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1. Vector

= Vector:

- Magnitude and direction \//A =24

- Vector notation: roman bold

- Magnitude notation: italic

A=A|Al=AA; A:%

y - 1)
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A : unit vector
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A : magnitude )
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A =AX+AY+Az=(A,A,A): component notation

A:\/A)%+A32,+A§



1. Vector

= Vector component notation:

de=s o|Zet Mo HT|

| —

—B.a,+B,a +B.a.
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B..B,.B. :

A Bl x,y,z A=(component)

= Unit vector (tH%] # E]):
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1. Vector

= Vector magnitude () E| = 7]):

B|=\B+B,>+B.
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1. Vector

= Exercise:
Find the magnitude of a vector A = (1, 5, 3).

Find the unit vector of a vector A = (1, 5, 3).
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Exercise:

1. Vector
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2. Vector Addition and Subtraction

= Vector Addition:
A=AX+Ay+Az; B=BX+Byy+B,z

C=A+B=(A+B)X+ (A, +By)y+(A,+B,)z

= Vector Subraction:

A=AXx+AYy+Az; C=Cx+Cy+C,z

B=C-A :(Cx_Ax))A("'(Cy_'A‘y)y'l'(cz_'a‘z)2




2. Vector Addition and Subtraction

= Exercise:
Express the vector C using vectors A, B, and E.

Express the vector E using vectors A, B, and C.
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3. Position Vector and Distance Vector

=  Position vector:

-~ ~ ~
Ri = 0P =xx1+¥yy1 +2z

~ ~ ~
Ry=0P, =xx24+yn +127

= Distance vector:

=X(x2 —x1) + Y02 —y1) +2(zn — 7)



3. Position Vector and Distance Vector

= Exercise:
Find the position vector Ry of a point P(1, 35, 3).
Find the distance vector Rpq from a point P(1, 5, 3) to Q(2, 4, 1).
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4. Scalar Prouct ———

= Scalar or dot product:

A
A-B=ABcosé K-ﬁ:ABcos@
. Y
QZCOS_IE >
AB B

A-B=0—->A1B

AA=A -
XV=vz=2%x=0 = AxBx + AyBy + AzB:
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4. Scalar Prouct

= Scalar product®] -8
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4. Scalar Prouct

= Exercise:

A triangle has vertices A(3, 2, 2), B(5, 4, 3), and C(—1, 6, 5)
Find the base length Ryg = |Rag/.

Find the height with R,z as the base.

Find the interior angle at the vertex A.
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5. Vector Prouct

= Vector or Cross Product:

- Right-hand rule

A xB =n ABsin®&

BxA=—-AxB
AxA=0
XxX=0,yxy=0,2zx2=0 Za
Rx§ =2, §x2=% 2xX=§ g{\
A A A \)\
Xy z
_ x/iy
AxB=|A Ay A,
XxY =2
B, By B,

= )A((Asz - Asz—) +Y(AB,—AB,)+ 2(AxBy - AyBx)
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5. Vector Prouct

= Lagrange's Identity:

A xB[*=(AB)* — (A -B)*
(Proof)

|AxB|*=(AB)%sin? @ = (AB)?(1-cos? 0) = (AB)? — (A -B)?
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5. Vector Prouct

= Area of a parallelepiped:

|AxB|=ABsind

= Area of a triangle:
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5. Vector Prouct
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5. Vector Prouct

= Exercise: =r'H¢] H A

- =1 triangular meshing
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5. Vector Prouct

= Applications of Vector Product:

- A vector perpendicular to two vectors

- A vector perpendicular to a plane

- Torque calculation: T=R X F

- Check 1f two vectors are parallel to each other.

- Area of a triangle
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5. Vector Prouct

e
Exercise:
T #E A=2a _+a, +3a, B=5a -2a +4a o Xl Cio[HEE 7
stet.
(£0])

AXB
a?lzi
'AXB|
a. a6 a.
AXB=|2 1 3 =aﬁ.(d+6)—a_1.(8—15)+a__(—4—5)
5 =2 4
1
a == (10a,+7a —9a.)

7 230
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5. Vector Prouct

 eS—
= Exercise:
T HEl A=2a +a +3a_, B=35a -2a +4a 7t M2 BIYEX| FHels}
2t
(Z0])

= HEJL HWHE Fd T HE Alo]o] ZEE= 0°0/|22 AxB=0 7} A@EC).

