LECTURE 03 Coordinate Systems (Z} 3£
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1. XY-Coordinate System

Coordinate: P(x, y)
Base vectors: X, ¥

Differentials:

dL = J(dx)* + (dv)’

dL = (dx)X+ (dy)y

dS = dxdy

Distance:

R= \/(x2 —x)’ + (O —n)

Vector field: F(x,y) = F.(x,y)X + Fy (x,»)¥



(
Translation: x =x, + x", y =y, + )/ J_A >

GGG

Rotation:
x=x'cos@+y'cos(+x/2)=x'cosf@—y'sinf

y=x'sin@+ y'sin(f+7/2)=x"sinf + ) cosd

'?/

x' [ cos@ sinf [ x
y') (=sin@ cosO )\ y

Translate-then-rotate:

x=x,+x'cos@+y'cos(0+r/2)=x'cosd—y'sinb

Y=Yy +x'sin@+y'sin(@+7/2)=x'sinfd+ y'cos &

X"\ [ cos@ sind ) x—x
y' | =sin@ cos@ Y=Y

e
~




= Arclength

y=f(x)

x=b x=b x=b d 2
L:jdL:j dL:I J(@x)? + @y’ =j \/1+(dyj dx
xX=a x=a xX=a X

x=f(t), y=g(@)

1y 2 2
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Example: Length of a parabolic curve
Find the arc length of a curve y = 3x? for x from 0 to 2.

(Solution)

2 2
L:j \/1+(6x)2dx:6j‘ J(1/6)? +x%dx
0 0

2

_ {6(1 1) ¥4 (16 +(1/6) logx+¥ +(1/6)° ﬂ}

0

— 3{2\/4+1/36 +%[log(z+\/4+1/36)—1og(1 / 6)]}

=145 +élog(12+\/145)



Note: Use Wolfram Alpha for the indefinite integral

% WolframAlpha e

dex o8

#N#-.TURP;LLP.HGUP.EE + < a8 [::} ,\Elv gy

Indefinite integral | @ Step-by-step solution

1
f‘u‘ a*+x* dx = 5 [Jr: a’+x* +d lﬂg[*'u' a* + x* +x]] + constant




Example: Length of an ellipse

Find the arc length of the circumference of an ellipse given by

2 2
a b

(Solution)

x=acost, y=bsint (0<t<2rx)

@ = —asint, d_y = bcost

dt dt

2r
L:j \/(dx) (dy dt—J- \/a sin’ ¢ + b* cos’ tdt—J‘ \/b2+(a —b2)51n t dt
0 dt dt 0

2r 2 12 /2 2 12
:bJ‘ \/l+a bzb sinztdt:4bj‘ \/l+a bzb sinztdt:4bE(—m)

0 0

a’ —b?
B2

m = ; E = complete elliptic integral



Note: Use Wolfram Alpha for the definite integral

% WolframAlpha

J’-.f‘|+b*sinx*sinx d x OB

Indefinite integral

f«f 1+ b sin(x) sin(x) dx = E(x | =b) + constant



2. Polar Coordinae System (=3} 3

Coordinate: P(p,¢) (0< p<0,0<@p<27x)
P(p,p)=P(x,y)
X=pCcosQ, y= psing
Base vectors: p, ¢
P = Cos QX + sin @y
(¢ = —sin X + cos Qy

Differentials:

dL =\(dp)’ +(pde)’
dL = (dp)p +(pde)p
dS = pd pdp

%)
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Distance:

R#\(py = p) + (0~ 9%, R=J(x, =3 + (v, — 1)’
X; = p;cosg;, y; = pising; (i=1,2)

Vector tield: F(p,p) =F,(p,)X + F,(p,p)¥

Example:

Convert P(x, y) = (1, —2) into the polar coordinate P(p, ¢).
(Solution)

0= X +y2 = \/12 +(—2)2 =5 ; Q= tan_l% =—63.4°

Example:

At P(x,y)= (1, —2), express in terms of

. G %, §,
(Solution) P ®

,0=x/§,(p=—63.4°

p =coseX +sin@y = 0.448X — 0.894y, ¢ = —sin X + cos @y = 0.894x + 0.448y

10



Example: Length of a logarithmic spiral curve
Find the arc length of a curve p = 3exp(¢/x) for ¢ from 0 to 2.

