient of the
load

— Think of I' as a vector in the I'-plane, with origin at the
chart center (U, V') = (0, 0)

— To find I'; you rotate the tip of the I' vector clockwise by
Bd = 6 degrees, as a negative angle in the complex plane
1s indeed clockwise

— In Smith chart terminology this is called moving towards
the generator

— Moving in the opposite direction, positive angle shift of
the I' vector, 1s called moving towards the load

e Another impact of the 28d factor is that d = A /2 is one trip
around the chart (follows from A /2 periodicity of tline input
impedance)

e Once I'; 1s found, it then follows that

Zd) 14T,
Zo 1-Ty

z(d) =
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Additionally, since
1+ ||
1-T|

traces out a constant VSWR circle in the I'-plane

S = VSWR =

There are scales on the chart for directly reading .S or the r > 1
axis scale can also be used (see next example)

Example 2.17: Find Z;,

Suppose that Z; = 50 + ;50 and find Z;, and S for a line
having electrical length of 45° (recall 8d = 0) and Z, = 50 2

Normalize by Zy = 50 we plot z; = 1 4+ j1 on the chart

Next we note the wavelengths toward generator value; here it
is 0.162A

Draw a line through the origin that passes through the wave-
lengths toward generator value of 0.162A + 0.1251 = 0.2874,
this 1s angle location of I'y

Draw a circle centered on the origin that passes through z; and

rotates clockwise to intersect the radial line passing through
0.287A

The intersection point is z(d = 0.1251) =2 — j1
The value Z;, = Zy - z(0.1251) = 100 — j 50

The VSWR is read from the r > 1 axis to be 2.62; note the
voltage minima can be read from the r < 1 axis
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2.10.3 Impedance/Admittance Transformation

e Converting an impedance to an admittance is simply a matter
of rotating the normalized impedance value, z plotted on the
chart by 180°, then de-normalizing by multiplying the value
found, Y, by Y() = I/ZO

e 'To prove this consider ... (see book)

Load impedance zj

Load admittance yy,

Figure 2.49: Converting z; = 0.6 + j1.4to y;, = 0.25 — j0.6.
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2.11 Impedance Matching

e The Smith chart is often used to design impedance matching
circuits

e By impedance matching, we mean making the load Z; appear
to be Zy, like in the design of the quarterwave transformer

e Here the load impedance is in general complex

Feedline M A
—Z, o O— —0—
p Match
a2 , atching
Vg@ 20 Zin—> network L
M’ A’
o O— —O0—
Generator Load

Figure 2.50: The general impedance matching problem.

e The circuit elements used n a matching network may be lumped
L and C and/or lossless transmission line sections and/or open
and short circuit stubs that attach to the through circuit
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Feedline M
A/4 transformer A
Zo  Zin—> Z02 "
My
(a) If Z1 is real: in-series A/4 transformer inserted at A4’
Z(d)
Feedline M| /4 | d | A

Zo1  Zin—> Zn

(b) If Z; = complex: in-series 1/4 transformer inserted
at d = dipax O d = dpin

wdy)
Feedline M A
Zy Zin=—> —L @ 2y L

e

(c) In-parallel insertion of capacitor at distance d

Feedline M A

Zo Ziy— L b

(d) In-parallel insertion of inductor at distance d,

ys(l)
Feedline | Ml di 14
Zo \ Zo
M A’

I

(e) In-parallel insertion of a short-circuited stub

Figure 2.51: A collection of matching circuits.

e Working through all the possible combinations is beyond the

scope of this class

e Here we will explore a few examples

e The goal in all cases is to drive the impedance seen looking
into the matching circuit to be Z, on the Smith chart, that is
I' =0+ jO, also known as the match point

e The Smith always find a graphical solution, but pure analytical

solutions are also possible

e For the network topologies chosen here there are two possible

solutions per approach
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2.11.1 Quarter-wave Transformer Matching

Feedline M|——4/4 | d | 4
?B e

201 Zin—> 202 ? Zy1 Zr
Mg 3 2

Figure 2.52: A quarter-wave matching approach where d = d,,x or
dmin for complex-to-real conversion.

Analytical Solution

e For the network topology shown above, originally in 2.50 cir-
cuits (a), you start from the load, Z; and move toward the
generator until either d;, or dmayx is reached

— Yes, there are two possible solutions

— Recall: d,,x corresponds to the first voltage maximum
along the line and d,,;, corresponds to the first voltage
minimum along the line

e From earlier analysis

()2 067 <180°

dmaX - 1 07 o o
(3 +79) A, —180° < 67 <0

1 6°
dmin -\~ . A
(4 T 7200)
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e The next and final step is find the quarter-wave section charac-
teristic impedance

e Choose

Z()z = \/Z()l . Z(d) = \/Z()l °Z(d)Z()1 = Z()le(d)

e The normalized impedance z(d) corresponds to § = VSWR:
for d .y itis S, while for d,;, itis 1/.S (this is very obvious on
the Smith chart)

e In summary:

ZOI \/E, d = dmax

Zoly/l/S, dzdmin

— Recall: S = (1 +|T|)/(1 —1|T))

Ly =

Example 2.18: A series RC Load

1/4

Ta =100 x 106 ;0092
Td=2.5n 20=30.48 } Z,, ¢ 100 x 10
R1 Td=50n Z20=50 Td=0.92n Z20=50
T T2 T3

50 §R2

V1 ’5
Feedline Quarter-Wave d/lambda =0.092 —

1 Ac10 @ 100 MHz 60p

A

.ac lin 500 50e6 150e6 N

Figure 2.53: LTspice schematic of the d,,;, solution.

2-84



2.11. IMPEDANCE MATCHING

e The load consists of R = 25 Q in series with C = 60 pF
capacitor

e The match is to be made at f = 100 MHz which has a period
of 10 ns

e Solution 1: Choose the d,,;, case and use Python to obtain the

numerical values
Z0 50

Cs 60e-12 # C = 60 pF cap

ZL 25 + 1/(13*2*pi*100e6*Cs)

Print('ZL = ' + cpx fmt(ZL))

Gamma = ZLZ2Gamma (ZL., Z0)

print('Gamma = ' + cpx fmt (Gamma, 'polar'))

zZL = 25.0000 - j26.5258
Gamma = 0.4582 /_-113.8263 (deq)

Solution 1: Based on d;;,

d min = 1/4 + angle(Gamma) * (180/pi) /720
print('d_minflambda = %1.3f" % d min)
d_minflambda = 0.092

S = (1 + abs(Gamma) )/ (1 - abs (Gamma))

Z 02 = Z0*sgrt(1/S)
print('Z 02 = %1.2f (Ohms)' % Z 02)

Z 02 = 30.48 (Ohms)
Figure 2.54: Solution 1 calculation in a Jupyter notebook.

e The design values found above are used in the original LTspice
schematic shown earlier

e A frequency response plot of 20 log,, |I'ix| is obtained and com-
pared with 201og,, |I"|, which is the no matching case

— Note: This quantity is related to the Return Loss of a one-
port network
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— Formally,

Return Loss = RL = —201log,, |I'| (dB)

— Loss is always a positive quantity, but in LTspice it is
more convenient to plot the negative of RL

e Here the 20 dB RL bandwidth is found to be ~ 10.34 MHz

¥~ QTR_match_dmin The dy,jp Solution =N cR—=
[V(a)-1(R2)"50)/(V(a) +I(R2)"50) (V(m}-1a(T2)*50){(v(m)+Ia(T2)*50) .
2dB.

D S o o0
'BdB_ - - __1 50:
L14dB- o , 20logqo IT|  |-200°
| 504R Y 3¢ = -Return Loss (dB) | ,gqe
-26dB- i/ —-300°
g -350°

-32dB~ _ |
201logyo |Tip| | --a00°
-38dB- = -Return Loss (dB) | 450"
-44dB- H Tt —-500°
-50dB : , : : — | 550°

50MHz 70MHz 90MHz 110MHz 130MHz 150MHz

Figure 2.55: Frequency response plot of solution 1 as the negative of
the Return Loss

e At 100 MHz the match is perfect as RT approaches oo (in the-
ory with no component error)

e Without any matching circuit RT is about 5 dB, very poor
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e Moving on to solution 2, the next three figures show the design,
the final schematic, and the frequency response

Solution 2: Based on d;;x

d max = mod (angle (Gamma) * (180/pi) /720,0.5)
print ('d max/lambda = %1.3f" % d max)

d max/lambda = 0.342

S = (1 + abs(Garmma) ) /(1 - abs (Gamma) )

Z 02 = Z0*sgrt(s)
print('Z 02 = %1.2f (Ohms)' % Z_O2)

Z 02 = 82.03 (Ohms)

Figure 2.56: Solution 2 calculation in a Jupyter notebook.