. B, N,
AxB=|2 1 3|=a(4+6)-a (8-15+a(-4-5)
5 2 4
o22E AxBz00|22 & #HEE WK 23S ¥ + Uct
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5. Vector Prouct

Exercise:
M & A4(6,-1,2).B(=2.3.-4).C(-3.1.5) ol 9|3l Xo|= Atztsio| oixin}

Mztssio] $5/9l cielHE 2 T,

R, =15 -1, =(-2.3,-4)—(6,-1,2) = (-8,4,-6)
R,.=r.-r,=(-315-(6-12)=(-9.2.3)

B

a, a, a,
' 1
S=%|RAB><RAc|=% -8 4 -6 =;|ax24—a'v(—78)+a__,20|
- 1-9 2 3| °

]_ # ] g 2
e b 7 e -— = 20° =42
2\/_4 +(=78)% +20% =42
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5. Vector Prouct

= Exercise:

2 o2t 2ol sAIZ2

a =+ Rz xR e
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R,z xXR |
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6. Scalar and Vector Tripole Proucts

Scalar Triple Product

A-BxC)=B-(CxA)=C-(AxB).

Ax Ay A
A (B X C) = Br B_‘-,‘ BZ
c. ¢

Vector Triple Product

Ax(BxC)=BA-C)—-CA-B),
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6. Scalar and Vector Tripole Proucts

AH LR 3 =&(scalar triple product)

- AL S
AxB=a(4,B.-4.B )+a, (4B, - AB.)+a.(4,B, - 4,B,)
o=z
CAxB= C,(4,B. —4.B,)+C (4.B, —4,B.)+C.(4,B, — 4,B,)
a5 22 AxBE Abehr| flet FEAMAM (a.a.a) B (C,.C,.C)E AEsHE

=ik,

L

i

C+(AxB)=| 4, A, A

A-(BxC)=(A,B.C)
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6. Scalar and Vector Tripole Proucts

= Volume of a parallelepiped (8 34 = A|):

gl sHA e HA
V =|A(Bsm@) | |[Ccosgp|=|AxB||Ccosg |

=k

V =/(AxB)+C|

S=|AxB| :area of parallelogram

o AxB
|AxB|

-C : height of parallelepiped

V=SH=AxB-C
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6. Scalar and Vector Tripole Proucts

= Volume of a tetrahedron (A} A)):

L Yoo s el Lelne g e
V=g|(u,v,w)|=g|u-[vxw)|
- 1/69) 212 Mzt 13 gme

- IOg0EQ9 MHA V:%|(U,V,W)|

—y —h
V= AD (AB X AC)
&  D(x4,y4,24)

v

B(x2,v2,72)
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6. Scalar and Vector Tripole Proucts

= Exercise:

Find the volume of a tetrahedron whose vertices are given by A(0, 4, 1),
B4, 0, 0), C(3, 5, 2), D(2, 2, 5)
(Answer)

Take the point D(2, 2, 5) as a new coordinate origin. Then vectors A, B, and C

define the tetrahedron.
A=Rpp=(0,4,1)-(2,2,5)=(-2,2,-4)

B=Rpg =(4,0,0)—(2,2,5) = (2,—2,—5)
C=Rpe =(3,5,2)—(2,2,5)=(1,3,-3)

2 2 -4
V=é|A°(B><C)|=% 2 2 —5:é\[—2(6+15)—2(—6+5)—4(6+2)]\
1 3 3

o322
6 6
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7. Problems
I

1. A vector on the Xy-plane 1s given A = (1, —1). Find a unit vector perpendicular
to A on the xy-plane.

2. A line A is defined by y = x+1. Find the minium distance from P(3, 2) to A.

3. Find the area of a triangle whose vertices are defined by A(1, —1), B(4, 0),
C(@3, 3).

4. Find the area of a quadrangle whose vertices are defined by A(1, —1), B(4, 0),
C(@3, 3), D(0, 1).

5. Find a unit vector perpendicular to A = (2, 1, 3) and B = (-1, 2, 4).

6. Find the volume of a tetrahedron whose vertices are given by A(1, 1, 2),

B(3, -2, 4), C(-2, 1, 3), D(5, 3, -5).

29



8. Coding Examples

1) Given a line A: y=ax + b, and, find a unit vector U parallel to A and a unit vector
V normal to A.

(Answer)

Two points on A P(0,b), Q(a, a+b)
RPQ = (a9a+ b) _(Oa b) = (aa b)

u—RPQ = ! (a,b)
Reg  val+b®
V=2xU= : (—b,a)

va’ +b’

30



8. Coding Examples

# EM Lecl- Vecor Cal cul us
# unit vector parallel to a line and unit vector nornal to a |line

i mport math

whil e True:
a=f | oat (i nput (' Li ne: y=ax+b; a='))
b=fl oat (i nput (' Li ne: y=ax+b; b="))
mag=nat h. sqrt (a**2+b**2)
ux=a/ mag; uy=b/mag
vx=- b/ mag; vy=al/ nmag
print('ux,uy=", ux, uy)
print('vx,vy=",vx,vy)

Li ne: y=ax+b; a=

1

Li ne: y=ax+b; b=

2

ux, uy= 0.4472135954999579 0.8944271909999159
vX, vy= -0.8944271909999159 0. 4472135954999579
Li ne: y=ax+b; a=



https://www. onl i ne-python.com o] &3 AAFEE 9

[ Run] o}o]l& &4
obef Zell dHolE YU# pronpt 7} TAEWH J|HRE=R ©o]E
=2 ol el EAIE.