(Solution)

do

20

2
dL=\/(dp)* +(pdp)* = \/pz + (d—pj do

p=3e""

dp=3/n)e""dy

dp 20

dL = pN1+1/ 7%do e
27
L =j 3?7 1+1/ 7tde = BrW1+1/ 72 [ew]i” =3(® W7l +1

0

11



Example: Length of an Archimedial or linear spiral curve
Find the arc length of a curve p = ¢ for ¢ from ¢, to @,. r—a-+ bl
(Solution) L] ]

2 | | A - PN | |

| || L9 S /] | &

p = a ¢ Tli_“ ?.:1‘ ;.h'"l ‘ __ e "-“J" f ’y-'\: _;}% -;.‘
\ ? -'\' i ~_E-,___“ ! ‘ﬂ j .Nr_;,‘ ;;.- ...\;‘.
dp=adgp CANE=H] LSS
N\, NG == 1

= V2 +J0F +1
L:aJ‘ gpz+1d¢:a{l[(p+log(¢+\/gp2+lﬂ} :a[¢2—¢1+10g¢2 gpi
? 2 ot 2 o+ +1

12



" Surface area and volume of body of revolution (BOR)

YA

b
A= 27r/f(a:) V1+ [ (@) de.

Vzﬂr/bf(m)zdm.

13



3. Rectangular Coordinate System (2] 2} E A))

- Also called Cartesian coordinate system

- Named after René Descarte(Z U]’ ©] d] o] 7} E)(1596-1650)

= Coordinate axes

- Right-hand rule: ordered triplet (X,y,Z)

I
S



Coordinate of a point: (X, Y, 2)

Az
® P(x,y,2)
2
7
|, x
______ y
y

15



= Position vector
- Start point: (0, 0, 0)
- End point: (4,, 4,, 4,)

o «. P(Ax, Ay, Az)

—-

16



= Distance vector

- A vector from a point 4 to a point B.

Z A
(Ax, Ay, Az)

é — [_i — E — (!"Lt‘ — Bk)i ‘|— (!"X}J — B}J)?F ‘|— (!‘X: — B:)i



Example:

AIAE (3,2,1) 2 AR, (3, -2, - D& EHOR 3=
a) M$1WE] C& T3le}
b) 7 A& ol A o] ol & atet

(Solution)

DC=CB=NX+(=2—-2)V+(=1=1)7 =—4y — 27.

b) Ao Aol |C|= V(= 4)? + (= 2)* = 2/5.

18



Example:

C=@=3)X+(=54+D)y+(5+2)2=5k—y+72

(Solution)

5x —y+ 7z  5x—-y+ 7z

C=X- _
V52 (= 1D+ 72 5/3

OO



4. Cylindrical Coordinate System (-5}

(0,0,2) & FFE FA

P
< P(0,6,2)
¢

T

0 =0
0<@p<2n or —n<@p<nrx

—00 < z £ 400

‘0>\

p=FHLF
p = foto)
Tz = X] O]




Greek aphabet

Ao alpha

B f
L'y
Ad
E g
Zg
Hn
G0
Ty,
K«
AR

Mp

beta
gamma
delta
epsilon
zeta

eta
theta

lota
kappa
lambda
mu

Qw

nu
Ksi
omicron
pi

rho
sigma
tau
upsilon
phi

chi

pSi

omega

Greel alphabet chaid € by o= Traci Requia; hcensed o Abowt .con

1.
2. Greek alphabet song: https:// www.youtube.com/watch?v=ZUrZHF WBel (2:12)

Exploring physics: Greek letters, https://www.youtube.com/watch?v=bjWux8GH4GY (3:58)

- F 24 =k YA, At
- English alphabet: 26 elements
- %= 28 elements

epsilon = "4 #

eta = ©|'T

iota = ©] .T}, o}o] ot}

& = xi = ksi = 20|, #o], FA}o]
omicron = 2"V =&

psi = Ao, sTALo]

upsilon = {2

chi = 7} 0]

psi = 2LA}o] Aol

omega =




Base vectors:

__.,__md n_mc n_m,c
0 0 0
A
ﬁ;ﬁ ﬁ;ﬁ H_H_O!
NN
Nl Njo o
GORRCE
QL B N
oA A
R R T
XXX
o o o
O
A NI A
SIS
Q Q <o
Q< N

22
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Example:

I E1-132] AZ QEAEA 7|2 uE] o] 230 g Bds)a).