V.
47100 x 106 ;o 0342
Td=2.5n 20=82.03 | Z,, = % 100 x 108
R1 Td=50n Z0=50 Td=3.42n Z0=50
T1 M T2 B T3 A
50 §R2
V1 95
N ) V. N N c1
Feedline Quarter-Wave d/lambda =0.342 —(—
AC10 @ 100 MHz 60p
ac lin 500 50e6 15066 N

Figure 2.57: Solution 2 LTspice schematic for quarter-wave match-
ing.
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¥~ QTR _match_dmax The dmax Solution == EcE "
0dB (V(aH(R2)*50)/[¥(a) +|(R2)*50) (V(m]-la(T2)*50)[¥(m)+la(T2)*50) 100°
5dB- — - 80°
-10dB- - 60°
: - 40°
15dB- | o
-20dB- -
-25dB- N
-30dB- | 201log, |T| o A
-35dB- = -Return Loss (dB) | = -Return Loss (dB) i -:g..
P | -
40dB IR LT { _-100°
-45dB- -““-“‘k _____________________________ __120°
.50dB : , : : — 1 qa0
50MHz 70MHz 90MHz 110MHz 130MHz 150MHz

Figure 2.58: Frequency response plot of solution 2 as the negative of
the Return Loss

e Here the RL bandwidth is only 5.21 MHz; likely due to dpax
being a A /2 longer line section

Smith Chart Solution

e The tutorial of text Module 2.7 does a great job of explaining
the steps
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Module 2.7 Tutorial
Quarter-Wavelength Transformer

Z =250-]2653%

F =1000 MHz
Zp=5009

£,=10 £5=10

el sl TR
Input Panel
ch teristi
Impedanc ZU1 =)50.0 =]
Load =
Ir:;edance Z = |25.0 ‘ *] |—26.53 ‘
Frequency  f =|100.0E6 | HZ
Relative _ _
itivity 1 = 1.0 | e2=l1.0 |
Main Line Transformer
Display Line Admittance ?  Yes * No
Persistent Trace on Chart? ~ Yes  No
Animation Speed
< > Update
- (2 3

® 2z, = 05-j035306
i 045822 L 113.81892°

O y, = 0.94067+j0.99824

@ z(d) = 05-j05306
T(d) = 045822 L -113.81892°

@ y(d) = 094067+ 099824

C d=00A 2B d=00rad=00°

C 05A-d=05A 2B (05 A - d) = 6.2832 rad = 360.0°

Figure 2.59: Quarter-wave match Smith chart: Applet set-up

Module 2.7 Tutorial
Quarter-Wavelength Transformer

f = 1000 MHz
Iy, =500%
g,=1.0

GoBack | Back to Start

Step 1
- Identify normalized load impedance
Z =R, +]X =250-]2653Q
7| =r_+jx =05-]0.5306
- For frequency analysis, we assume R

remains unchanged and we model
the imaginary part as an inductor

- Plot SWR circle with radius r= | T |

Instructions |

Color |

® =z 0.5-j0.5306
T, = 045822 L -113.81892°

O y, = D0.94067+/0.99824

@ =z(d) - 05-j0.5306
I(d) = 045822 L -113.81892°

® y(d) = 094067 +j099824

C d=00A 28d=00rad=00°

C 05A-d=05A 2B (0.5 A - ) = 5.2832 rad = 360.0°

Figure 2.60: Quarter-wave match Smith chart: Step 1
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Module 2.7 Tutorial o
Quarter-Wavelength Transformer |_instructions |

f =100.0 MHz
Zy =5008
g,=1.0

GoBack |

First Solution

Im{Z_ }<0

The transformer can be inserted 0.5-j0.5306
at the first voltage minimum location e iy
0.94067 + 0.99824
0.5-0.5308
045822 L -113.81892°
0.94067 + 0.99824

2@d=00rad=00"
2B (0.5 A - d)=6.2832 rad = 360.0°

Click Mext Step to proceed

€ 05A-d=05A

Step 2 - First Solution

Move along the transmission line fram
load to generator until the first voltage
minimum position is reached at

dpin = 0.0919%  from the load

0.5-j0.5306

0.45822 L -113.81892°
0.94067 + j 0.99824
0.37153 +j 0.0

0.45822 L 180.0°
269154 +j0.0

2 d =1.1551 rad = 66.1811°
2B (0.5 A - d)=5.1281 rad = 293.8189°

Here, you can insert the transformer
since the line impedance is Real:

Z(dy)=185767 Q ¢ d-00919A
€ 05h-d=04081 A

Figure 2.62: Quarter-wave match Smith chart: Step 2
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Module 2.7 Tutorial
Quarter Wavelength Transformer

Z, =250-j2653Q@
Zgo = 30.4768 @
;=10

f =1000 MHz
Zge=500Q
g,=1.0

Go Back | MNext Step | Back to Start

Step 3 - First Solution

The transformer is inserted to match
the line impedance.

The needed characteristic impedance
of the transfarmer line is:

Zgy =1Zpn Z(dq) 12

Zgy = 304768 Q

Instructions |

Color |

" o05h-d=05h

@ =z, - 05-j05306
I, = 045822 L -113.81892°

O y_ = 094067 +j0.99824

@ z(d) = 037153+j00
T(d) = 045822 L 180.0°

@ y(d) = 269154+/00

C d=00A 2pd=00rad=00°

2B (0.5 A - d)=6.2832 rad = 360.0°

Figure 2.63: Quarter-wave match Smith chart: Step 3

Module 2.7 Tutorial
Quarter-Wavelength Transformer

f =100.0 MHz
Zge=500Q
g,=1.0

Z, =250-j2653Q
Zpg = 304768 Q
E5=1.0

GoBack | = MNextStep |  BacktoStart

Step 4 - First Solution

To move further on the Smith chart
we renarmalize the line impedance
using the characteristic impedance
of the transformer line:

z(dy)=03715%Zy/ Zg,

z(dy)=03715"50.0/30.4768 = 0.6095

Instructions |

Color |

® =z, = 0.5-j0.5306
T, = 045822 L -113.81892°
Oy, = 0.94067 +0.99824
@ z(d) = 0.60954+j0.0
T(d) = 0.24259 L 180.0°
@ y(d) = 1.64059+j0.0
 d=00A 2B d=0.0rad =0.0°

" 05A-d=05A

2B (0.5 A - d) = 6.2832 rad = 360.0°

Figure 2.64: Quarter-wave match Smith chart: Step 4
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Module 2.7 Tutorial
Quarter-Wavelength Transformer

f = 1000 MHz Z,=250-j2653Q
Zp,=500 R Zp, = 304768 R
g,=10 £,=10

Go Back | Next Step | Back to Start |

Step 5 - First Solution

Move to the input of the transformer.
Here the line impedance is matched:

® =z, = 05-j0.5306
Zin =Zgy =5000Q I, = 045822 L -113.81892°
O y,_ = 0.94067 +j0.99824
Note that the normalized impedance @ z(d) = 1.64059+;0.0
; ; T(d) = 024259 L 0.0°
on the Smith chart is not 1.0 because
o ) . @ y(d) = 0.60954+/0.0
it is still normalized with Z g, .
€ d=03419A 2B d = 4.2967 rad = 246.1811°
€ 05A-d=01581A 2B (05 A - d) =1.9865 rad = 113.8189°

Figure 2.65: Quarter-wave match Smith chart: Step 5
Module 2.7 Tutorial Instructions | : ﬂl

Quarter-Wavelength Transformer

f =100.0 MHz Z, =250-j26.53Q
Zy,=5009 Zy, = 30.4768 2
g,=10 g,=10

GoBack |  MNextStep | BacktoStart |

Step 6 - First Solution

Since we are going back to the ariginal
transmission line, the line impedance

on the chart is re-normalized with Z : ® 1z, - 050598
r, = 045822 L -113.81892°
Zj, = 16406 * Zgol Zgy Q  y_ = 0.94067 +j0.99824
@ z(d) = 1.0+j0.0
B . B I(d) = 0.0 L 00°
Zj, = 1.6406 " 304768/500=1.0 @ y(d) = 1.0+j00
¢ d=03419A 2P d = 42967 rad = 246.1811°

" 05A-d=01581 A 2B (0.5 A - ) = 1.9865 rad = 113.8189°

Figure 2.66: Quarter-wave match Smith chart: Step 6
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Module 2.7 Tutorial
Quarter-Wavelength Transformer

f =1000 MHz
Z,, =500 2

g,=10

GoBack |  MNextStep | BacktoStart |

Step 2 - Second Solution

Move on the line to reach the location of
the next voltage maximum

dpmax =0.3419 4 from the load

which has Real line impedance:

Z(d,) =134.5769 Q

® 2z, = 05-j05306
I, = 045822 L -11381892°

O y, = 054067+j0.99824

@ z(d) = 269154+/00
T(d) = 045822 L 0.0°

@ y(d) = 037153+j0.0

C d=03419A 2B d = 4 2967 rad = 246 1611°

€ D5A-d=01581A 2B (0.5 A - d)=1.9865 rad = 113.8189°

Step 3 - Second Solution

The transfarmer is inserted to match
the line impedance.