- AaEE JER(R)
@ ONLINE PYTHONBE'™A f w G (#1s

& B D C

main.py +

1  import math

2~ while True:

3 a=tloat(input('Line:y=ax+b; a="))
b=float(input('Line:y=ax+b; b="))
mag=math.sgrt(a**2+b**2)
ux=a/mag; uy=b/mag

vx=-b/mag; vy=a/mag

print{ "ux,uy=",ux,uy)

Wb 2 o~ m N

pﬂint('vx,vy=',vx,vyﬂ

- AT ol g AL&3}]
Open file From Di sk
Save File to Disk
Undo

Redo

ol
il
ko
o
2
r?

rk

Change Thene
About Site
Settings

)|

=}

o copy
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- AEEF (b B)

i Line:y=ax+b; a=
2 1

Line:y=ax+b; b=
&

2
P ux,uy= @.4472135954999579 0.5944271969999159
W VY= -8, 8244271999999159 @.44732135954599579

Line:y=ax+b; a=

- HS5 ofo]EE AHESte] Hadh A

Copy to clipboard: 8% W8S FHH 0] copy (th&d Crl+vE FAo] 43

Downl oad: =83 W&S txt Bd=E AFHE g2

Cear: =% W& A&

Smart terminal: >>>7F ZTA|HA interpreter 2=, Pythong 154 23, hel p(print)
o} o] help EA

Expand/ Col | apse: Expand = &= 3% AAs}Ho| T A, Collapse: %, ol FAIZA



8. Coding Examples
_T——

2) Given three points with position vectors r, = (X1, y;, ), I, = (X,, ¥,, Z,) and
r,=03,Y;, %), find 1) a vectorc=(r, —r,) X (r; —r,), 2) the area of a triangle
whose vertices are I';, I',, and r 5, and 3) unit vectors n; and N, which are normal to
the triangle.

(Solution)

a=r,—n=0%-X,%-¥%.%-2)=(aa,,3,)

b=r; -1 =06-%,¥;5-Y¥,%-2)=(b,b,,b,)

y z
c=axb=|a, ay, 8, = 5z(aybz - azby) +y(a,b —a,b,)+ 2(axby - aybz)
b, b, b,
= (Cy,Cy,C,)

axb 1

[axDb]| \/c§+cf,+c§

(Cy»Cy,C,) 5 Ny =—Ny

1
S=—|axb| :5\/c§+c§+c§; n, =

34



8. Coding Examples

# EM Lecl- Vecor Cal cul us

# Three points rl=(x1,y1,z1), r2=(x2,y2,z2) and r3=(x3,y3, z3)

# are given. Find 1) a vector c=(r2-r1)x(r3-r1), 2) the area of
# a triangl e whose vertices are rl1l, r2, and r3, and 3) unit

# vectors nl and n2 perpendicular to the triangle.

i nport math
whi l e True:
x1,yl, z1=map(float, input('x1l,yl,z1=").split())
x2,y2,z2=map(float, input('x2,y2,z2=").split())
x3,y3,z3=map(float, input('x3,y3,z3=").split())

ax=x2-x1; ay=y2-yl; az=z2-z1

bx=x3-x1; by=y3-yl; bz=z3-2z1

cx=ay*bz-az*by; cy=az*bx-ax*bz; cz=ax*by-ay*bx
print('c=(r2-r1)x(r3-r1)=(",cx,",",cy,",",cz,")")
cmag=mat h. sqrt (cx**2+cy**2+cz**2)
area=cmag/ 2

nlx=cx/ cmag; nly=cy/cmag; nlz=cz/cnag
n2x=-nlx; n2y=-nly; n2z=-nlz

print('Area of the triangle=', area)
print('nlx,nly,nlz=(',nlx,"',"',nly,"',",nlz,")
print('n2x, n2y,n2z=(',n2x,"',"',n2y,"',"',n2z,")"

x1,yl,z1=

043

X2,y2,22=

261

x3,y3, z2=

319

c=(r2-r1)x(r3-rl)= 6.0, -18.0, -12.0)

Area of the triangle= 11.224972160321824

nl=( 0.2672612419124244 , -0.8017837257372732 , -0.5345224838248488 )
n2=( -0.2672612419124244 , 0.8017837257372732 , 0.5345224838248488 )
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L ecture O1: Vector Calculus
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