(Solution)

—

_A}:_ﬁj—PIZI"ﬁ—hi (Qb:(,b{])



x = 0008

y = psing

0:\/x2+}’2

0COoS @

X =

tan™ ' (y/x)

= X<

b =

osing

}J

by

I



Example:

P(222)% UEHEE wes

(Solution)

p: 22—[—22:2\/5: ¢:tan_l(2f2):450j =7

P(2\/5,45°,2)

26



5. Spherical Coordinate System (733X 7))

(r,0,¢) 2 ZFEE FA

0<@p<2r or —n<@p<nx



FREA ) 7] Eeke] v

A = At + A0+ Apd
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rsinfsing sl rsinfcos

r= \/x2+}’2+22
0 = tan~'(y/ x% +y* /2)

¢ = tan" ' (y/x)

x = rsinf cos ¢
y = rsinfsin ¢ >

7z =rcosf



Example:

THE P(4,60°,300°) 9] QxS Haehs NmAEAQ] X AES Folet

(Solution)

x = rsinfcos ¢ x = 4sin60°cos300° = V3

y = r.gin 6)51[1_@ —> y = 4sin60°sin 300" =— 3

z =rcost 7 =4cos60° =2

PW3,—-32) P=+v3x-3y1+2%

30



. 2 HEAY AA A B

77
i o P(0,$,2)
; A
g 7Z
x I
; el
[
B . ) R >
= XX +yy +zz P=p0+zz

rr

o P(r,0,0)



6. Coordinate Transform (ZX

32



AZREA  EHEA BB

A=AX+AY+AZ —> A=Ap+Asd + A7
- WA B A6 QoA FEA) I BVE A8 Ae
X, ¥, 2 A2 99ME 5 ¢ 7 = mde

X =ap+b@+cz=cospp—sinee
drel 271 a=X-p=cosp, T HE Aozt =g

a:x p ¥
o a7l »b=x-Q@=cos(@+7/2)=—sme

b:x ¢ WFA
5wl o] A}o]7k =+ 712
2o 5 WA I/ - c=X-Z=c0590°=0

% W E o] Apo] 2} = 90°

33



( . . . ~
. A X = COS — sin
X =ap +bé X' =(ap+bp)¢=>b=—singp ___ PO d)ib
y=co+dp — *» V-0=(co+dd) - p=c=sing y = singp + cos P
V¢ =(co+db)-d=d=cosd
- g g o ohg Ag TaT p ¢ Z
- — = < 2+
0 = CosPX + singy X ¢ Zi2+Q | z/2
= w/2—
¢ = — sindx + cospy 27 & ? 7 /2
Z /2 w/2 0

34



- VRS 9ET (FoF:)

X = cospp — sinhd
V = sinp + cos dg

COSOX + singpy

0

d = — sinhx + cos¢hy

A=AD+ A+ Az

A = (Apcosp — Apsinp)x + (Apsing + Agcosd)y + Az z

A=A4Ax+A4,y+A4,2=A4,(cospp—sinp@)+ A, (singp+cospe)+ 4,z

= (A4, cosp + 4, sin gp)f) +(—4, singp + A4, cos gp)(?) + A22

35



Example:
A = 2% + 2§ + 222 YEHFA 0] wlE = Hsl.

(Solution) N ) A A
A=2x+2y+ 2z

s

Sin o + cos G

o
|l

— cos PP — sindd
—>

A= (2cosh + 2sing)p + (= 2sing + 2cosp)d + 22
¢ = tan"'(2/2) = 45° —» l

A=2V2p+27

36



Example:

> . N 2 . L o
A =yx +ay + ——E—2% 45T 2] HE = Aaksiel
X"ty
(Solution) . .2
A A X ,..
A=yx+xy +———7
X"+ y°
X = 0Cos
y = p0sin¢g —>

A = o(sindx + cos Oy + cos pz)

X = cospp — sindd
sin P + cos P

o
|l

A = 20sin¢ cos pp + p(cos p — sind) ¢ + rcos’pz
= 20[sin2¢p + (1 — 2sin*¢)d + cos>pz].

37



Example:

A = 3cosgpp — 200 + 522 AuH A < wE 2 nasle)

(Solution)

0 = cospX + singy
d = — sindx + cosy

A= 3cospp — 2100;5 + 57

>

A = 3cos ¢ (cos pX + sin OV) — 20(—sinpx + cos @py) + 5z

38

3cos’h + 2o0sin)X + (3cospsingd — 20cosd)y + 5Sz.