The needed characteristic impedance
aof the transfarmer line is:

Zgy =1Zip Z(dy) 112

Zg, =82.0295 Q

Step 4 - Second Solution

To mave further on the Smith chart
we renormalize the line impedance
using the characteristic impedance
of the transfarmer line:

z(dy)=26915*Zg! Zg;

z(d,)=2.6915"50.0/82.0295 = 16406

Step 5 - Second Solution
Move to the input of the transformer.
Here the line impedance is matched:

Zin = Zgq =50.0Q

Note that the normalized impedance
on the Smith chart is nat 1.0 because
it is still normalized with Z 5.

Step 6 - Second Solution

Since we are gaing back to the original
transmission line, the line impedance
on the chart is re-normalized with Zg, :
Zjy = 0.6095 * Zgq/ Zgy

Zj, =0.6095*82.0295/50.0=1.0

Figure 2.68: Quarter-wave match Smith chart: Solution 2

Figure 2.67: Quarter-wave match Smith chart: Solution 2 set-up
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2.11.2 Lumped Element Matching

w(dy)
Feedline Z\.l 4
A Lin=—b ——C A Z1
M d 14
o O

Figure 2.69: Lumped element matching using a shunt C

W(dh)
Feedline M 4
Zy Ly —> Zy Z1
M dp 14"

Figure 2.70: Lumped element matching using a shunt L

e In 2.50 circuits (c) and (d) consider a special case of lumped
element matching, which employs a series transmission line
connected to the load with a shunt L or C across the line

e As shunt elements are added across the through line, all of the
analysis is done using admittances since admittances add in a
parallel circuit, i.e., referring to either 2.69 or reffig:num37c

Zin

1
1 1

Zd ZS

Yin:Yd+Ys
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where Y, is the admittance looking into the series line of length
d; or d> and Y, is the admittance of either a shunt C, i.e., Yo =
j2xnfC,orashunt L,ie., Yy =1/(j2nfL)

In practice Y; = G4 + jB; is complex (a conductance and a
susceptance), we will force to be real shortly, and ¥Y; is pure
imaginary (inductor or capacitor), so Yy = jBy

The objective is to force Y;, = Yy + jO or in normalized form
Yin = 1 4+ j0, meaning that

gq = 1 real-part condition
by = —b; imaginary-part condition

where g = gp/ Yo, by = By/ Yy, and by = B,/ Y
The feedline is now matched at a single frequency

The real-part condition is met by choosing the series line length
d, or d, to make Y, or Y, respectively lie on the unit conduc-
tance circle of the Smith chart (this is always possible for a
passive load)

Once on the unit conductance circle, the remaining positive or
negative susceptance is cancelled by the shunt L or C negative
or positive susceptance respectively

A fully analytic solution, is described in the text

The key result of the analytical solution is that

cos (6, —2Bd) = —|T|.

2-95



CHAPTER 2. TRANSMISSION LINES

which finds d and

_ 2|T"| sin(6, — 2,Bd)
14 T2+ 2|T| + cos (6, — 2Bd)

S

which ultimately finds L or C

e For the upcoming example, the focus is on a Smith chart so-
lution, as it is more straightforward and practical for working
quiz and exam problems (not as accurate however)

Example 2.19: Series Line Shunt L or C Matching to a Series
RC Load

e Once again the load is R = 25 Q in series with C = 60 pF
operating at 100 MHz

e A Smith chart solution is formulated by following along with
the tutorial of Module 2.8.
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Module 2.8 Tutorial
Discrete Element Matching

6.53 &2
f = 100.0 MHz
A=30m

G0 BACH | MNext Step | B GCHAO S TAT:
Input Panel
Ch teristi
Impedance Zn: 50.0 Q
Load

impedance  ZU= 2500 | *] |-265258 | @
Frequency i = Hz
Bty &=ho_ ]

Display Line Impedance? " Yes @ No

Persistent Trace on Chart? % Yes " No

Animation Speed

Update

L 23

®@ =z, - 05-j053052
T, = 045819 L -113.8263°

O y_ = 094083+;0.99825

@ z(d) = 05-j053052
T(d) = 045819 L -113.8263°

@ y(d) = 094083 +/099825

C d=00A 28 d=00rad=00°

" 05h-d=05h 2B (0.5 A - d) = 6.2832 rad = 360.0°

Module 2.8 Tutorial
Discrete Element Matching

Z = 250-j2653Q
f = 100.0 MHz
A=30m

Go Back | Next Step Back to Start

Step 1

- Identify narmalized load impedance
Z =R _+jX =250-j265258 Q
z =r +jx=05-j05305

- For frequency analysis, we assume R

remains unchanged and we model
the imaginary part as a capacitor

@ =z, = 05-j053052
I = 045819 L -113.8263°

O y, = 094083+j0.99825

@ z(d) = 05-j053052
T(d) = 045819 L -113.8263°

@ y(d) = 094083 +/0.99825

C d=00A 2B d=00rad=00°

C 05A-d=05hA

2B (0.5 A - d) =6.2832 rad = 360.0°

Figure 2.72: Lumped match Smith chart: Step 1
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Module 2.8 Tutorial
Discrete Element Matching

= 250-j26.53Q
100.0 MHz
30m

NextStep | Backto Start |

- Plot SWR circle with radius r=|T"|

Sy art
Doy [l

- Identify normalized load admittance

) ) ® 2z, - 05053052

Y, =G, +jB_=0018817 +]0.019965 S T, = 045619 L -1138263°

O y_ = 0894083+0.99825
B . } © z(d) = 05-j0.53052

YL =g +] by =0.94083 + 0.99825 I(d) = 045819 L -113.8263°
® y(d) = 094083+/0.99825
€ d=00A 28 d=00rad=00°
€ 05A-d=05A 2805 A - d) = 6.2832 rad = 360.0°

| |

250-j26.53 2
100.0 MHz
30m

Next Step

First Solution

Carresponds to the first intersection
between SWR circle and unitary circle
with admittance as a reference. 0.5 0.53052

0.45819 L -113.8263°

. 0.94083 + j 0.99825
Click Mext Step to proceed 05053052

0.45819 L -113.8263°
0.94083 +j 0.99825

28d=00rad=0.0°
C 05A-d=05A 2B (0.5 A - d) = 6.2832 rad = 360.0°

Figure 2.74: Lumped match Smith chart: First solution
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Module 2.8 Tutorial ; |
Discrete Element Matching instructions

250-j2653 2
00.0 MHz
A=30m

Next Step

Step 3 - First Solution

Maowve along the transmissian line fram
load to generator until a position with
normalized conductance g=1.0 is
reached.

