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1. Voltage, Current and Input Impedance of A Terminated Line

Terminating impedance (load)
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Understanding the wave propagation
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Voltage and current:
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What is ¥(-{)?

V(-t)=Vye" +Vye”

\

propagating
forwards

The current at z= - £ is then

I(—é) :Z—Oe
0

yl

v
——e¢
ZO

a4

N

Terminating impedance (load)

o]
o—_—b—l
)

o———b—l—>z

|
|
|
L2
|
{ —
|

i

z=0

[ = distance away from load

propagating
backwards

— = —(R+jwL)I(2),




Load reflection coefficient:
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Similarly,
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Input impedance:
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At the load (/ = 0):

L, —Z
Z(O)—Zo[iJFELjEZL :>1“L=ZL ZO
L L T4

Reflection Coefficient

I'=r,+ /T,

0<|I'|<1 1f Re(Z;) =0 (passive load)

| I'|=01fZ; = Z, : no reflection

|I'|=11fZ; =0 (short), oo (open), jX (reactive) : total reflection
[ T'[(dB) = —20logy, | I'|

RL (return loss) = 20log, | I'|




At the load (/ = 0):

1+ Z, -7
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Simplifying, we have

7 +7ZVe""'+(7Z =Z e
L T4 =7,
Je”
{4

, (ZL cosh (y¢)+Z, sinh (y )}

"\ Z, cosh(y¢)+Z, sinh(y?)

Hence, we have
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1
a2 | | y=tanx ||
[l f
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y=p+ip=jp /Ny
/ e [ R S TS
2 /)] 2 2/
O\ B 2p¢ [ / {
V(-t)=V,e (1+FLe ) [~ | :
y | [ =31 |
[(—0)="e" (I—FLe_zw)
Z, Impedance is periodic
1+FLe_2 B with period 4,/2
Z(—E) =2 1_1"Le‘2fﬂf tan repeats when
pl=r
Z, + jZ tan( S/
2(-4)= 7, Lt Il 2) 2,
Zy,+ jZ, tan( BY) —l=r
A
g
Note: |tanh(y/)=tanh(jB()=jtan(p() — (= /,Lg /2
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Jx —Jjx X —X
e’ +e e +e
COSX = ; coshx = ; cosh(jx) =cosx
2 2
. et —e et —et .
SIn x = —— ; sinhx = ; sinh(jx) = jsinx
2] 2

sinh x , sinh( jx 'sinx

tanh x = ; tanh( jx) = () =/ = jtanx

cosh x cosh(jx) cosx



For the remainder of our transmission line discussion we will assume that the
transmission line is lossless.
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2. Input Impedance and Input Reflection Coefficient

z), Iz
+
——— —————————————————
| | .
_] 0 z
_ —7/6
Iy =T(-0)=0° _ _1 ()"
VO e
Ve -j2pt
=T(=f) = o ~T(0)e

V(-0)=V,(1+T.), I(-0)=V, (1-T.)/Z,

in— ,, )\ %0
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Zin _ZO
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EXxecise:

The reflection coefficient at the load is given by I'; = 0.8 /43", The line is
lossless and has characteristic impedance of 50 Q.

1) Find the reflection coefficient at 0.24, away from the load.

2) Find the input impedance at 0.24, away from the load.

(Solution)
DT, =T(0)e /2Pl = 0.8e/% ¢ /20F 4 02%) _ () 80745 =087 _ () 8=/
" . . .

14T 8e /7
i _5ol+08¢ " 1) 0_ 4880

1-T. 1-0.8¢ 77"

mn
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Example: Reflectioin coefficient and input impedance of a terminated

transmission line

Transmission line length L = 0.1 4, ; Load impedance Z;, =40 +; 70 Q
Characteristic impedance Z, = 50 Q

1) Find the input reflection coefficient.

2) Fint the input impedance from the reflection coefficient.

3) Find the mput impedance using Z; and L.

(Solution)

Z; —Zy 40+ j70-50
Z;+7Z, 40+ ;70+50

), = = 0.620e’%%

~j2(27124)0.14,

I, =T,e/?P =0.620e/¢ = 0.620e/%03" /047

=0.620e/%9% 777" = 0.620e /117"

' 17
Pl 501 +0620e” ° _1eh9_ 7390

NZ =27 = __
) Zin °1-T,, 1—0.620e /117

Z; + jZ,tan Bl
Zy+ jZ, tan Bl

3) Zin = 24,

Bl=2m12,)0.14, =027 ; tan(0.27) = 0.723

_ . 40470+ 500723 _ . 40+ /106.2

7. —
7750440+ 70)% j0.723 —0.61+ j28.9

=182.2-j73.0 O
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3. Matched Load, Short-circuit Load, and Open-circuit Load

10
| T )
Zy, p | V-0) ZL
Z(=0) e = 7 -

@ Matched load: (Z,=7,)
L ZL _ZO -0

L Z+Z, \

[(_K)ZV_OJF +ipl :>Z(—€)=ZO
0 For any /

I

No reflection from the load
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Short-circuit Load — Inductor

Short

1—‘_

Note: p/

XSC

inductive

A

0-7,
"0+Z,

— Z(—€)=j20 tan(ﬂf)zja)L

circuit load: (£, = 0)

=—1

e\

=27 —

ig Always imaginary!