» AZAFAFTA o TFHEA HE

A=AX+AY+A2 —> A =AT+ A0+ Asd

AmA A 2 ¥ TH 2] HE

j\
Z N
<Jo A r 0
e/ g p | 7/2-6 0
- 0 T/2+6

39



= 7|EGH Y HIFA(FHEA>AZFRA)
r'=cospX+singy =p

r=sindp+cosfz
=sin G(cos@X+sin@y)+cosfz

N

0=cos@dp—sinfz

=cosf(cos@X+sin@y)—sinfz

@ =cos(7/2+@)X+cospy=—sin@ X+cosQy

R R A = (Arsinflcos d + Agcoslcosh — Agsind) x
A=A+ A0+ Apdp —» . . .
F | v + (Arsinfsing + Agcossind + Apcos )y

+(Arcosp — Agsin b)) z

40



S D> =

NERS N WA (AGFEA>TAEA)

— sinfcos px + sinfsin py + cos 0z
= coscos px + cosfsinpy — sinflz  —»

= — sinx + cos Py

— sinfcos pt + cos B cos pO — sin ¢

X
y = sin@sinpt + cos fsin p0 + cos de
7 = cos Ot — sin 60

A} — f‘l,‘{‘i + fl}: 5\" + fl;i

i

= (Axsinfcos ¢ + Aysinfsing + A;cosO)r
+ (Axcoscosp + Aycosfsingh — Azsin ) 0
+ (Aycos — Axsin)

>y



H e 23 k1=
22— F 0=/ +y A, =Aycosd + Aysing
é = tan~'(y/x) Ay =—A,sing + A, cos
2=2 A=A,
LE—AAL x = pcos¢ A, = A,cosp — Agsing
y = psing A, = Aysing + Agcos
= A=A,
Anl— j,._‘/x FyY 47 Ay = Aysinfcos @ + Aysinfsing + A, cos
— tan~ (m/z) Ag = A, cosfcosdh + Aycosfsing — A sind
cb — tan”!(y/x) A, = Aycos — A;singd
T2 2l x = rsinfcos @ A, = A,sinflcosp + Agcosfcos p — Agsin g
y = rsinfsin ¢ A, = A,sinfsing + Ascossing + Ascos ¢
z=rcost A, = A,cosh — Aysinf
T JOP+ 2 A, = A,sinf+ A,cos 0
0 = tan™'(p/z) Ay = A,cos ) — A sin0
$=2¢ Ay = Ag
! 0 = rsinf A, =A,sin0 + Aycos 0
b=¢ Ay = Ay 42
z=rcost A, = A,cosf — Agsinf




Example: Z T 1

12 E1209] 9]3)4e] P2 we]e] Ma-E AL ALLstol, .
2) QEA T ) e 2 Tl 0
b) T# 35 A o] WE = s} | O 1\3
(Solution) w
8) P = (cosp+sind)p+ (—sing +cosp)d+72 <— ¢ =tan (1) = 7/4

~V2p+7z

b) P = (sinfcos + sinfsing + cosO)t + (cosfcosd + cosfsing — sinf) o

+(—sing + cosd)
— cosO(tanfcosd + tan Osind + 1)F + cos @(cos P + sind — tan ) O

+(—sing + cosp) .

tanf = /X’ +y /z=v2,¢ = tan"'(1) = /40| D2,
P — 3 cos ft.
P=y/30lm2 9 Ax} vwshd cosf = 1//3  —> P =3¢

43



Example:
brll: P (r=3, =60, =307
1P g2) 7
%) ('}/i/ é[\/,_9.'1"/5\) at ~

\

44



(Solution)

/)

/ 3
7= YCa-?@:BCOSéo‘”:: ’3X2 ===
2.
X= /2 Cosgl = =1E) o°:33)<.-——-‘/§ =7
A 2 —'%7
7$P5?}79{ 35\5;}4300__:_3’_@)(;-:3/3_
A
P 2)=p( 2 3/_
1D =p(2,23 3
;:
C/{ecé \/Z—/—/ . 2
¢, 7x3 g 2

45



2)

A A A oA
< __f\ V =cos60° & +Sinbo
Cﬂ f
= A
V——* =g £+ 27
6’02,/
- P
. = 0
A A A o
7 _ {3 P = cos30°x #sin30°f
Lad™ V3 A 4 1)
}/D/ 2 — £
> X
A
AL BBA, I8 I3 S,
I=z+7 (T:C"Z"L"ff)“—i—l TE Tz E
Check: [F|=