0.5-j0.53052
045819 L -113.8263°

0.94083 + j 0.99825
The first solution is at location 0.48476 - j 0.49977

0.45819 L -117.27037 °
d1 =0.0048 & from the load 1.0 +j 1.03097

with normalized line admittance:

¢ d=00048 A 26 d = 0.0601 rad = 3.4441°
y(d1) =10 +] 103097 C 05A-d=04952A 2B (0.5 A -d) = 62231 rad = 356.5559°

Z =250-j2653Q
f = 100.0 MHz
A=30m

NextStep | BacktoStart |

Step 4 - First Solution

To cancel the imaginary part of the line
admittance we add a shunt inductance:

0.5-j0.53052
Y =(jwly )'1 =-j0.02062 S (actual) 0.45819 L -113.8263°

0.94083 +j 0.99825
Ly =77.18716x 109 H 10+j00

00 L00°

) ) 1.0+j0.0

yq =-j1.03097 (normalized)

d=00048 A 2B d = 0.0601 rad = 3.4441°
05A-d=04952A 2B (0.5A-d)=6.2231 rad = 356.5559°

Figure 2.76: Lumped match Smith chart: Step 4
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Module 2.8 Tutorial
Discrete Element Matching

Z = 250-j2653Q
£ = 100.0 MHz
A=30m

NextStep | BacktoStart |

Step 3 - Second Solution

A second shunt admittance can be inserted

at the new location:

® =z, = 05-j053052

d, =0.179 & from the load T, = 045819 L -113.8263°
O y, = 094083 +0.99525

) . . . @ z(d) = 048476+ 0.49977

with normalized line admittance: I(d) = 045819 L 117.27037°
. @ y(d) = 1.0-j1.03097

y(d5) =1.0-1.03097
C d=0179A 2@ o = 2.2498 rad = 128.9033°
€ 05A-d=0321A 2B (05 A - d) = 4.0334 rad = 231.0967°

Z = 25.0-j2653Q
£ = 100.0 MHz
A=30m

NextStep | BacktoStart |

Step 3 - Second Solution

A second shunt admittance can be inserted

at the new location:

z, = 05-j053052
dy =0.179 & from the load T, = 045819 L -113.8263°
y_ = 0.94083+j0.99825
. ) ) . z(d) = 0.48476 +j0.49977
with normalized line admittance: I(d) = 045819 L 117.27037°
) y(d) = 1.0-j1.03087
y(d;) =1.0-j1.03097
d=0179A 2B o = 2.2498 rad = 128.9033°
05A-d=0321A 2B (05 A - d) = 4.0334 rad = 231.0967°

Figure 2.78: Lumped match Smith chart:Second solution Step 3
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Discrete Element Matching

250-j26.53 &
00.0 MHz
A=30m

Summary | BacktoStart |

Step 4 - Second Solution

Tao cancel the imaginary part of the line
admittance we add a shunt capacitance:

Y5 =jwC,=j0.02082S (actual)
C,=3281672x 1012 F

yo =] 1.03097 (narmalized)

Z = 250-j2653%
f = 100.0 MHz
A=30m

Summary I

SUMMARY

- First Solution
Shunt Location:
d, =0.00478A =14.3503 mm

Shunt Inductance:
L,=77.18716x10° H

- Second Solution
Shunt Location:
d, =0.17903A =537.0972 mm

Shunt Capacitance:
C,=3281672x1012 F

2.11. IMPEDANCE MATCHING

Instructions I

0.5- 053052

045819 L -113.8263°
0.94083 +j 0.99825

1.0 +j0.0

00 L 00®

1.0 +j0.0

2B d = 2.2455 rad = 128 9033°

C 05A-d=0321A 2B (0.5 A - d) =4.0334 rad = 231 0967°

150.0

Frequency [ MHz ]

=109.6 MHz

F=1000MHz  |T(F)|=00

1000 Frequency [ MHz | 150.0

Figure 2.80: Lumped match Smith chart:Summary
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e Remaining questions?
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2.11. IMPEDANCE MATCHING

2.11.3 Single-Stub Matching

ys(l1)
Feedline | M| d ’I\A
A \ A A9
M’ 4!
2y
h

Figure 2.81: Stub matching using a shunt short circuit stub or an
open-circuit stub (not shown).

e In 2.50 circuit (e) considers a special case of open/short circuit
single stub matching, which employs a series transmission line
connected to the load with a shunt open or short circuit stub
transmission line shunted across the line

e The design steps are similar to the lumped element design pre-
sented earlier

e The main difference is the shunt L and C values are replaced
with shunt open or short circuit stubs
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— For the case an open circuit stub the admittance is a pure
susceptance B; = jY,tan B/ and the short circuit stub is
also a pure susceptance B, = —j Y, cot 8/

e The tutorial of text Module 2.9 does a great job of explaining
the steps
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2.11. IMPEDANCE MATCHING

Example 2.20: Series Line Single Stub Matching to a Series
RC Load

e Once again the load is R = 25 €2 in series with C = 60 pF
operating at 100 MHz

e A Smith chart solution is formulated by following along with
the tutorial of Module 2.9.

e One item missing is?

Module 2.9 Tutorial Single-Stub Tuning

SHORTED STUB

Z,=500Q

g =10

Z = 250-j2653Q

S = 100.0 MHz
A=30m
(50 BACH | Next Step | HACKAO STET: |
Ch isti Input Panel
Impedance ZCI =|50.0 Q
Load :
mpedance  ZL= 250 | +1 [265258 | @

Frequency f = Hz

Relative _ ® =z = 05-j0.53052
Permittivity & = T, = 045519 L -113.8263°
- O y, = 0.94083+j0.99825
Stub Configuration " Open & Short @ =z(d) = 05-j0.53052
. . T(d) = 045819 L -113.8263°
Display Line Impedance ?
B -  Yes # No @ y(d) = 094083 +j0.99825
Persistent Trace on Chart? (s el
* Yes No € d=00A 2pd=00rad=00°
Animation Speed " 05A-d=05A 2B (05 A - d) = 6.2832 rad = 360.0°
[ > Update
- 3 | |

Figure 2.82: Stub match Smith chart: Applet set-up
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Module 2.9 Tutorial Single-Stub Tuning

SHORTED STUB

Z,=5009

25.0-j2653 %2
f = 100.0 MHz
A=30m

Next Step Back fo Start |

Step 1

- Identify normalized load impedance
Z =R +j¥X =250-j265258 Q

7 =n +jx=05-]05305

- For frequency analysis, we assume R
remains unchanged and we model
the imaginary part as a capacitor

® z, = 05-j053082
T, = 045819 L -113.8263°
O y_ = 094083+j099825
@ =z(d) - 05-j0.53052
T(d) = 045819 L -113.8263°
@ y(d) = 094083 +j099825
C d=00A 2Bd=00rad=00°

€ 05A-d=05A 2B (0.5 A - d) =6.2832 rad = 360.0°

Instructions.

SHORTED STUB

= =

Z, = 250-]2653Q
£ = 100.0 MHz
A=30m

Next Step

Back o Start._|

Step 2
- Plot SWR circle with radius r=|T"|

- Identify normalized load admittance

¥_ =G, +jB =0.018817 +]0.019365 S

y_ =g, +jb,=0.94083 +0.99825

0.5-j0.53052

0.45819 L -113.8263°
0.94083 +j 0.99825
0.5-j0.53052

0.45819 L -113.8263°
0.94083 +j 0.99825

2d=00rad=00°

€ 05A-d=05A 2B (0.5 A - d) = 6.2832 rad = 360.0°

Figure 2.84: Stub ma

tch Smith chart: Step 2
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Module 2.9 Tutorial Single-Stub Tuning MI ﬂl

SHORTED STUB

250-j2653 &2
100.0 MHz
30m

Go Back | HNext Step Back to Start |

First Solution

Corresponds to the first intersection
between SWR circle and unitary circle

with admittance as a reference. ® =z, - 05-j053052
T, = 045819 L -113.8263°
Click MNext Step ta proceed L oy = DEEEe)TIEEE
ptap @ =z(d) = 05-j0.53052
T(d) = 045819 L -113.8263°
® y(d) = 0.94083 +j0.99825
C d=00A 25 d=00rad=00°
" 05A-d=05A 2B (0.5 A - d) = 5.2832 rad = 360.0°

Figure 2.85: Stub match Smith chart: First Solution

Module 2.9 Tutorial  Single-Stub Tuning |_nstructons.| _Cobr |

SHORTED STUB

250-j2653 8
100.0 MHz
30m

Go Back | HNext Step | Back to Start |

Step 3 - First Solution

Move along the transmissian line fram
load to generator until a position with

normalized conductance g=1.0 is ® 1z, - 05053052
reached T, = 045819 L -113.8263°
O y, = 0.94083+j0.99825
The first solution is at location © z(d) = 0.48476-j0.49977
T(d) = 045819 L -117.27037°
d1 =0.0048 % from the load @ y(d) = 1.0+j1.03097

with narmalized line admittance: ¢ d-00048A 3f d = 0.0601 rad = 3.4441°
y(dy) =10+ 1.03087 € 05A-d=04952A 2B (05A-d)=6.2231 rad = 356 5559

Figure 2.86: Stub match Smith chart: Step 3
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Module 2.9 Tutorial Single-Stub Tuning

SHORTED STUB

Z,=5008Q

250-j26.53 82
£ = 1000 MHz
A=30m

Go Back | HNext Step | Back to Start |

Step 4 - First Solution

To cancel the imaginary part of the
line admittance we add a stub with:

Length: [, =0.1226 &

Admittance:
¥, =-j0.02062 S (actual)
yy = -j1.03087 (normalized)

Instructions |

® 1z, = 05-j053052
T, = 045519 L -113.8263°
O y, = 094083+/0.99825
@ z(d) = 1.0+j00
T(d) = 00 L 00°
@ y(d) = 1.0+j00

¢ d=0.0048 A
" 05h-d=04952A

2B o = 0.0601 rad = 3.4441°
2B (05 A- d) =6.2231 rad = 356 5559°

Figure 2.87: Stub match Smith chart: Step 4

Module 2.9 Tutorial Single-Stub Tuning

SHORTED STUB

Z,=500Q

g =110

r

Z = 250-j2653 2
f = 100.0 MHz
A=30m

Go Back | Next Step | Back to Start |

Step 3 - Second Solution

A second stub can be inserted at the new
location:
dz =0.179 & from the load

with normalized line admittance:

y(d,) = 1.0~ 1.03087

Instructions

® 1z, - 05-j053052
T, = 045819 L -1138263°

O y_ = 094083 +j0.99825

@ z(d) = 048476 +)0.49977
T(d) = 045819 L 117.27037°

@ y(d) = 1.0-j1.03097

¢ d-0173A 2f d = 22498 rad = 128 9033°

€ D5A-d=03214 2B (05 A - d) = 40334 rad = 231 0967°

Figure 2.88: Stub match Smith chart: Solution 2 Step 3
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Module 2.9 Tutorial Single-Stub Tuning MI

SHORTED STUB

250-j2653Q
00.0 MHz
A=30m

Summary

Step 4 - Second Solution

To cancel the imaginary part of the line
admittance we add a stub with:

Length: I5=03774 24

0.45619 L -113.8263°
Admittance: 0.94083 +j 0.99825
) 10+j00

Yo =j0.020625  (actual) 00 L 00°

) ) 1.0+j0.0
yo =] 1.03097 (narmalized)

2[@ d = 22458 rad = 128 9033
05A-d=0321A 2B (0.5 A - d) = 40334 rad = 231 D9E7°

SHORTED STUB

Z,=5008Q

g = 1.0

Z = 250-j26.53 R
£ = 100.0 MHz
A=30m

gz Freguency [ MHz |

Summary | sackto st |

Salution # 2 |:F 93.7 MHz
SUNMARY B 1.4 MHz ((

. F =100.0 MHz |T(F|=00
- First Solution =
Stub Location:
d,=0.00478A =14.3503 mm
Stub Length:
1, =0.12257A =367.7203 mm
- Secaond Solution
Stub Location:
dy=0.17903A =537.0872 mm
Stub Length:
lz =0.37743A =1132.2797 mm

100.0 Fregquency [ MHz | 150.0

Figure 2.90: Stub match Smith chart: Summary
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2.12 Transients on Transmission Lines

Transmission lines carry more than pure sinusoidal signals

Many applications of transmission lines do involve sinusoidal-
based signals, such communications waveforms where the am-
plitude, frequency, or phase of a sinusoid is a made a function
of a message signal, analog or digital

The high frequency microwave/radio frequency sinsuoid serves
as a carrier of the information

Still, the spectral bandwidth of these modulated carrier wave-
forms is small relative to the carrier frequency

True wideband signals or so-called baseband digital waveforms
are clocked at 100 MHz and above, e.g., the PCB tracks form-
ing a data bus on PC motherboard or the data bus of a flexible
PCB on an array of disk drives in storage rack

This 1s where time-domain of transmission lines comes to the
stage

Time domain modeling may even resort to Laplace transform
methods and will make use of simulations using LTspice in the
.tran

Two useful signals are the unit step function u(¢) and a rectan-
gular pulse of duration 7 s

— A step signal truning on at # = 0O takes the form

V(1) = Vou(r)
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— A pulse of duration t s that turns on at ¢t = 0 takes the

form

V(t) = Vou(t) — Vou(t — 1)

where in both cases u(¢) is the unit step function defined
as
I, t>0

u(r) =
® 0, t<0

V() UL

Vi@ = Vo u(®)

> T
t - —
1

1

Vo(f) = —Vo u(t — 1)

(a) Pulse of duration t (b) V()= V() + Vx(?)

Figure 2.91: Forming a pulse signal as the differnce between two
step functions skewed in turn-on time by 7 s.

2.12.1 Response to a Step Function

e To get started with transient modeling, consider a single sec-
tion of transmission line with resistive load and source termi-

nations
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_ Transmission line N

(0]
~
S
q
(¢

2 Ry,

I T

Figure 2.92: Circuit model for transient analysis.

e Big change: The source end is now taken as z = 0 and the
loadendisz =1

e Upon closing the switch (step function u(¢) turns on) incident
voltage, V|, and current, /;", waves are launched on the line

e The boundary conditions dictate that only the line impedance
Z is all that is seen by the generator at ¢t = 0, so

]t = L
LR+ Zg
i _ VeZo
'R Z
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— The subscript 1 on V' and I ™ denotes the initial voltage
and current wave launched onto the line in the +z direc-
tion

2.12.2 Dr. Wickert’s Archive Notes

e At this point we jump to some pages taken from the intro chap-
ter to ECE 4250/5250

e The title of this chapter is Transmission Theory Review, so
don’t be too worried about the course number
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Chapter

Review of
Transmission Line 1
Theory

* Transmission lines and waveguides are used to transport
electromagnetic energy at microwave frequencies from one
point in a system to another

e The desirable features of a transmission line or waveguide
are:

— Single-mode propagation over a wide band of frequencies
— Small attenuation

e The transmission line structures of primary interest for this
course are those for which the dominant mode of propagation
is a transverse electromagnetic (TEM) wave

* Recall that for TEM waves the components of electric and
magnetic fields in the direction of wave propagation are zero

 We wish to consider transmission lines which consist of two
or more parallel conductors which have axial uniformity

« That is to say their cross-sectional shape and electrical prop-
erties do not vary along the axis of propagation

ECE 5250/4250 Microwave Circuits 1—1



Review of Transmission Line Theory

Conductors

Figure 1.1: Transmission lines with axial uniformity

« The TEM wave solution for axially uniform transmission
lines can be obtained using:

— Field Analysis - (obtain electric and magnetic field waves
analogous to uniform plane waves)

— Distributed-Circuit Analysis - (obtain voltage and current
waves)

 Distributed circuit analysis will be at the forefront of all anal-
ysis in this course, in particular consider Pozar!, “Modern
microwave engineering involves predominantly distributed
circuit analysis and design, in contrast to the waveguide and
field theory orientation of earlier generations™

1.David Pozar, Microwave Engineering, 3rd edition, John Wiley, New York,
2005.
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Distributed Circuit Analysis

Distributed Circuit Analysis

I —>AZ )
4
@ )
<Az >
I(Zl) RAZ LAz [(z+Az,})

MAN—Y YN l ©
V(z,t)T GAz /f CAz T V(z+Az,1)
)

Figure 1.2: Distributed element circuit model

Parameters:
L — series inductance per unit length due to energy storage in

the magnetic field

C — shunt capacitance per unit length due to energy storage in
the electric field

R — series resistance per unit length due to power loss in the
conductors

G — shunt conductance per unit length due to power loss in

the dielectric. (i.e. € = €' —jeg", " #0)
« Using KCL, KVL and letting Az — 0 1t can be shown that

—0v(z, 1) _ 0i(z, t)
5 = Ri(z,t) + L—=— Y (1.1)
and
=0i(z,t) _ ov(z, t)
5, = Gv(z,t) + C——== y (1.2)

ECE 5250/4250 Microwave Circuits 1-3



Review of Transmission Line Theory

* For now assume the line 1s lossless, that is R = 0 and
G = 0, so we have:

ov _ ;0i
"oz - La 13
_0i _ C@_v '
Oz ot

» Now differentiate the first equation with respect to z and the
second with respect to time ¢

0%y 07
vy ==
07> 0toz
1.4
2 _ é} (1.4)
0zot  or
« Combine the two resulting equations to get
2 2
v _ LCa—; (voltage eqn.) (1.5)
oz2 ot
similarly obtain
2 2.
01 01
— = LC— (current eqn. 1.6
P, 372 (cu qn.) (1.6)

 These are in the form of the classical one-dimensional wave
equation, often seen in the form

Oy _ 13%

7 2A2
82 vpét

<

(1.7)

where v, has dimension and significance of velocity
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Distributed Circuit Analysis