\/

capacitive

L

sc

= Z(-0)=jX

X,.=Z,tan(pY)

pl<r/2—

€</1g/4

S.C. can become an O.C.
with a /Ig/4 trans. line




Short-circuit Load
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Open-circuit Load — Capacitor o

7z). 1) . \ /
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— - _l —

|.|"|F

A I(2)Z,
2T
1 —
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| |
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Transmission Line Stub Equivalence
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Zofrom Short and Open Circuit Tests

Z'n,short = jZO tan 186

1

Z. =—jZ,cot Bl

in,open

72
Z Zin,short - ZO —

n,open

Z in,short
/.

in,open

= tan” B¢ —

ZO = \/Zin,open

Z

in,short

1
:—t
b ; an

, \/_Z

Z in,short

in,open
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Example: Short-open test of atransmission line
f=10 MHz, transmission line length L =2 m
Open-circuit input impedance Z,=j 36 ; Short-circuit input impedance Z, = —j 69

Find Z, and g, 4, ¢, the line.

g r

(Answer)

Zy=+ZZ, =~/36x69 =49.8 O
tan BL = _Zs ‘ /ﬁ =0.722, AL =tan"' 0.722 = 0.625
Z, V69

£ =0.625/2=0.313 rad/m
A, =27/ =20.1m

2
Aq =\727, £, :U{Oj =(30/20.1)* =2.23
r g
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Using Transmission Lines to Synthesize Loads

This is very useful is microwave engineering.

A microwave filter constructed from microstrip.

23



Exercise:

f=300 MHz
Transmussion line: length = 0.1 4., Z, =50 Q
1) Find the equivalent capacitance of an open-circuit transmission line.

2) Find the equivalent inductance of a short-circuit transmission line.

(Solution)

27
ﬂL = Z—Ol/lg =0.17

g

1) —jZOcot,BL:—jL
wC
1 1

- Qrf)Zycot BL 27 x100x10° x 50 x cot(0.17)

=10.3 pF

2)jZytan BL = joL

_Zytan L 50tan(0.17)
® 277 x100x10°

L =259 nH
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4. Quarter-wave Transformer

— ) —
Z, +jZ,, tan B¢ Zy Zor Z
e =y | —— —
+ an
or .] L ﬁ 4 ‘
pr=ple 2mte 7
4 lg 4 2 1_‘in:O — Zin:ZO
. Zy;
jZ = Z,=
— Zin — ZOT . - ZL
]ZL This requires Z, to be real.
SO 5
s ZOT Hence

1/2

ZL Lo = [ZOZL]




Exercise:
A load with impedance Z;, = 20 Q 1s connected to a quarter-wave transformer
with propagation constant f = 4n rad/m and characteristic impedance Z, for

matching with a source impedance of 75 Q. Find the length and characteristic
impedance of the quarter-wave transformer

(Solution)

,B:47z:i—ﬂ—>/1g20.5m

g

A
L:Tg=0.125m

Zy=+lZ,Zs =20x75=38.7Q



5. Voltage Standing Wave Ratio

V(-0)=Vye (14T &)

V+ jpt (1_|_|1-* |ej¢ 21,36)

‘V(—Z) _ Jt; —jzw‘
Ve = Vo |(14[T,|), 4, =280 =2nx
Vo =751 (1=ITL)), 4, —280 =207+ 7 o e

Voltage Standing WaveRatio (VSWR) =

1+
1-|I",

VSWR =

27




EXxercise:
A load with impedance Z, =20 —j 20 Q 1s connected to a transmission line with

characteristic impedance Z, = 50 Q. Find the VSWR on the transmission line.

(Solution)

Z,-Z, 20-j20-50 —30- 20

= = =0.495¢~ /104
Z,+Zy 20-;20+50 70— ;20

Iy

1+|1“L|_1+O.495_2
1-|T, | 1-0495

VSWR =

28



6. Transmission Line with A Source rand A Load

I
‘(j n
Z, —Or E O—
Vg Zin $ Vi.n ZO'- B Zf
o e
| =
_ z
1 + Tye=27P¢ Zy + jZotan Be
Zo=Zo g, LT Z0PE (2.67)
1 — Tge=2/B Zo + jZytan Be
where I'y 1s the reflection coefficient of the load:
Zy — Z
rp =2t~ 20 (2.68)
Zy + Zo
The voltage on the line can be written as
V(z) = VM (e 77 4+ Tyelf?), (2.69)
and we can find 7," from the voltage at the generator end of the line, where z = —£:
V(—t) = Vgi = V,F (/P 4 Ty 7PY),
Lin + Zg o
so that
Z, 1
vt=17, - : —. 2.70
® 5 Zin+ Zg (eIl 4 TyeIPY) =70
This can be rewritten, using (2.67), as
z e_.jﬁﬁ
v =y, : (2.71) 29

§Zo+ Zg (1 — T Tge2iAY)



Exerclise:

A load with impedance Z;, = 20 —j 20 Q 1s connected to a transmission line whose
length 1s 0.2 wavelength and whose characteristic impedance Z, 1s 50 Q. The other
end of the transmission line is connected to a voltage source V, = 10e/43" with
internal impedance Z; of 404760 Q.