Z A 3 d
¢ = cas6oop #5571 60°(-2)
=LA _ /B2
GO/P;OG th—-
&
Ka ——> o _ LA, /3 A
%9/\ _2(”{—’5*5__2) =z Z
- _ A A V3 A
= B2+ L7 Z £
. A
3 V5 /=
4/2‘"/3)'/51/‘4?/')'“2_):/5 {/_ g:" (Grrect)

47



)

;n3o°(—Z

7 S
/(3 A
M 4

A

cos30°
/ A
5 Z

AN
P =

>

; ’_309
P

4

-
P j_?o"

&
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Summary:

JOLERT

A
o p=xry?
/05.“1 | ¢:_.- £+ ~| V - -{ X
P e e ! Loz cod i s
~ i
e
fCcosg




~
~
N Pers
ycosg i 6,9
|
rs*lﬁsmgﬁ
J'/i? ; %
rsin@cosgh ¢ )
i Ysin [
S
z
<A
A
cos@ P
// :
BN
> p
! A




7. Infinitesimal Surface and Length
= Z FARA NN S22 4

s A v 22 A s sAeE 2dE 287 3w

‘/rsmedgb
dv = dxdydz (m?) dv = do(odd)dz dv = dr(rd0)(rsin0dgp)
— ododpdz (m?) — r*sinfdrdfdg (m?)
SEEES EHEA T237)



‘ = r_ﬁz . &

( \\\ LJ j’ng;- Q {Vd%
:g\J Sy N\ | \
g dSo dSe

dSx = dydzx dSp odpdzp dSr = r’sinAdOdpi
dgy — dxdzy dS@ — do dqu dSe = rsin Odrdd 0
dS}Z — dxd}!i dSz Od(} d(‘bz dSCfJ — rdr dé’d)

52



Example:

JES EBREREE R SERPEEEE R

n] A Aol dv = r*sinfdrdfdd o) L3 o] = A H3}e],

& ~2r o ~a
p :j dv :j ] j r*sinOdrdldd = %fraB (m°>).
b=070=0 Jr=0 J

/m/f}fsm@(o/rdac/;z) / ?—C/)//J’/')i?q/g ;’5




Example:

Y E1249] Algo] ol To Y SE Tl

%]

- - 2 T . A A
S = fa’Sr = f f rrsinfdf dot = Anr*t (m?)
S $=070=0

S = f dsSy = 4nr* (m?)
0y

54



8. Coding Example

Given the coordinate (x, y, z) in the rectangular coordinate of a point P,

1) find the coordinate (7 6, ¢) in the spherical coordinate of the point P and

N

2) express base vectors r, 0, ¢

(Formulas)

Y

r=\/x2+y2+22

=COS —
z r
-1 -1 X
@ = tan chos > >
X X“+y

— sinfcos X + sinf@sin py + cos 0z

r
0 = cos cos dpx + cosfsinpy — sinflz

S

= — sinx + cos Py

at P in terms of base vectors X,V,Z.

55



8. Coding Example
(Code)

# EM-Lec3-Coordinate Systems

# Given a point P(x,y,z),

# 1) express P in the spherical coordinate

# 2) express base vectors <r>,<theta>,<phi> of the spherical
# coordinate systems in terms of base vectors <x>,<y>,<z>

from math import *

rtd=180/3.141593

while True:
x,y,z=map(float, input('x,y,z=").split())
r=sqrt(x**2+y**2+z**2)

theta=acos(z/r)
rho=sqrt(x**2+y**2)
phi=acos(x/rho)

print("'" (r,theta,phi)=(',r,"',"',theta*rtd,’',"',phi*rtd,")")
rx=sin(theta)*cos(phi)

ry=sin(theta)*sin(phi)
rz=cos(theta) 56



thetax=cos(theta)*cos(phi)
thetay=cos(theta)*sin(phi)
thetaz=-sin(theta)

phix=-sin(phi)
phiy=cos(phi)
phiz=0

print(' <r> =(',rx,","yry,","yrz,")")
print(' <theta>=(',thetax,',"',thetay,"',"',thetaz,")")
print(' <phi> =(',phix,',',phiy,',",phiz,"')")

(ZEA 343}
Xy Yr2=
319
(r,theta,phi)=( 9.539392014169456 , 19.359646526413474 , 18.43494679017798 )

<r> =( 0.3144854510165753 , 0.10482848307219182 , 0.9434563530497265 )
<theta>=( 0.8950412845779244 , 0.29634709485930827 , -0.3314967720658978 )
<phi> =( -0.31622776601683805 , 0.9486832980505138 , 0 )

Xy Yr2=

57
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