* A well known solution to the wave equation is
y = y+(t— 5) +y_(t+ 3) (1.8)
Vp Vp
— y* propagates in the positive z direction
— y~ propagates in the negative z direction

 This solution can be checked by noting that

+ + 1A
oy _ Oy ox _ Floy X = tivi (1.9)

82_8x82_vp8x’ ;

A solution for the voltage wave equation is thus

w(z, 1) = v+(z— VE) + v_(t + Vi) (1.10)

* The current equation can be written in a similar manner, but
: : : - — .
it can also be written in terms of /' and V' since

“ov _ 0

==Ly (1.11)

or

+ _ .
_[al + ai} — L@ (1.12)
0z Oz

ot
Letting x = ttz/ v, and using the chain rule the above equa-
tion becomes

“1ov. 1oV oi
N et A L L 1.1
{vp ox v, Gx} Lo (1.13)
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Review of Transmission Line Theory

This implies that

i(z 1) = Li[f(r— i) - v_(t ; iﬂ (1.14)
Vp Vp Vp
or
i(z, 1) = i[er(t— i) - v‘(r ; iﬂ (1.15)
Z v, vy,
where
V. = L, (velocity of propagation)

P JLC

(1.16)
Z, = J%, (characteristic impedance)

At this point the general lossless line solution is incomplete.
The functions v+ and v- are unknown, but must satisfy the
boundary conditions imposed by a specific problem

The time domain solution for a lossless line, in particular the
analysis of transients, can most effectively be handled by
using Laplace transforms

If the source and load impedances are pure resistances and
the source voltage consists of step functions or rectangular
pulses, then time domain analysis is most convenient

In the following we will first consider resistive load and
source impedances, later the analysis will be extended to
complex impedance loads using Laplace transforms

1-6
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Transient Analysis with Resistive Loads

* The Laplace transform technique will in theory allow for a
generalized time-domain analysis of transmission lines

e In Section 2 sinusoidal steady-state analysis will be intro-
duced. This approach offers greatly reduced analysis com-
plexity

Transient Analysis with Resistive Loads

Infinite Length Line

Z o= Characteristic Infinite
Impedance Length

>z
z=0
Figure 1.3: Infinite length line circuit diagram

* Assume that the line is initially uncharged, 1.e. for z > 0 and
t<0

v(z, t) = V+(t_v£p> +v(t+vip) =0 (1.17)
and
i(z, 1) = Zio[f(t—vip) —v(t+vip)] = 0 (1.18)

the above equations imply that

v+(t—£> =0 for t—z/v_<0 (1.19)
v, p
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Review of Transmission Line Theory
and

v_(t+£> = 0 forall ¢ (1.20)
VP

: . . +
Note: For the given initial conditions only v (#—z/ vp) can
exist on the line.

* We thus conclude that

v(z, t) = v+(t— 3)
v z
P > for all t—V—>O (1.21)
+
i(z,t) = Lv (t— i) P
Zo A

+ .
* Suppose that at =0 a voltage source v, () is
applied through a source resistance R, atz =0

* Apply Ohm's law at z = 0 for # > 0 and we obtain

vg(t)—v(O, t) = i(0, t)Rg (1.22)
or
- Rg -
vg(t)—v (1) = Z—gv (1) (1.23)

which implies

Zg

_l’_
) =
v (0 Zy+ R,

v, (1) (1.24)
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Transient Analysis with Resistive Loads

* The final result is that under the infinite line length assump-
tion for any z we can write

/
Wz, 1) = — vg(r—i) (1.25)
ZO+Rg v,
. | z
i(t,z) = v (t——) (1.26)
ZO+Rg g v,

— Note: That the infinite length of line appears as a voltage
divider to the source

— Voltages and currents along the line appear as replicas of

the input values except for the time delay z/ v,

Terminated Line

Infinite
7 R
Length 0 -

>z
z=0

Figure 1.4: Terminated line circuit diagram

* Note: As a matter of convenience the reference point z = 0
has been shifted to the load end of the line

« Suppose that a wave traveling in the z* direction is incident
upon the load, R, ,atz = 0

* Thus,

v(z, t) = v+(t—vi) and i(z, t) = Zif(t—vi) (1.27)
p 0 p
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Review of Transmission Line Theory

* By applying Ohm’s law at the load, we must have
v(0, 1) = R;i(0, 1) (1.28)

* This condition cannot, in general, be met by the incident
wave alone since

v(z, t) = Zyi(z, 1) (1.29)

« Since the line was initially discharged, it is reasonable to
assume that a fraction, I'; , of the incident wave is reflected
from the load resistance, 1.e.,

v () = T,v (2) (1.30)
» The load voltage is now
v(0,1) = v () +v (1) = (1+T,)v (¢) (1.31)

« Similarly the load current is

v vy _ U+ C)v (1)

i(0,¢) = (1.32)
ZO ZO ZO
 To satisfy Kirchoff’s laws,
1+T
Net load voltage _ =7, L (1.33)
Net load current 1-T;
or the more familiar result
R, -7
T, o= At (1.34)
R, +Z,
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Transient Analysis with Resistive Loads

— Note: I'; is real by assumption

— Note: To terminate the line without reflection wuse

R, = Z,.

General Transmission Line Problem

» S|
< I e
R
Zo L
Assumev_ (=0 | >z |
fort <O. z=0 z =

Figure 1.5: Circuit for general transmission line problem

* From earlier analysis, we know that for 0 <¢< [/ v, = T,

()= 2 [
vz, t) = v |I—
ZO+Rgg
i(z,t) = v(t—

ZO+Rgg

N

i)
VP
3)
VP

L 0<(<T, (1.35)

J

* When ¢ = T, the leading edge of vg(t) has traveled to the

load end of the line (z

l)

* Assuming R; #Z, a reflected wave now returns to the

source during the interval T, <7< 2T,

/ /
0 z 0 21z
v(z, t) = v(t——) + Fv(t——+—)
9 g L
v (t—z/vp) v_(t+z/vp) (1.36)
ECE 5250/4250 Microwave Circuits 1-11



Review of Transmission Line Theory

and
1 ( ) 1 ( 21 )
f) = (—Z) T L 1.37
iz 1) = ZRg v/ Z,+R, v, vp( )

e When the load reflected wave v (1 +z/ vp) arrives at the
source (z = 0), a portion of it will be reflected towards the
load provided R o7 Z,

» The reflection that takes place is independent of the source
voltage

« The wave traveling in the positive Z direction after
2l/ v, = 2T, seconds has elapsed, can be found by applying
Ohm's law forz = 0 and ¢ = 277:

vg(2Tl)—v(0,2Tl) = Rgi(O,ZTZ) (1.38)
 Now substitute

v(0,2T)) = v 2T) +v (2T)

1.39
((0,27;) = 1 [ (2T1) v (27))] (1.39)

0
and solve for v (2 T))

e The results is

. R,~Z,
v (2T)) = V(le)Z R + v(2Tl)R 7,
1n01dent part of v (t) reﬂected port1on of v (2T )
Z
= (0) r r,

v (2T))
&z + (1.40)
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Transient Analysis with Resistive Loads

where I I 1s the source reflection coefficient defined as
_ Rg —Zy

r =
g Rg+ZO

(1.41)

Note: I' 2 1s real by assumption in this case

« The wave incident on the load during the interval
2T,<t<3T,, thus consists of the original source signal plus
a reflected component due to mismatches at both the load and
source ends of the line

/
0 z z—2
1) = (t— —) + I (t + /)

+rgerg(t—ZJ;z’ﬂ,leg<3T1
p

(1.42)

and

. 1 ( Z) ( z— 21)
= t—=—|-I' t
iz 1) Zy+ R, [Vg v, AC v,

+rgerg(z—ZJvfz’)}zT,sz<3Tl
p

(1.43)

» The process of reflections occurring at both the source and
load ends continues in such a way that in general over the n™
time interval, (n—1)7T; <t <nT, the v(z, t) and i(z, t) solu-
tions each require n terms involving v g( t)

ECE 5250/4250 Microwave Circuits 1-13



Review of Transmission Line Theory

Example: Consider the following circuit.

150Q < 400m >

Vg (
32y *L R Z =500 R =0
g © Short
V=200 m/s >hor
0 0 circuit
T 2 |
z=0 z=1

Figure 1.6: Transmission line circuit

Here we have
ZO _ l
Z0 + Rg 4

FL = _I,Fg = 5,

a) Find V(0, ¢) and 1(0, ¢) for Tp = lus
b) Find ¥(0, ¢) and (0, t) for Tp

 For both parts (a) and (b) the basic circuit operation is as fol-

Il

@)
T

w

lows:

1) An 8v pulse will propagate toward the load, reaching the
load in 2 us.