1) Find the voltage at the input of the transmission line.

2) Find the voltage at the load.

3) Find the power dissipated at the load.

(Solution)

Z,—Z, 20-,;20-50 36.1e/*""

= o5 = 0.496¢777%
Z,+7Z, 20—;20+50 72.8¢/1%°

[y, = e 0700 = 0 4960729961087 = 0.496/%%" = 0.0381 + j0.495

14Ty, _ 1400381+ /0495 _ _ 1.0381+ /0.495

Z.=Z, = =50 = =322+ j42.3 Q
1-T"., 1-0.0381-;0.495 0.962 — j0.495

Vin =V Zin__ _ 10/ 322+ j42.3 = 425747
. +7Z, 40+ j60+32.2+ j42.3

30



2) Vin = VOTin (1 + 1_‘in)

. _

4.25¢/”

=3.70¢’"7%

O T AT, 140496655

(1 + FL) — 3.7()8]17-408—]0-47? (1 + O.496€j229'60) _ 2.87€_j83'70

2.87° 1

v, =Vine j(2ml2g)0.22,
3) P =1Re|VL* | :lR

e %
2 Z, 2 (20—,20) 2

=—x0.103=0.0515 W

31



7. Reflected Power and Delivered Power

V(z) = V(e + TeF?),

I(z) = F_ﬂ'—i-{ —IBz _ 1 .F'.I?Z)
Z) = Zo & — 1 .
! % L7 x —2jBz 2jpz 2
Py = ERe{V(:)I(:} } = > Re{l — I™e™F* + Ie?P? —|I'|7},
1 |V—|—|2 ,,
ang — E ;.G (1 - |r|-)
+ 2
P, 1 : incident power
V+ 2
P, :lMH“ |2 : reflected power
2 Z,
P,,, = B — B, : power delivered to the load

32



Exercise:

A load with impedance Z, =20 —j 20 Q 1s connected to a transmission line with
characteristic impedance Z, = 50 Q. A voltage of 20e/%" is incident on the load.
1) Find the power P, incident on the load.

2) Find the power P, reflected from the load.

3) Find the power P, delivered to the load.

(Solution)
+ 2 2
1)321|V0| :l£:4w
2 Z, 250
o1, = Ze=Zy 2072050 _-30-20 |2_302+202_13
L zo+Z, 20-520+50 70-,20 % 7024202 53
P,,:|FL|2PZ.:E><4:2=O.98W
53 53

3) P, =P —P.=4-098=3.02 W



8. Code Example

Given,
Z; =R; + jX; : load impedance ()
Z, : characteristic impedance (€2)
L : line length in wavelength
Find
I'. =|T, |e’”:input reflection coefficient in polar form
., | (dB) : reflection coefficient in dB

Z., =R+ jX. :1imputimpedance

(Equations)

Z—2 —j2BL —j2(2m/ A)L —j2x27(L/A)
I';, = , I'iy=1;e =I';e =I';e

Z; +2,

1+T.

mn

1-T.

m

[, [ (dB) =20logy [Ty, [, Z;, =2,

n

34



Microwave Engingineering, Lecture 2 Python Code

Terminated transmission line: input reflection coefficient and input impedance
Sample values:

Input: RL=40, XL=40, L=0.1 wavelenth

Output:

H H H H H H

import cmath
import math
pi=3.14159265

while True:

RL=float (input ('RL (ohm)="))
XL=float (input ('XL (ohm)="))
Z0=float (input ('Z0 (ohm)="'"))

L=float (input ('L (wavelength)="))
j=complex (0.,1.)

ZL=complex (RL, XL)
GL=(2L-Z0) / (ZL+Z0)

Gin=GL*cmath.exp (-j*2*2*pi*L)

Gin mag, Gin phase=cmath.polar (Gin)
Gin dB=20*math.log(Gin mag)

Zin=Z0* (1+Gin) / (1-Gin)

print ('Input reflection coeffcient: mag, phase(deg)=',Gin mag, Gin phase)
print ('Input reflection coefficint (dB)=',Gin dB)
print ('Zin="',Zin)

35



RL (ohm) =

20

XL (ohm) =

50

Z0 (ohm) =

50

L (wavelength) =

0.2

Input reflection coeffcient: mag, phase(deg)= 0.677834389404565 -1.022307778917341
Input reflection coefficint (dB)= -7.7770456858800845
Zin= (35.91076216402567-76.85260532399487)

RL (ohm) =

36
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