1) A -8v pulse will be reflected from the load, requiring 2 us
to reach the source.

111) A -4v pulse will be reflected at the source. It will take 2
us to reach the load.

1v) The process continues.

* The +z and -z direction propagating pulses can be displayed
on a distance-time plot or bounce diagram (see Figure 1.7)
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Transient Analysis with Resistive Loads

— In the bounce diagram the boundaries at z = 0 and z = 400
m are represented as surfaces with reflection coefficient of
1/2 and -1 respectively.

— To obtain the voltage waveform at say z =380 m as a func-
tion of time, you sum the contributions from the various +z
and -z traveling waves

— For pulses that are short in comparison with the one-way
delay time of the line, only at most two wave terms need to
be included at a time.

— For long pulses (in the limit say a step function) all wave
terms need to be included

—>z m
0 1 CI)O 2(|)0 3(|)O | 400
‘ 0
ol — $
8v. i 1
L | 2
-8 V. i
T, l
V' 1
4
-4 v, ;
T | HS
~ |
L ) 6
T |y Voltage here is
“ - sum of
4v contributions from
' all +zand -z
T traveling waves.
Reflecting Pl> Reflecting
boundary 2v. boundary
— Voltage on the Line —10

Figure 1.7: Bounce diagram showing pulse propagation
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Review of Transmission Line Theory

a) Tp = lus:at¢ = 4us we have
v(0,4us) = -4+ (-8) = —12v.
1

i(0, 4ps) = z5[-4-(-8)] = 0.08A.

b) Tp = 6us:att = 4us we have
v(0,4us) = (8+(-4))+(-8) = —4v.

i(0, 4pus) = %[(8+(—4))—(—8)] = 0.24A.

« We can simulate this result using the Agilent Advanced
Design System (ADS) software

* In this example we will use i1deal transmission line elements

Current o
measurement @ A short circuit
means >
AN L,_Source £ | Y .
R |_Probe
|_Probe1 ~ TLIND R2
RT B TLD1 R=0 Ohm
R=150 Ohm Z7=50.0 Ohm
VtPulse Delay=2 usec

SRC1 ‘TLIND’ allows the line
(J'D Viow=0 V to be spec’d in terms of
t / Vhigh=32V propagation delay
Delay=0 nsec
B Edge=linear @ TRANSIENT
i Rise=50 nsec

Fall=50 nsec Tran

—  Width=1 usec Trani

Period=20 usec StopTime=20.0 usec
MaxTimeStep=50 nsec

Figure 1.8: Circuit schematic (Examplel.dsn)
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Transient Analysis with Resistive Loads

» The source end voltage, v(0, ¢)

 The

10

E— Tp = lus
5
0] []

source (V)
[

time, usec

source end current entering the line, i(0, #)
0.20

20

. T

pzlus

| Probe1.1 (A)

o
il

[
C

B L L L N A AL AL IR L

time, usec

« Modify the schematic by increasing the pulse width to 6 us

ECE 5250/4250 Microwave Circuits
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Review of Transmission Line Theory

» The source end voltage, v(0, ¢)

10
i T = 6us
p |2
5]
= i
o 0
o i
-} _
o)
N ]
10
-15 T | T | T | T | T | T | T | T | T | T
0 2 4 6 8 10 12 14 16 18 20

time, usec

* The source end current entering the line, i(0, 7)

0.25
’ Tp = 6us
0.20
< 0.15-
o .
2 0.10-
O i
1

H
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CHAPTER 2. TRANSMISSION LINES

Example 2.21: LTspice Extension to ADS Example

e ADS (from Keysight) is a far more complex tool than LTspice

e This example repeats and then extends some of the content of
the ADS example

e The schematic is shown below for pulse width of 1us

Td=2u Z0=50
R1 s T |
\/\f L
150 R2
V1 0

,+\
(_

PULSE(0 32 0 .01u .01u 1u)
N tran 0 20u 0 .01u

Figure 2.93: LTspice schematic of a simple transient response ex-
ample.

e We can plot the total voltage, incident, and reflected voltages
atz =0

e By breaking out the incident and reflected voltage waves the
math becomes clear
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2.12. TRANSIENTS ON TRANSMISSION LINES

;:,’, transientl !E]

V(s

4y

v
L

av Total voltage:v(z, t)|,—o

ay [V(s)+1a[T1)*50)72

Incident voltage: v* (t — z/u; )| =0

ra'l
J l T

(V[s]Ha[T1)*50)/2

0v- : . J ! |
-2V | |

Reflected voltage: v‘(t + Z/up)|Z=o

-8V T 1 T T T T T T T
Ops 2is 4us bls 8us 10ps 12is 14ps 1618 18ps

Figure 2.94: Voltage at z = 0 for a 1us pulse launched on the line.
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Transient Analysis with Resistive Loads

Transient Analysis using Laplace Transforms
< o
Z
+ 9 |
o)
AU y ZL
- p ‘
— >z |
z=0 z=|
Figure 1.9: Lossless line with arbitrary terminations

* In the time domain we know that for a lossless line

v(z, t) = v+(t — vip) + v_(t + Vip) (1.45)
and
i(z, 1) = Zi()[‘}+(t_ \%) - v_(t + Viﬂ (1.46)
p P

where v+(t — Z/Vp) and v (¢ + z/vp) are determined by the
boundary conditions imposed by the source and load

« Laplace transform each side of the above equations with
respect to the time variable, using the time shift theorem
which 1s given by

L{f(t—c)} = F(s)e * (1.47)
where F(s) is the laplace transform of £{¢)

 The result is

—sz/V Sz/V

v(z,s) = v+(s)e P+v (s)e 7 (1.48)

and
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Review of Transmission Line Theory

—sz/V

i(z,s) = ZLO[VJF(S)Q

— /v
F—y (S)eSZ P

1 (1.49)

where v (s) = £{v (1)} and v (s) = L{v (¢)}

Case 1: Matched Source

» For the special case of Z g(s) = Z,, the source is matched to
the transmission line which eliminates multiple reflections

* Thus, we can write

Vi) = V(5)—2 = Ly (5 (1.50)
-8z, +zZ, 28 '
at z = [, the incident wave 1is reflected with the reflection
coefficient
Z,(s)—Z7Z
T,(s) = A (1.51)
Z;(s)+ Z,
SO,
—sl/
V(l,s) = V' (s)e  [1+T,(s)] (1.52)
which implies that
_ —s2l/
Vis)=T,(s)e = "V(s) (1.53)
 Finally, for 0 <z <[ we can write
—sz/ —s(2l-2)/
Viz,s) = %Vg(s)[e > Vp+TL(S)e $(2-2) V”]
—sz/V, —s2l/v sz/V, (1‘54)

1 1 )
= EVg(S)e + ZFL(S)e Vg(s)e
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Transient Analysis with Resistive Loads

* To obtain V(z, t) inverse transform:

—>t+(z=-20)/v,

v(z, t) = %vg(t— vi) + L_l[FL(S)Vg(S)]‘t (1.55)
p

Example:

e Letv g(t) = vou(t) and Z; be a parallel RC connection

©

Z, | =R C

Figure 1.10: Parallel RC circuit

Find: v(z, 1)
* To begin with in the s-domain we can write
1
R_
Z,(s) = CSI = - 1; - (1.56)
R4+ L + RCs
Cs
and
R__g
_Zi(5)-Zy  1+RCs °
I';(s) = =
Z;(s)+ 2, R o
1+RCs 0
R-2y (1.57)
RCZ, h—g R+Z, R-Z,
= = ,ad = , b =
R-Z, a+s RCZ, RCZ,
+
RCZ,
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* Now since Vg(S) = voLiu(t)} = vy/s

v —sz/ -85 =s(2l-z)/
V(z,s) = —O[e /Yy b ms@l=) VP} (1.58)
2s a+s
« To inverse transform first apply partial fractions to
_ K K
b-s _ 21, 72 (1.59)
s(a+s) s S+a
Clearly,
R-7 _ _
K1:I_7: 0 Kzz(a—"‘b):ﬂ (1.60)
a R+Z2, a R+ Z,
SO
VoIl —sz/v
Vi = —| - s
s(21-2) (1.61)
JR=Z0 1 2R 1 | v
R+Z, s R+Z, s+a
and
R _ Yo ( z) R-2Z,
v(z,t) = L {V(z,8)} = 2{ut v, +{R+ZO
_(t_Zl—z)R+Zo (1.62)
or RCZo}u(t_zz—z)
R+ Z, v,
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* As aspecial case consider z = /

viz,t) = —|1+ _ p L
(z0) 2 R+Z, R+Z, v,
(1.63)
_( _i)R+Zo
= v R 1_ Vp RCZO u(t_i)
R+ 2, v,
V(l,t)
R
R+Zo OF e
Time constant =
RCZ,
Fi+Z0
0 t

/v
0 p
Figure 1.11: Sketch of the general v(/, ) waveform

Example: The results of an ADS simulation when using

Vg = 2v, Zy = R = 50 ohms, C = 50 pf, and 7, = 5 ns is
shown below

Spice nodes
500 (1) ‘j NG

+ _
—2uf) T =5ns 0 50 p

@ i

Figure 1.12: ADS Circuit diagram with nodes numbered

e The ADS schematic 1s shown below
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AA A . Source 2t . LoadI 5
R TLIND © R2
R1 LD ¢l R=50 Ohm
R=50 Ohm 7=50.0 Ohm —L_ C=50pF
s _ TN
f  MPuse Delay=5 nsec
SRC1 {
ﬂ_ Viow=0 V j—
t / Vhigh=2V L L

Delay=0 nsec
~|  Edge=linear ‘@‘ TRANSIENT I
l Rise=0.1 nsec

Fall=0.1 nsec
—  Width=1 usec fran
Tran1

Period=1 usec StopTime=20.0 nsec
MaxTimeStep=0.1 nsec

» Next we plot the source and load end waveforms

1.0

. load end source end
0.8—

0.6—

Load
Source
|

0.4

0.2—

0.0 T | T
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Case 2: Mismatched Source Impedance

» For the general case where Z g(s) # Z, to reflections occur at
the source end of the line as well as at the load end

* The expression for V(z,s) now will consist of an infinite
number of terms as shown below:

A —sz/V, —s(21-z2)/v,
Mz s) = Vg(S)Zo + Zg(S)[e + 1 (s)e
—s(2l+z)/v,
AVOINOTE (1.64)
+ FL(S)Fg(S)FL(S)e_S(M_Z)/Vp
+ 1ﬂL(S)Fg(S)FL(S)Fg(S)e_S(MJrZ)/VP +-]
where
Z(s)~ 2y Z(s)-Z
bols) = dTy(s) = & 0 1.65
v Z($)+Zy ) Z,(s)+Z (162

 In terms of +z and -z propagating waves we can write

—-s(2n)l/v,

—sz/ ©
e VP Z FZ(S)Fg(S)e
n=20

(1.66)
—s(2n+2)l/v,
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Example: Consider a circuit with vy = 2v, Z, = 50 ohms,
T, =5 ns, Zg = Rg = 100 ohms, and Z; a parallel RC circuit
with R = 100 ohms and C = 20 pf, as shown below in Figure
1.13.

100Q (1) @

+ _
=2 u(t) T =5ns 100 0p

| @ P

Figure 1.13: Circuit diagram with Spice nodes indicated

* In the s-domain the solution is of the form

2| —=sz/v, & (b-s "\ —s(2n)l/v,
V(iz,s) = 3¢ Z b-s) )n(§> e
n=oS(s+a)
(1.67)

N esz/vp i (b- S)n 1 (l)”e—s@n +2)I/v,
n=0s(s+az)n+1 3

* To inverse transform V(z, s) note that each series term con-
sists of the product of a constant, a ratio of polynomials in s,
and a time shift exponential (i.e. ¢ )

* In the time-domain each series term to within a constant i1s of
the form

n
L_l{(b_—s)} n=012 .. (1.68)

n
s(s+a) i
n
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» A partial fraction expansion of the ratio of polynomials in
(1.68) is

(=) _ K1+ Ao + A2 St Lo, (1.69)
s(s+a)" T (s+a)
where
n
K =2 (1.70)
n
a
and
(n—k) n
1 d (b-s)
K, = [ } k=1,2,...n (1.71)
kT (n=-k) g n-BL s o

» To obtain a partial solution for comparison with a Spice sim-
ulation we will solve (1.69) forn = 0, 1, and 2.

— Casen = 0:

iéu(t) (1.72)
— Casen=1
R
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-n=2
(b=5)* _b'/a’, (1-b"/d)) (b+a)’/a
S(S+Cl)2 S S+a (S+a)2
) ) 5 (1.74)
P R T P Mz‘e_at u(t)
aZ Cl2 a

« Using Mathematica the analytical solution valid for ¢ up to
25 ns was obtained

RL + Z0

a-= /. {RL -+ 100, 20 -+ 50, € - 20 10‘”};
RLCEZO0
RL - Z0 _13
b= ,f.{n1.+1nn,zn+5n,c+zn 10 };
RLCZO

vO[t ] s ;UnitStep[t];

2 (b a+b -a—
- e 10
3

vl[t ] s UnitStep[t]

a a

t

v2[t ] : 109

2 2 a _t 2 —a
2 b [ h]e mg_{h+a) te

- | —=+
3 |a a 10°

UnitStep[t];
1 1
Plnt[{vl‘.‘l[t] +v1[t-10] + = vi[t-10] + 2 v2[t -20] +
1 1
5 v2[t-20], vO[t 5] + —vi[t-15] +vi[t-5] +

1
E~nr1*[1;-15]}, {t, 0, 25},

PlotRange -» {{0, 25}, {-.2, 1.2}},
PlotStyle + AbsoluteThickness[1]
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Transient Analysis with Resistive Loads

» This required the use of +z and -z wave solutions from the
series for n = 0 and 1

* The theoretical voltage waveforms at z = 0 and z = 1 are
shown below
1.2 r

10

Load — \/ - \_~

081
i Source

06

041

Line Voltage (v)

021

0'051f)152025t(ns)
—02L

* A circuit simulation using ADS was also run, the results
compare favorably as expected
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A AN 4 Source . | Load : -
R TLIND © R2
R1 TLD1 C1 R=100 Ohm
¥ Delay=5 nsec T
+F ViStep \%
SRC1

Viow=0 V i
t ) Vhigh=2V 1

Delay=0 nsec
;L Rise=0.05 nsec @‘ TRANSIENT I

Tran

- Tran1
StopTime=25.0 nsec
MaxTimeStep=0.05 nsec

* Plots of v(0, ¢)) and v(/, ¢)

12
i A Ia
1.0
| Load M
~ 08
= | Source m1
O 06— indep(m1)=1.148E-8
> “5’ 1 plot_vs(Load, time)=0.889
(@]
343 04 m2
i indep(m2)=1.608E-8
02 plot_vs(Source, time)=0.963
i m3
00! indep(m3)=2.443E-8
o plot vs(Load, time)=0.988
-02 T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T

0 2 4 6 8 10 12 14 16 18 20 2 24 26

time, nsec
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2.12.3 The Time-Domain Reflectometer

o A time-domain reflectometer (TDR) is an instrument that sends
a step function down a transmission line

e The TDR is known for having a very fast edge or step function
rise time; e.g., 10’s of ps and much lower

e A fundamental use of the TDR is in looking for cable faults
and PCB track discontinuities

e The TDR does all of its detective work from the source end of
the line

Example 2.22: Generate Pulse From Step

e In this example we consider a microstrip design for converting
the step function output from a TDR into a rectangular pulse

e Start with a LTspice simulation to see the basis for the design

R1 Td=2u Z0=50 Td=4u Z0=50
AN, ST J T L
50 R2
PR 5o
iy
ULSE(0 1 0 .01u .01u 20u)
N tran 0 14u 0 .01u 13

R3

Td=1u Z20=25 § 0

<7 N T >
e N

Figure 2.95: LTspice design of the step to pulse converter circuit.
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$ transient3 == N <~

Vis)

500mY

400mY-
300mY
" Voltage at Source End
200mY-

100mY+

OmV
250mY

hdll]
200mY
150mY— .
" Voltage at Junction End
100mY
50mV

omy-1 L {

250mV-
aU0mY

V(i)

200mv-
150mv-
100mv- Voltage at Load End

50mVY—

OmV: T T T T T T T T T T T
Ops Tps 2us 3ps s Sps Gps ps 8ps s T10ps 1ps 12ps 13ps T4ps

Figure 2.96: Pulse converter waveforms.

e The microstrip design places two 50 €2 stubs in parallel to form
a more balanced circuit layout, that is all transmission widths
are equal

RL =
50Q

Not to scale

Figure 2.97: Microstrip circuit design concept.
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